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3d quantum trace map

SAMUEL PANITCH
SUNGHYUK PARK

We construct the 3d quantum trace map, a homomorphism from the Kauffman
bracket skein module of an ideally triangulated 3-manifold to its (square root)
quantum gluing module, thereby giving a precise relationship between the two
quantizations of the character variety of ideally triangulated 3-manifolds. This map,
whose existence was conjectured earlier by [AGLR22], is a natural 3-dimensional
analog of the 2d quantum trace map of [BW 1 1]. Our construction is based on the
study of stated skein modules and their behavior under splitting, especially into
face suspensions.
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1 Introduction

The goal of this paper is to establish a precise relationship between two different
quantizations of the character variety

Xs1,©)(Y) := Hom(m (Y), SL2(C)) // SL2(C)
of a 3-manifold Y equipped with an ideal triangulation 7 .

The first is the skein module Sk(Y) [Tur91, BEKB99, PS00], which is the free Z[A*!]-
module spanned by all isotopy classes of framed links in Y, modulo Kauffman bracket
skein relations. When Y = X x I where X is a surface and [/ is the interval [0, 1], then
the corresponding skein module is called the skein algebra SkAlg(X) := Sk(X x 1),
where the algebra structure is given by stacking links along the /-direction. It provides
a quantization (in the sense of deformation quantization) [Bul97, PS00] of the character
variety Xsp,(c)(2), whichis equipped with a natural symplectic (hence Poisson) structure
[Petd1, Wei58, AB83, Gol84, Gol86].
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3d quantum trace map 1003

The second is the quantum gluing module QGM+(Y) [Dim13, GKRY16], which is a
3-dimensional analog of the quantum Teichmiiller space [Kas97, FC99, CFO0]. For an
ideally triangulated surface X, the quantum Teichmiiller space associates a quantum
torus, consisting of Laurent polynomials in g-commuting variables called the quantized
shear coordinates. For an ideally triangulated 3-manifold Y, the quantum gluing module
consists of Laurent polynomials in variables called the quantized shape parameters,
modulo certain relations quantizing the usual gluing relations and the 3-term relations
for the shape parameters of an ideal triangulation 7.

In the case of surfaces, a precise relationship between the two quantizations of the
character variety was established by Bonahon and Wong [BW 1 1], where they constructed
an injective algebra homomorphism from the skein algebra to quantum Teichmiiller
space. This map is called the quantum trace, as the correspondence between the
classical limit of the skein algebra and the algebra of regular functions on the character
variety Xsi,c)(2) is given in terms of the trace functions (i.e. trace of holonomy)
associated to closed immersed curves K in X, which, in turn, can be expressed as
Laurent polynomials in square roots of the shear coordinates. See also [Gab17, NY20]
for related constructions developed from the physics point of view.

Motivated by the construction of Bonahon and Wong, L& and collaborators [L.£18,
CL22a, CL22b, LLS21] have developed the theory of stated skein modules. They
generalize the usual skein module by allowing one to consider not just framed links
in Y, but also framed tangles in Y ending on a boundary marking, a disjoint union
of intervals in 9Y. The most important property of stated skein modules is that there
is a splitting homomorphism, a map from the stated skein module of a 3-manifold to
the tensor product of stated skein modules of simpler pieces obtained by cutting the
3-manifold along disks. By splitting a surface into ideal triangles and passing to a
certain quotient of the stated skein algebra called the reduced stated skein algebra,
Costantino and Lé [CL.22a] provided a simpler proof of the well-definedness of the
quantum trace of Bonahon and Wong.

We develop a generalized notion of stated skein modules which allows the boundary
markings to be any embedded bipartite graph in JY, rather than just disjoint unions
of intervals. We then prove the existence of a splitting homomorphism in this setting,
generalizing the splitting map of stated skein modules of 3-manifolds studied by
Costantino and Lé [CL22b]. Our splitting map allows us to cut a 3-manifold into
simpler constituent pieces, such as ideal tetrahedra.

Using these new ideas, we establish a precise relationship between the two quantizations
of the character variety of ideally triangulated 3-manifolds. Just as in the case of surfaces,
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1004 Samuel Panitch and Sunghyuk Park

the classical trace functions on the character variety Xsi,c)(Y) can be expressed as
Laurent polynomials in square roots of the shape parameters of the ideal triangulation.
Therefore, it is natural to introduce a refinement of the quantum gluing module — which
we call the square root quantum gluing module SQGM(Y) — which consists of Laurent
polynomials in square roots of the quantized shape parameters of 7, modulo certain
natural relations. Our main theorem is the following:

Theorem 1.1 (3d quantum trace map; detailed version in Theorem 5.15) There is a
1 1
VAV , (—Az)ii] -module homomorphism

Try : Sk(¥) — SQGM(Y).

The construction of this map immediately settles part of the conjecture of [AGLR22].

Organization of this paper

This paper is organized as follows.

In Section 2, we recall the classical story behind the 2d quantum trace, and develop an
analagous one for the 3d quantum trace. We discover that the analogue of crossing an
edge of the triangulation of a surface is not crossing a face of a tetrahedron, but rather
crossing a geometric object we call edge cone. This is summed up in Proposition 2.5.

In Section 3, we define stated skein modules and prove important properties that will be
used throughout the rest of the paper. There are two differences between our definition
of stated skein modules and the definitions in the literature:

(1) we include a skein relation that resolves half twists, and

(2) we allow the boundary markings of our 3-manifolds to be any embedded bipartite
graph, rather than just disjoint unions of intervals.

The first (1) is mostly cosmetic; the resolution of half twists allows us to write other skein
relations in a manifestly symmetric way. On the other hand, the second (2) is crucial:
a critical observation underpinning our theory is that skein modules of 3-manifolds
are naturally modules over skein algebras associated to the vertices of their boundary
markings. This fact is summarized in Proposition 3.13.

The main theorem from this section is Theorem 3.21 (and its generalization, Theorem
3.24), where we generalize the splitting map of [CL.22b]. From this theorem, we obtain
as easy corollaries a splitting map that cuts an ideally triangulated manifold Y into ideal
tetrahedra or into what we call face suspensions.
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3d quantum trace map 1005

We also define reduced stated skein modules [C1.22a] by taking a quotient with respect
to bad arcs. It is these reduced versions that will actually be used to construct the 3d
quantum trace. The splitting map and module structures defined above descend to this
quotient.

Section 4 is dedicated to finding an explicit presentation of the stated skein modules
of 3-balls with boundary markings, as summarized in Theorem 4.3. As a corollary
(Corollary 4.9), we obtain a simple presentation for the reduced stated skein module of
a face suspension.

In Section 5, we construct the 3d quantum trace map. To do so, we first apply a version
of the splitting map (Corollary 3.38) for reduced stated skein modules to cut an ideally
triangulated 3-manifold Y into face suspensions. Then, we use the presentation of the
reduced stated skein module of a face suspension obtained in Corollary 4.9 to construct
the quantum trace on a single face suspension, whose codomain is what we call the face
suspension module. Just as quantum Teichmiiller space can be realized as the tensor
product of triangle algebras, one for each triangle in the triangulation, the square root
quantum gluing module can be constructed as some quotient of the tensor product of
face suspension modules, one for each face suspension composing Y. By composing
the tensor product of the face suspension quantum trace with the splitting map from
above, we obtain the 3d quantum trace.

Section 6 contains concrete examples of computations using our map. We compute the
quantum trace of three elements of the skein module of the figure-8 knot complement.

Finally, in Section 7, we list some interesting avenues of future research.
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2 Classical story

In this section, we remind the reader about the state sum formulation for the classical
trace map in 2d, and develop the corresponding story in 3d using face suspensions.
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2.1 State sum formulation of the 2d classical trace map

The following well known result can be found in [BW11] and [Bon(09], among other
sources. Let 3 be an oriented punctured surface with boundary that admits an ideal
triangulation A. Let £ denote the set of interior edges in the triangulation. To each
interior edge ¢; € £, we associate a shear parameter X; € R . Associated to this data,
we construct a group homomorphism r : 71(3) — PSLy(R) as follows:

(1) Lift the ideal triangulation A to an ideal triangulation X of the universal cover X.

(2) Construct an orientation-preserving immersion g : > — H2. Having fixed the
shear parameters of the ideal triangulation, this map is uniquely determined up to
isotopy of ¥ respecting X once we have chosen some A € \ to map to the ideal
triangle with vertices at 0, 1, and co. This implies g is unique up to composition
by an element of PSL;(R).

(3) From the construction in step 2, we obtain a unique group homomorphism r
satisfying ’g(vﬁ) = r(fy)’g(ﬁ) for each A € A. More concretely, if v is a
closed, immersed curve in X, then r(v) € PSL,(R) is the unique orientation
preserving isometry of H? sending the point g o ¥(0) to g o ¥(1) and the vector
(2 09)(0) to (2 07)(1). Since the family of triangles g(\) C H? was unique up
to composition by an element of PSL,(RR), r is unique up to conjugation by an
element of PSL,(R).

Such a group homomorphism can be constructed explicitly. Suppose the curve
transversely meets the edges e, ez, - - - , ek, ex+1 = e; in that order. After crossing the
edge e;, v enters a face A; of A, and then exits A; across the edge ¢;1 ;. There are
three possibilities for the edge e;:

(1) e;j11 is the edge immediately to the left of e; after crossing into A;. In this case,

define o
1 1
M; = o 1]
(2) ej11 is the edge immediately to the right of e; after crossing into A;. In this case,
define i i
1 0
M; = IRk
(3) ejy1 is e;. In this case, define
0 1
= [
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3d quantum trace map 1007

Also, for X € R, define
X: 0

SX) =
* 0 X2

Lemma 2.1 Up to conjugation by an element of PSL,(R),
r(y) = S(X1)M1S(X2)M - - - S(Xi)Mp,

where the matrices M; and S(X;) are defined as above, and X; is the shear parameter
associated to the edge ¢; € £.

From Lemma 2.1, it is straightforward to obtain a state sum formula for the trace of r(vy).
Let a state s assign a number sy, 57, , s, € {1} to each point where + crosses an
edge e; in this order. For each i, write the matrix M; from above as

mi T mf_]

M: =
N

Lemma 2.2 If () € SLy(R) is a lift of r(y), then we have, up to sign,
Tr(#(y)) = = Zmilszm;m .. 'm‘,iks‘Xfl/zX?/z B ,sz/27
N

where the sum is over all possible states s.

2.2 State sum formulation of the 3d classical trace map

Now, we will develop a similar story for ideally triangulated 3-manifolds. Surprisingly,
a simple state sum formulation is most readily obtained not from cutting the 3-manifold
into tetrahedra, but into objects we call face suspensions.

We begin with a brief reminder of the meaning of shape parameters of an ideal tetrahedron
[Thu&0]. An ideal tetrahedron is the convex hull of 4 points in H3, all of which lie on
the sphere at infinity.

Figure 1: Shape parameters of a tetrahedron

Algebraic & Geometric Topology XX (20XX)



1008 Samuel Panitch and Sunghyuk Park

To each edge, we associate a complex number called the shape parameter. Opposite
edges have the same label, and provided we label the edges in the appropriate order on
each face, as shown in Figure 1, these shape parameters must obey the relations

77'7" = 1,
W 72" 14z =1,
z'+7 =1,
7'+ 7' =1.

By an orientation preserving isometry of H?, it is always possible to take 3 of the
vertices of an ideal tetrahedron to the points 0, 1, and oo, and the fourth to a complex
number with positive imaginary part; by a relabeling if necessary, we can ensure this
complex number is Z.

Throughout the paper, we will use the terms bare vertex and bare edge to reference a
vertex or an edge of a tetrahedron before gluing.

Let Y be a 3-manifold that admits an ideal triangulation 7 . Let F denote the set of
faces, £ the set of internal edges, e(7) the set of 6 bare edges of each tetrahedron 7,
and v(7) the set of 4 bare vertices of each tetrahedron 7.

Associated to each tetrahedron T € T, there are 3 shape parameters Zr,Z, Z7,
obeying the relations in (1). In order for the tetrahedra in 7 to glue together to yield
a hyperbolic structure, we require that the gluing relations hold. That is, if the bare
edges ey, ey, - - - , e of tetrahedra T, T, - - - , Ty are glued around a single internal edge
e € £, we require

(2) logZ,, +1logZ,, + --- +logZ,, = 2mi,

where Z,, € {Zr,Z;,Z5 | T € T} is the shape parameter associated to the bare edge
1
€;.

Having chosen a set of shape parameters obeying the relations in equations (1) and (2),
we construct a group homomorphism r : 71(Y) — PSL,(C) as follows:

(1) Lift the ideal triangulation 7 to an ideal triangulation T of the universal cover
Y.

(2) Construct an orientation-preserving immersion g : Y — H3. Having already
chosen the shape parameters for each tetrahedron in 7, this map is uniquely
determined up to isotopy of Y respecting T once we have chosen a tetrahedron
T to map to the ideal tetrahedron with vertices at 0, 1, co, and Zy. This implies
g is unique up to composition with an element of PSL,(C).

"Here, we are taking the principal branch of the logarithm.
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3)

From the construction in step 2, we obtain a unique group homomorphism r
satisfying g(yT) = r(y)g(T) for every tetrahedron T € 7. More concretely, if ~
is a closed, immersed curve in Y, then r(y) € PSL,(C) is the unique orientation
preserving isometry of H® sending the point g o 7(0) to g o 7(1) and the vector
(g°7)(0) to (g o7)(1). Since the family of tetrahedra '§(7~') C H? was unique
up to composition with an element of PSL,(C), r is unique up to conjugation by
an element of PSL,(C).

To make the above construction explicit, we first introduce face suspensions.

Definition 2.3 (1) The barycenter of anideal tetrahedron 7' € T is the distinguished

2

3)

“

point in the interior of T given by the intersection of the 3 common perpendiculars
of pairs of opposite edges of 7.

For an ideal tetrahedron T € T and a bare vertex v € v(T), the cone Cv over v,
or vertex cone for short, is the unique geodesic between the barycenter of T and
v. A vertex cone is shown in Figure 2a.

For an ideal tetrahedron T € T and a bare edge ¢ € e(T), the cone Ce over e,
or edge cone for short, is the component of the geodesic hemisphere passing
through the bare edge e and the barycenter of T bounded by the two vertex cones
corresponding to the vertices of e. An edge cone is shown in Figure 2b.

Note that each edge cone naturally corresponds to a shape parameter.

For a face f € F of the ideal triangulation, the suspension Sf over f, or face
suspension for short, is the 3 manifold whose boundary is the 6 edge cones
associated to the three edges of the given face. A face suspension is shown in
Figure 3.

&H @

(a) A vertex cone corresponding to the bare (b) An edge cone corresponding to the bare
vertex v. edge e.

Figure 2: Vertex cones and edge cones in a tetrahedron 7.

Algebraic & Geometric Topology XX (20XX)



1010 Samuel Panitch and Sunghyuk Park

Figure 3: A face suspension corresponding to the face with vertices a, b, c. The vertex
cones are shown in gray and the edge cones are shown in blue. The orange dots are the
barycenters of the two tetrahedra.

Now suppose a curve ~y transversally meets the edge cones Cey, Cey, - - - , Ceg, Cepy1 =
Ceq, in that order. After crossing an edge cone Ce;, v enters a face suspension Sf;,
and exits across the edge cone Ce; 1. Let T; be the tetrahedron containing Ce;. There
are six possibilities for the edge cone Ce;y |, and thus 6 different PSL,(C) matrices to
consider:

(1) When viewed from the center of T;, Ce;1 is immediately to the left of Ce; after
crossing into Sf;. In this case, define

1 1
M; = .
o
(2) When viewed from the center of 7;, Ce;y1 is immediately to the right of Ce;
after crossing into Sf;. In this case, define

1 0
M= [ ! 1] .
(3) Cejtq is Ce;. In this case, define
0 1
M; = .
5

(4) When viewed from the center of T;, Ce; 1 is across f; and to the left. In this

case, define
Mo [(—Df (—1)2] |
(=12 0

Algebraic & Geometric Topology XX (20XX)
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(5) When viewed from the center of T;, Ce;; is across f; and to the right. In this
case, define
1
0 —1)2
(=D2 (=1)2
(6) When viewed from the center of T;, Ce; 1 is across f; and directly below. In this

case, define
1
—1)"2 0
Mi - ( ) 1 -
0 (—=1)2

We illustrate some of these possibilities in Figure 4.

Tiyi

Figure 4: Here, Ce; is the edge cone in tetrahedron 7; corresponding to the edge with
bare vertices a and b. In red, we show a left turn corresponding to case (1) above,
which exits across the edge cone in 7; corresponding the edge with bare vertices a and
c. In blue, we show a turn corresponding to case (5), which exits across the edge cone
in T;4; corresponding to the edge with bare vertices b and c.

Lastly, for Z € C, define the matrix
1
—27)? 0
so=|"2 0
0 (—2)~2
Proposition 2.4 Up to conjugation by an element of PSL,(C),
r(y) = S(ZOMS(Z)M; - - - S(Zi )M,

where the matrices M; and S(Z;) are defined as above, and Z; € {Zr,Z},Z} | T € T}
is the shape parameter associated to the edge cone Ce;.

Proof An orientation preserving isometry of H? that maps a face f; € F to the face
Jfi € F maps Sf; to Sf;. This follows immediately from the definitions of edge cones
and hyperbolic barycenters.

Algebraic & Geometric Topology XX (20XX)
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Next, write r(y) = 111> - - - I where each [; is a hyperbolic isometry that takes Sf; to
Sfi+1, and arrange that f; is the face with vertices at 0, 1, and co. Suppose that the
tetrahedra abutting f; have their fourth vertices at Z;” "and Z,, where ImZ, > 0 and
Im Zl_1 < 0. Further arrange that ~y enters Sf; through the edge cone corresponding to
the bare edge with vertices at 0 and 1 inside the tetrahedron with its fourth vertex at
z

Observe that we can write I; = I;_11;_» - - -Ill;"ll_1 . -Il.__lzll.__l1 , where I is an isometry
from a face suspension corresponding to the face with vertices at 0, 1, and oo to one of
its neighbors. Furthermore, this face suspension lives inside tetrahedra with their fourth
vertices at Z;y1 and Z;!. Substituting these expressions into #(y) = I1I - - - I, we see
it is enough to compute all of the elementary isometries that map a face suspension
associated to the face with vertices at 0, 1, and co to one of its neighbors.

These elementary isometries are an explicit computation. For instance, the hyperbolic
isometry depicted in Figure 5 is the isometry that maps 0 — 1, 1 — Z;;;, and
oo+ 1. O

Z! J

1

Figure 5: A curve corresponding to the elementary isometry described in (4) above.

Now, let a state s assign a number sy, s, ,sx € {1} to each point where ~y crosses
an edge cone Ce; in this order. We write

++ gt
m; ni;
M,-:[ om ]

_+ —_
m; m;

as before and again obtain the following proposition from some easy linear algebra.

Algebraic & Geometric Topology XX (20XX)
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Proposition 2.5 If 7#(y) € SL,(C) is a lift of r(vy), then we have, up to sign,
Tr(7(y)) = & stl'szm;m .. .mikﬁzilﬂzgzﬂ B -Z,i"/z,
S

where the sum is over all possible states s.

3 Stated skein modules of 3-manifolds

In this section, we define stated skein modules and prove general facts about them that
we will use in later sections.

Let R := Z[A%3, (—A2)*3].2

Definition 3.1 Let Y be a 3-manifold with boundary. A boundary marking is a
smoothly embedded oriented graph I' C 0Y where every vertex is either a source or a
sink.?

Remark 3.2 The definition of stated skein modules we are about to give is more
general than the ones appearing in the literature (see for instance [CL.22b]) as we allow
the boundary marking I' C 0Y to be any embedded bipartite graph, not just a disjoint
union of intervals. This generalization is crucial in our construction of the 3d quantum
trace map.

Definition 3.3 Let (¥,I") be a boundary marked 3-manifold. The (stated SL, ) skein
module Sk(Y,T') is the free R-module spanned by the isotopy classes of unoriented
ribbon tangles in Y, each of whose boundary components lies flat in the interior of
I'\ V(I') and carries a sign € {£1} (called a state), modulo the following stated skein

relations:
\ = Ai) ( + A7 V

“That is, R := Z[x=!, y*11/(? = —x*) if we write x = A2 and y = (—A?)2. We will write
the element xy as (7A3)% .

3Sometimes, it will be useful to allow 2-valent vertices whose adjacent edges are oriented
in such a way that one edge is pointing toward the vertex and the other edge is pointing away
from the vertex. These boundary markings are equivalent to the boundary markings obtained by
removing such vertices and smoothly connecting the adjacent edges.

Algebraic & Geometric Topology XX (20XX)
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p,v € {£1},
f—:f—u ’

Remark 3.4 Notice that, in the definition of Sk(Y, I'), if we reverse the orientation of
I" while flipping all the states, then all the skein relations are preserved. This means any
property of Sk(Y,I") must be preserved under this symmetry.

Remark 3.5 While our stated skein relations may seem different from the ones
commonly used in the literature, this is due to the different picture convention we have
chosen; if we begin from the picture conventions of [L.é18, Sec. 2.5], we have the
following equalities:

H ........ ,Ux ........ /J
v = -s:;; = (=AY c
___________ v Ny
(viewed from above) .
0 ifu=v
= S (—A})T2(-AY)E AT i () = (4, -)
—A"2 if(p,v) = (—,+)

(viewed from above)

Algebraic & Geometric Topology XX (20XX)
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= (AH Y adv: ]
pe{=} —:-,u

= (A Y (ADs

pe{£}

(viewed from above)

+ —

5 1
= _A32 + A2

_|_

(viewed from above) (viewed from above)
Note, the resolution of half twists makes the stated skein relations manifestly symmetric.

We emphasize that, while the first 4 skein relations in our definition of the stated skein
module are essential, the last skein relation, which resolves half twists, is introduced
merely for cosmetic reasons. Indeed, half twists are central (i.e. commute with all
the other skein relations and isotopies), and hence we can drop the last skein relation,
introduce a framing (instead of the half-framing we are using) to the ribbon, and change
the 3rd and the 4th skein relations back to the ones commonly used in the literature.
With these modifications, the results in this paper would hold in the same way.

Definition 3.6 Let > be a bordered, punctured surface, and let P C 90X be a finite
collection of points.
The (stated SL, ) skein algebra SkAlg(3, P) is defined to be

SkAlg(X, P) := Sk(X x I, P x I),
where P X [ is oriented in the positive direction of the interval 1.
SkAlg(X, P) has a natural algebra structure given by stacking along the I-direction.*
When 0% is a disjoint union of intervals (e.g. when X is an n-gon), we will often
choose P to be a collection of points in 0%, one for each interval, and in such cases we
will often omit P from the notation and just write SkAIg(3) = SkAlg(X, P); it should

be clear from the context. This notation agrees with the usual definition of stated skein
algebras [CL.22a].

*In our convention, stacking on top (i.e. adding a tangle whose I-coordinate is bigger than
the rest) corresponds to left multiplication.
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Example 3.7 An n-gon, denoted by D,, is the disk D?> with n marked points on the
boundary. Its skein algebra SkAlg(D,,) is by definition the skein module of the n-gonal
cylinder with n vertical boundary markings. We give an example for n = 6 below:

Remark 3.8 The skein module Sk(Y,T) is naturally ZF@ -graded; the grading is
given by the sum of states (i.e. signs) on each edge of I'. Likewise, SkAlg(3, P) is a
7P -graded algebra.

Remark 3.9 Note, if we use the opposite orientation of P x I, then we get the opposite
algebra SkAlg(X, P)°P.

Recall from Remark 3.4 that reversing the orientation of the boundary marking while
flipping all the states is a symmetry of skein modules. Therefore, SkAlg(X, P) is
isomorphic to SkAlg(¥, P)°P, with one isomorphism given by
SkAlg(%, P) — SkAlg(%, P)P
[Le] = [L_el,
where Lz is any stated tangle in SkAlg(X, P), and L_z denotes the same tangle but with
all the states flipped.

In fact, there is a whole family of such isomorphisms, as we can rescale the map in each
graded component. As we will see later, especially in Theorem 3.21, there is a natural
choice of such rescaling, which is to rescale [L] by (—Az)f for each boundary state
e € {1} of L. We summarize this discussion in the following proposition:

Proposition 3.10 (Self-duality) The skein algebra SkAlg(3, P) is isomorphic to its
opposite algebra, via the following isomorphism:
3) d : SkAlg(X%, P) — SkAlg(X, P)P
N2 2 — =€
(=A%) [Lel — (A7) + [L_¢l,
where Y€ denotes the total sum of all the boundary states of L.
Remark 3.11 Adding a puncture to a 3-manifold doesn’t change its skein module, as

we can always isotope any isotopy of a tangle away from that puncture. Using this fact,
sometimes we will freely add or remove punctures from a 3-manifold. Note, this also
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means that any theorem on skein modules of ideally triangulated 3-manifolds holds also
for (non-ideally) triangulated 3-manifolds, as any non-ideal vertex of a triangulation
can be made ideal by adding a puncture there.

Remark 3.12 While in this paper we focus on stated SL; skein modules, the notion of
stated skein modules can be generalized to any quantum group. See e.g. [[LS21] for
explicit descriptions of stated SLy skein algebras of surfaces.

A slightly different approach toward cutting and gluing of skein modules is via
factorization homology and skein categories, which can be defined for any ribbon
category; see [BZBJ18, Coo23]. The two approaches are known to be equivalent in
the case of SL, skein algebras of surfaces [Hai22] and are expected to be equivalent in
general. Roughly, stated skein modules are a “strictification” of skein categories in the
sense that we require the ends of a ribbon tangle (or, more generally, a ribbon graph) to
lie on a 1-skeleton which is a strong deformation retraction of the boundary 0Y.

3.1 Module structure

In our study of stated skein modules, especially to be able to cut a 3-manifold into
elementary pieces, it is crucial to view Sk(Y,I") as a (bi)module over tensor products of
stated skein algebras at the vertices of I'. In this subsection, we explain why Sk(Y,I")
has this natural (bi)module structure.

Let V(I'), V(I)™, and V(I")~ be respectively the set of vertices of I, the set of sinks,
and the set of sources.

We claim that, for each v € V(I')™ (resp. for each v € V(I')™), Sk(Y,T) has a natural
left (resp. right) SkAlg(Dgegy)-module structure. This can be seen easily from the
following figure:

Q

In this figure, we are showing an example of a vertex which is a sink of degree 3,
viewed from outside of the 3-manifold ¥.> Whenever we have a vertex of degree 1, we

By viewing from “outside of the 3-manifold”, we mean locally identifying the 3-manifold
with the half-space in R3, and viewing the boundary of the half-space from outside of the
half-space (i.e. from the other half-space).
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can first delete a small neighborhood of the vertex, which does not change the skein
module, and then “pull the vertex out” to get a homeomorphic picture with a cylinder
over D,, as in the figure above.

Once we have such a cylinder over D,,, it is immediate that we have a SkAlg(D,,)-module
structure on Sk(Y,I"); the action of a stated skein in SkAlg(D,) is simply given by
stacking it on top of the cylinder. From the orientation of I', it is clear that this is a left
action if the vertex is a sink, and a right action if the vertex is a source.

Our discussion so far can be summarized as:

Proposition 3.13 (Bimodule structure) The stated skein module Sk(Y,I") has a
natural ®,cyry+ SKAIZ(Ddeg ) -®ycvr)- SKAIZ(Dgeg w) -bimodule structure.

Example 3.14 Let B be a 3-ball with boundary marking I' = T",, whose vertices are
the north pole and the south pole and whose edges are n geodesic curves oriented from
the south pole to the north pole. Then (B, I',) is topologically equivalent to D,, x I with
the standard boundary marking, so Sk(B,I',,) is isomorphic to SkAlg(D,). In this case,
the bimodule structure is just SkAlg(D,,) as a regular SkAlg(D,,)-SkAlg(D,) bimodule.

Remark 3.15 The bimodule structure on Sk(Y, I') respects the grading mentioned in
Remark 3.8. That is, Sk(Y,I") is a graded bimodule.

Remark 3.16 One can think of these module structures as something giving new
“skein relations” associated to sliding an end point of a tangle across a vertex of the
boundary marking I'. For instance, we have

I fa—v

4
_ Z (—A2)_% V
ve{£}

> ((—A“ (2 ) ,

ve{t}

where the term in parenthesis is considered as an element of SKAIg(Dgeg,), wWith v
being the vertex of I' involved in this figure. Therefore, even though the end points of
tangles are not allowed to freely slide across vertices of the boundary marking, we still
get “skein relations” under such sliding moves, with coefficients in the skein algebras
SkAlg(Ddeg v) .
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3.2 Splitting map

In this subsection, we formulate a splitting map for our stated skein modules and prove
its well-definedness. Our splitting map is a generalization of that of [CL.22a].

Definition 3.17 Let X be a bordered, punctured surface. A combinatorial foliation of
3’ is a decomposition of Y into pieces, each of which is homeomorphic to the elementary
quadrilateral: a quadrilateral with 2 opposite vertices removed and a diagonal marking:

That is, it is a presentation of > as some number of copies of elementary quadrilaterals,
with some pairs of edges glued together. When two edges are glued together, we require
that the orange vertices adjacent to the edges must both be sources or must both be
sinks. We also assume that no two edges of the same elementary quadrilateral are glued
together.

Example 3.18 Here are some examples of combinatorially foliated surfaces:

o m S A

Remark 3.19 We call such a decomposition a combinatorial foliation because one
can construct a 1-dimensional foliation of X using the foliation on the elementary
quadrilateral depicted in the following figure:

Note, the orange graph can be thought of as the leaf space (i.e. the moduli space of
leaves of the foliation), and the edges of the quadrilaterals are exactly the singular
leaves of the foliation.
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Remark 3.20 Let P be any finite set of points in the elementary quadrilateral, equipped
with the foliation as in Remark 3.19. Assume that no leaf of the foliation contains more
than 1 point of P. Then, the projection of P to the leaf space, which is just an oriented
interval in this case, is injective and therefore induces a total ordering on P: for any
p,p’ € P, we define p < p’ if the projection of p’ to the leaf space is closer to the sink
vertex than that of p. We call this ordering the height ordering.

Theorem 3.21 (Splitting homomorphism) Let (Y1,1';) and (Y»,12) be boundary
marked (bordered punctured) 3-manifolds. Suppose that 1 C 0Y; and ¥, C 0Y»,
along with their markings, are homeomorphic combinatorially foliated surfaces of
opposite orientations, so that we can glue Y and Y, by identifying 3| with ¥,. Let 3
denote the image of 1 (or X,) after the gluing, and let Y = Y Uy, Y» be the glued
3-manifold, with boundary marking I" given by the union of the images of I \ int X;
and I'; \ int 3.

Then, there is an R-module homomorphism®

g . Sk(Y, F) — Sk(Yl,Fl) ® Sk(Yz,Fz)

[L] > e,
F ()

where the relative tensor product Sk(Y;,T'1) ® Sk(Y2,I'2) denotes the quotient of the
usual tensor product Sk(Y1,I'1) ® Sk(Y>,I'») (as R-modules) by the following relations:

(S1) For each internal edge e of X adjacent to a sink, we have the following relations
among left actions:

H v
the left action of (—AZ)MTJFV . on Sk(Y,T'y)
= the left action of (—Az)*% on Sk(Y,,I').
e

fSee equation (4) and the paragraph preceding it for the definition of compatible states € and
the stated tangles [Lf] and [Lg] obtained after splitting. We will use similar notations for the
images of tangles for all versions of the splitting homomorphism.
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(S2) Likewise, for each internal edge e of X adjacent to a source, we have the
following relations among right actions:

H v
the right action of (—A2)*% on Sk(Y;,I')
e
—/_j/ —
— the right action of (—A2)"+" on Sk(Y2,T).
e

Remark 3.22 Let us make a brief comment on what we mean by identifying left
actions. Let A; be a unital associative algebra and M; a left A;-module, for i = 1,2.
Then by identifying the action of «; € A with the action of ap € A, we mean to take
the quotient

M @My =M @M)/(c; ®1—1& az)(M; @ M>)
as an R-module. That is, elements of M| ® M, are cosets of the form
m @my+ (a0 @1 —1®a)M; @ M), m €My, my € M.

Identifying right actions should be interpreted in a similar way.

Remark 3.23 Using the isomorphism in Proposition 3.10, we can think of any left
(resp. right) SkAlg(D,)-module structure — which is equivalent to a right (resp. left)
SkAlg(D,,)°P-module structure — as a right (resp. left) SkAlg(D,)-module structure.
Then, the relations (S1) and (S2) are nothing but the usual relations for tensor products
of left and right modules over the same algebra.

Proof of Theorem 3.21 Let L be a stated tangle, representing an element [L] of
Sk(Y,T'). We will say that L is in general position with respect to the foliation of Y if

(1) its intersection with X is transverse,

(2) at the intersection points, the foliation is transverse to the 2-dimensional tangent
space to the ribbon tangle,

(3) no singular leaf meets L, and

(4) no leaf of the foliation meets L at 2 or more points.
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Note that, in the moduli space of smoothly embedded tangles, generic points are in
general position with respect to the foliation, and tangles which are in non-general
positions are of real codimension > 1 in the moduli space.

If L is in general position near X with respect to the foliation, we can isotope the part
of L near X along the foliation so that L N X lies in the marking I's; of 3. Then
Ly :=LnNY and L, := LNY, are tangles in (Y;,I'1) and (¥»,I2). We need to
introduce states to the newly created ends of L and L, in order to consider them as
elements of Sk(Y1,I'1) and Sk(Y>,I',), respectively. We say that a state on L; U L, is
compatible if for each intersection point p € L N X2, the state of L at p is equal to that
of Ly at p. For each €: LNY — {£}, we denote by L{ and L§ the corresponding
tangles with compatible states assigned to the newly created ends. By summing over all
possible compatible states, we get an element

(4) o)=Y, (LS5 € Sk, 1)@ Sk(Ys, ).

=~ rcompatible
e {Mdaes

We need to study how (L) behaves under isotopy of L.

For any generic isotopy {L;}:cj0,1], L, must be in general position with respect to
the foliation of 3 except for finitely many ¢, and for each such ¢ for which L, is in
non-general position, it must violate exactly 1 of the conditions (1)-(4) for it to be in
general position. Therefore, any isotopy of L is a finite composition of isotopies of the
following types:

(D An isotopy in the class of tangles in general position with respect to the foliation
of 3.

(IT) Half twist of the ribbon tangle near > — at some point of the isotopy, the ribbon
becomes parallel to the foliation of 3.

by by

Y %) Y,

4
I E—ar—a

g)

(IIT) Height exchange — at some point of the isotopy, there is a leaf of the foliation of
3. which contains two points of the tangle.
i 2 on Y
——
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(IV) Birth or annihilation of a pair of intersection points with Y. — at some point of the
isotopy, the tangle becomes tangent to .

v, = v,

oY
D I —
—
(V) An isotopy passing the tangle through a singular leaf (i.e. an internal edge of the
combinatorial foliation of X3).

The moves (II), (III), (IV), (V) each correspond, respectively, to the violation of
conditions (2), (4), (1), (3).

It is clear that o(L) does not change under the isotopies of type (I). In fact, it does not
change under isotopies of type (II), (II), and (IV) either, thanks to the stated skein
relations. This follows from the proof of well-definedness of the 2d splitting map; see
[Le18, CL22a]. Therefore, we only need to check how (L) changes under isotopies of
type (V).

Thanks to invariance under type (I), (II), (III), and (IV) moves, we can assume that the
part of the tangle that passes through an internal edge e of X under the type (V) move
is closest to the orange vertex adjacent to e in the height ordering. We will show that
the relations we get are exactly the relations (S1) and (S2) defining the relative tensor
product.

Let’s assume that the orange vertex adjacent to the internal edge e is a sink. (The

argument for the case when it’s a source is exactly the same, with the replacement
1 1 ~ .

(—A?)2 — (=A?)"2.) Then, the image of the LHS of (V) under & is

= (A Y (-AYE

pwv€{£}
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pre{£}

whereas the image of the RHS of (V) under o is

ve{+t}

= (A Y ayh

pve{£}

pve{x}

Comparing the two images, it follows immediately from relation (S1) that they represent
the same element in the quotient Sk(Y1,I'1) ® Sk(Y»,T). O

Sometimes, it is also useful to split a 3-manifold Y partially — that is, splitting along a
surface Y whose boundary may not be contained in dY. Theorem 3.21 can be easily
extended to include partial splittings:

Theorem 3.24 (Partial splitting homomorphism) Let (Y’,I") be a boundary marked
3-manifold. Suppose that ¥,%, C 0Y’, along with their boundary markings, are
homeomorphic (fixing their common edges) combinatorially foliated surfaces of opposite
orientations which are disjoint in the interior, so that we can glue them. Let 3. be the
image of 3y (or X, ) after gluing, and let Y = Y’ /(¥ ~ %) be the glued 3-manifold,
with boundary marking T given by the image of I" \ int (X; U X,) after gluing. Then,
there is a well-defined R-module homomorphism

o : Sk(Y,T) — Sk(Y', T")/M

e | > 1wl

>~ rcompatible
e {M s

where M denotes the R-submodule generated by relations (S1) and (S2), as well as the
following relations, one for each edge e € | N X, (i.e. an internal edge of 231 U X»
that is not an internal edge of either 3| or ¥ ):
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(PS1) Foreach e € X1 N Y, adjacent to a sink, we have the following relations among
left actions:

K v
the left action of on Sk(Y',.T")

= S (—ATH

(PS2) Likewise, for each e € 3| N ¥, adjacent to a source, we have the following
relations among right actions:

the right action of on Sk(Y',T")

= 0., (AP,

Proof The proof is completely analagous to that of Theorem 3.21. Whenever a stated
tangle L in Y representing an element [L] € Sk(Y,I') is in general position with respect
to the foliation of 3, then we can isotope the part of L near X along the foliation so
that L N X lies in the marking I'y; of 3. Then, by splitting Y along >, we get a tangle
L' in Y’, and by summing over all possible compatible states on L' N (X; U ), we get
an element

L= > [LTesky, T

=~ rcompatible
e dtaes

We need to study how (L) behaves under isotopy of L.
Any isotopy of L is a finite composition of isotopies of the following types:

(1) An isotopy of types (I)-(V) listed in the proof of Theorem 3.21.
(2) An isotopy passing the tangle through an edge e € 9% \ Y.

As shown in the proof of Theorem 3.21, (L) is invariant under isotopies of types
(D-(V) once we impose the relations (S1) and (S2).
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We claim that (L) is invariant under the new type of isotopy (2) as well, once we
further impose relations (PS1) and (PS2). Let’s assume that the orange vertex adjacent
to the edge e is a sink. (The argument for the case when it is a source is exactly the
same.) Then, the image of the LHS of (2) under & is

pe{£}

whereas the image of RHS of (2) under & is

DT

X Y
T ety
=Y ean
\ w,ve{x}

= > =Y
IRZES ~ 1N

Comparing the two images, it follows immediately from relation (PS1) that they
represent the same element in the quotient Sk(Y’, T")/M. O

Remark 3.25 Here we make a quick remark on grading. Recall from Remark 3.8 that
Sk(Y,T) is ZFW) -graded. It is clear that Sk(Y1,T1) ® Sk(¥»,T,) is also ZF™ -graded
and that the splitting map o : Sk(Y,T") — Sk(¥1,T'1) ® Sk(Y»,T2) respects this
grading.

What is more, Sk(Y;,T'|) ® Sk(Y»,T'5) carries an extra ZFT'®) _grading, where I's;
denotes the marking on the cutting surface >. To see this, first note that Sk(Y; U
Y,, Ty UT,) = Sk(Yy,T) ® Sk(Y2,T») carries a natural ZET'17%) x ZEI202) _orading,
which induces a ZF1's) _grading; for each stated tangle in (Y; U Y, I'; LIT,), its grading
with respect to an edge e € E(I'y) is its grading with respecttoa copy of e in 'y N X
minus its grading with respect to a copy of e in I'; N 2. The relations (S1) and (S2)
are homogeneous with respect to this ZF('>) _grading, so this grading descends to the
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relative tensor product. From the definition of the splitting map o, it is clear that the
image of ¢ is contained in the 0F">)-graded piece with respect to this ZFT'>) -grading.

While in Theorem 3.21 we stated the splitting map just as an R-module homomorphism
o : Sk(Y,T") — Sk(Y;,I'1) ® Sk(Y»,I'),

it is easy to see that it preserves the bimodule structure as well. Recall that Sk(Y,T") is
a @,cyr)y+ SKAIZ(Ddegv)-Ryey ()~ SKAIZ(Dgegw)-bimodule. To explain why o is a
bimodule homomorphism, we need to first discuss the corresponding bimodule structure
on the relative tensor product.

Lemma 3.26 There is a natural ®,cy )+ SKAIg(Ddegv)-®yey )~ SKAIZ(Dgeg w) -
bimodule structure on Sk(Y1,T'1) ® Sk(Y5,I).

Proof There are two cases, depending on whether each vertex v € I" is in 9% or not.

(BM1) For each vertex v € I that is not in 0%, it is obvious that the relative tensor
product Sk(Y1,I'1) ® Sk(Y2,I'2) has a SkAIg(Dgeg v)-module structure induced
from that of Sk(Yy,T') (resp. Sk(Y>,1'5))if v € Y} (resp.if v € V).

(BM2) Let v be a vertex in I' N 0X. Then we define the action of o € SKAIg(Dgeg ) 0N
x € Sk(Y1,T') ® Sk(Y,I'») to be

o(a)-x (resp. x-o(a)),
if v is a sink (resp. source).

Let us elaborate on what we mean by o(«) in (BM2). Let n = ny +ny, ny, np, and m be
the degree of vin I', I'N Yy, I'NY>, and in the marking I'y; of 3, respectively. Consider
a cone over D,,, with the usual boundary marking consisting of one interval on each
triangular side face, connecting the cone point with the midpoint of the corresponding
edge of the base D,,. Let’s call this cone CD,,. For example, the cone CD5 would look

like the following figure:

Then, Sk(CD,) is just SkAlg(D,) as the left (resp. right) regular module over itself, if
the cone point is a sink (resp. source).
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This cone can be thought of as a local model of Y near v. The local model of the
splitting map near v is given by splitting CDy,, 4, into CD, 4, and CD,,,,,. That is,
we split the base D, 1, into D, 41 and D,,1, add m markings on the newly created
edge, and then take the cone over it. The following figure illustrates this splitting
(n; = 3, np =2, m = 2 in this example):

N\ - N

By Theorem 3.21, we have the associated splitting map
0 : SK(CDy, 41,) — SK(CDy,+m) @ SK(CDyyy ).

Using the isomorphism Sk(CD,,) = SkAlg(D,,) (as regular modules over SkAlg(D,)),
we can also write this splitting map as

5) o : SKAIg(Dy, +n,) — SKAIg(Dy,+m) @ SKAIZ(Dyyym),
which is a priori just an R-module map.

We claim that the image o(SkAlg(Dy,+,,)) of this map is an algebra and that o is
an algebra homomorphism onto its image. Let I be the right (resp. left) ideal of
SkAlg(Dp,+m) ® SkAlg(Dp,+,) which we quotient out by to get the relative tensor
product when v is a sink (resp. source); that is, / is the right (resp. left) ideal generated
by the relations (S1) (resp. (S2)) near v, in the case v is a sink (resp. source). Then,
elements of SkAIg(Dy,+m) @ SkAlg(Dy,+m) are cosets of the form a + I, where
a € SkKAIg(Dy,+m) ® SkAlg(Dy,+m). To show that o(SkAlg(Dy,+n,)) has a natural
algebra structure, we need to show that (a + I)(b+ 1) =ab+ 1, forany a+ 1,b + I in
o(SkAIg(Dy, 44,)), or equivalently, al C I (resp. Ib C I) in the case v is a sink (resp.
source).

Let’s assume that v is a sink; the proof for the case when v is a source is analogous.
Let’s show that al C I. The following lemma, which easily follows from the stated
skein relations, will be useful:

Lemma 3.27 We have the following skein relations:’
ey

M —
——

S (—A3)%Z(—A2)%
“w

"All the diagrams drawn here are seen from outside of the 3-manifold.
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— 17—
w
2
o e
/L A —
+ j— —
- 0 Al — —
— [— —1  p—1¢y2 -2 —_—
- A AT AT —AT) e -
Recall that the generators of the right ideal / are of the form

where we have drawn only two of the markings that are next to each other on the surface
we are cutting along. Let’s call this element «,,, for now, for simplicity of notation.
An important property of this element is the following identity, which follows from
Lemma 3.27:
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A)Faa - e i

= o (4 e T +at e M

ol DI -AT) e Gl

Likewise, we also have

ee{i} ..............
= a}hy * A - .*'u/ ® T _|_ A—l —u ® ILL—
+ (5u7_a+7y . (_1)%(A2 —Afz) ...... “

It follows that, for any a € SKAIg(Dy, +m) ® SKAlZ(Dp,+,) in the image of the splitting
map o, we can repeatedly use the above two identities to reexpress a - oy, , as

a- oy = E : Qey,er * bey ey
e, e26{+}

for some b, ¢, € SKAIZ(Dy,+m) ® SKAIE(Dy,+4m). It follows that al C I for any such
a. It is immediate that the splitting map (5), when the codomain is restricted to the
image, is an algebra homomorphism.

Finally, SkAIg(Dp,+m) ® SkAlg(Dp,+m) acts on Sk(Y1,I'1) ® Sk(Y2,I2), and it is
this action we were using in (BM2). O
Remark 3.28 In the special case m = 1, there are no relations imposed on the relative
tensor product, so

SkAlg(Dn1+1) ® SkAlg(Danrl) = SkAlg(DnHrl) ® SkAlg(Dn2+1),

and the splitting map (5) is just the usual 2d splitting map [CL22a].
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Theorem 3.29 The splitting map o in Theorem 3.21 is not just an R-module homo-
morphism, but a ®,cyry+ SKAIZ(Ddeg ) -@yev )~ SKAIZ(Dgeg w) -bimodule homomor-
phism.

Proof This is immediate from the way we defined the bimodule structure on the relative
tensor product in Lemma 3.26. O

By iteratively cutting a 3-manifold into pieces along combinatorially foliated surfaces
and using Theorems 3.21 and 3.29, we get the following corollaries:

Corollary 3.30 Let Y = Upc7 T be an ideal triangulation of a 3-manifold Y. Then,
there is a well-defined splitting map

Sk(Y) — ®T67 SK(T)

L]~ > @rerlLil|,

- ~ rcompatible
e Sttes

where ®Te7' Sk(T') denotes the quotient of the usual tensor product ®T€7- Sk(T) (as
R-modules) by the following relations:

(1) For each internal face f € F

we have the following relations among left actions of Q) re7 SkAlg(D3) on
FEL(T)
Qe SK(T):

ptv

(=A%) = (=AY
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(2) For each internal edge e € £

ISy

we have the following relations among right actions of K) 7«7 SkAlg(D,) on
ece(T)
Qe SK(T):

" ﬂt’E‘ 61\ 52(2
o D> X
el N

€2 €Em—2

where m is the (local) number of tetrahedra around the edge e.

Remark 3.31 The above relations around each internal edge are equivalent to the
following relation that is written in a more symmetric form:

[ €] €1 €
by ? alin S %

Z ( ’ : = 5u,v(—A2)“-

€1, em—1€{E} €Em<1
" em=] ¥

Proof of Corollary 3.30 The boundary of each ideal tetrahedron 7' € 7 admits the
following canonical combinatorial foliation:
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That is, each face f € f(T) is divided into three elementary quadrilaterals, and we orient
the associated boundary marking I" so that the vertex of I" at the center of each face
f € £(T) is a sink, and the vertex of I' in the middle of each bare edge ¢ € e(T) is a
source.

We can split Y into ideal tetrahedra by splitting one tetrahedron at a time:
Y=Yy - TW'uYy, - ThuhuY, —---— THuTrU---UT,.

Here, {Ty,---,T,} = T is the set of tetrahedra in the ideal triangulation of Y, and Y;
denotes T;y1 U---UT,.

Let’s assume for simplicity that, around each edge e € £, each tetrahedron T € T
appears at most once.® Every time we split a tetrahedron 7 = T; from Y;, Theorems
3.21 and 3.29 tell us exactly what relations we get:

(1) On each face of T we are cutting along, there are three internal edges of the
combinatorial foliation, and the relations we get from Theorem 3.21 are the
relations (1).

(2) For each bare edge e of T, there are two possibilities:

(a) If e is an internal edge of Y;, the two halves of e are internal edges of
the combinatorial foliation of O7', and from Theorem 3.21, they both give
the following relation among right actions of SkAlg(D;) ® SkAlg(D;) on
Sk(T) X Sk(Yi_H):

1 ~L
CYORE | = (—A)" >).
v =V

where the smaller angle represents 7" and the bigger angle represents Y.

(b) If e is already on the boundary of Y;, then there must be some j < i
such that e is an internal edge of Y; but not of Y;;|. Theorem 3.29
identifies the right SkAlg(D,)-module structure on Sk(Y;) associated to
the midpoint of the edge e with that on Sk(7)® Sk(Y;11). After we
have cut everything into tetrahedra, the right SkAlg(D;)-module structure
on Sk(7j41)® - - - ® Sk(T,) is induced from the following splitting homo-
morphism SkAlg(D,) — SkAlg(D,)®"—D where, m is the number of

81t is not hard to show that this assumption is not necessary. We leave this as an exercise to
the reader.
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tetrahedra (in Y) around the edge e:

a1en

~ H PN
) X l:
=T €1, em—2€{E} N @ €in<3
-V Em—2 fme—nﬁ*3

Combining these two cases, we see that relations (2) are the ones we get for each
edge e € £.

Recall from Definition 2.3 that a face suspension is the union of two cones over a
triangle D3 glued along Ds, each with the usual boundary marking. A face suspension
with its marking is shown in Figure 6.

Figure 6: The boundary markings of a face suspension.

Corollary 3.32 Let Y = UscrSf be a decomposition of an ideally triangulated 3 -
manifold Y (without boundary except for cusps at infinity) into face suspensions. Then,
there is a splitting map

Sk(Y) — @fef SK(Sf),

[L]— > rerllfl],
e e}

where ®fe 7 Sk(Sf) denotes the quotient of the tensor product ®fe 7 Sk(Sf) (as
R-modules) by the following relations:

(1) For each internal edge e € £, we have the following relations among right actions
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of ® e r SKAlg(D2) on @ - SK(S):
ece

&t €1

) *H’ \62
ptv pntv
GO | = AT ) )

€in<3

€1, em—2€{E} N s

€2 Em—2

(2) For each vertex cone Cv

we have the following relations among left actions of Q) re1 SkAlg(D3) on

Fef()
®yer SK(SP):
VAM —V —H
(—AY)"F = Ay k ) :
ee{+} € A€

In the above diagram, each sector represents one of the three face suspensions
surrounding Cv, and the markings shown live on the edge cones adjacent to Cv.

Proof As in Corollary 3.30, we iteratively split Y into face suspensions by splitting
one face suspension at a time:

Y=Yy —» SAUY, — SAUSLUY, — - ---— SAUSHLU---USS.

Every time we split a face suspension Sf = Sfi4; from Y;, we obtain the following
relations:

(1) For each edge of Sf that is also an edge of a tetrahedron, the argument is
essentially the same as (2) in Corollary 3.30, and we do not repeat it here.

(2) For every vertex cone Cv in Sf, there are three possibilities:
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(a) If Cv is an internal edge of Y; and the barycenter adjacent to Cv is an
internal vertex of Y;, we obtain the following relation among left actions of
SkAlg(D3) @ SkAlg(D3) on Sk(Sf) ® Sk(Yi41):

(b) If Cv is an internal edge of Y; but the barycenter adjacent to Cv is not an
internal vertex of Y;, Theorem 3.29 identifies the left SkAlg(D3) module
structure on Sk(Y;) with the left SkAlg(D3;) ® SkAlg(D4) module structure
on Sk(Sf) ® Sk(Y;11), yielding the following relation:

In the above figure, Sf; is the other face suspension that must have previously
been split from the tetrahedron shown.

(c) If Cv is already on the boundary of Y;, then there must be some j < i
such that Cv is an internal edge of Y; but not of Y;; . That is, one of the
three face suspensions surrounding Cv, Sf;, has already been split. Then
the left SkAlg(D3)-module structure on Sk(Sf)® Sk(Sfy), where Sf} is
the third face suspension associated to Cv, is induced from the splitting
homomorphism SkAlg(D4) — SkAlg(D3) ® SkAlg(D3):

L
)y -z W
ee{t} € €

In the left hand side of the above figure, we show the two components of
the boundary marking of Y; associated to edge cones adjacent to Cv. On
the right hand side, we’ve obtained two new boundary marking components
after having split along the edge cone connecting two face suspensions.
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This concludes the proof. O

It is a valuable exercise to prove these two corollaries using Theorem 3.24, cutting
along faces of tetrahedra and edge cones, respectively. Using Theorem 3.24 directly
recovers the symmetric versions of the internal edge and edge cone relations mentioned
in Remark 3.31.

3.3 Reduced stated skein modules

On top of cutting the 3-manifold into pieces, we can further simplify our study of skein
modules by taking a specific quotient, called the reduced stated skein module. As we
will see in Section 5, it turns out that the 3d quantum trace map we need to construct
factors through this quotient, so we just need a good understanding of the structure of
these reduced stated skein modules.

Definition 3.33 The elements of SkAlg(D,) shown in Figure 7 are called bad arcs.

- ~
</ +—

Figure 7: Bad arcs (seen from outside of Y).

Definition 3.34 The reduced stated skein module Sk(Y,T") is the quotient

Sk(Y,T)
1524+ Sk(Y, T) + Sk(Y, T')/bad:—

SK(Y,T) :=

where 1°* is the right ideal of ®,cy(ry+ SkAlg(Daeg ) generated by the bad arcs near
the sinks, and 7?24~ is the left ideal of Qyevr)- SKAIg(Dgegw) generated by the bad
arcs near the sources. That is, we set the action of the bad arcs to be 0.

The reduced stated skein algebras of biangles and triangles have particularly simple
descriptions:

Theorem 3.35 ([BWI11,CL22a]) (1) Thereduced stated skein algebra of a biangle
is the algebra of Laurent polynomials in one variable:

SKAIg(D,) =: B = R[x,x '],
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with

(2) The reduced stated skein algebra of a triangle is the triangle algebra:

R{a*!, B! 7+
(B =AaB,vB = ABy, oy = Aya)’

6) SkAlg(D3) =: T =

with
o *A*’ BHA’ “Z&’
+ +
S /N BIHA’ VIHA'

These isomorphisms, along with the 2d splitting map, were the key elements in the
construction of the 2d quantum trace map in [BW11] and [L&18].

In the 3d setup, it is easy to see that everything we discussed in this section carries over
to reduced stated skein modules. That is, we have bimodule structures:

Proposition 3.36  The reduced stated skein module Sk(Y,T') isa ®V€V(F)+Sk7A1g( Degy)-
®W€ v~ M(Ddeg W) ‘bjmodule.

Moreover, the splitting map (Theorem 3.21) descends to reduced stated skein modules.

Proposition 3.37 In the setting of Theorem 3.21, the splitting map ¢ descends to a
®yey(ry+ SKAIZ(Dgeg v) -Ryev(r)— SKAIZ(Ddeg ) -bimodule homomorphism

7 : Sk(Y,T') — Sk(Y1,T'1) ® Sk(Y»,T»).
In particular, the following is an easy corollary of Proposition 3.37 and Corollary 3.32.
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Corollary 3.38 Let Y = UrcrSf be a decomposition of an ideally triangulated 3 -
manifold (without boundary except for cusps at infinity) into face suspensions. Then,
there is a well-defined splitting map

7Sk - ), SKSH.

[L] > @perlLil|,

= ~ rcompatible
€M daes

where ®f€ fﬁ(Sf ) denotes the quotient of the naive tensor product ®fe Ia Sk(Sf) by
the following relations:

(1) For each internal edge e € £ we have the following relations among right actions
on ®fef Sk(Sf):

(2) Around each vertex cone, we have the following relation among left actions on

®cr SKS:
€A€
k .) = A

(3) Around each vertex cone, we have the following relation among left actions on

®ycr SK(SP):
+Af

)L

Corollary 3.38 is central to our construction of the 3d quantum trace map in Section 5,
as it allows us to define the quantum trace for each face suspension first and then glue
them together.
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4 Structure theorems for 3-balls

In this section, we study skein modules of 3-balls whose boundary is combinatorially
foliated. In particular, we will completely characterize the skein modules of 3-balls.
Together with the splitting map studied in Section 3, the results of this section will
constitute the main ingredient in our construction of the 3d quantum trace map in
Section 5.

4.1 Stated skein modules of 3-balls

Lemma 4.1 Let B be a 3-ball whose boundary is combinatorially foliated (in the sense
of Definition 3.17), and let T' C OB = S? be the associated boundary marking. Then,
as a @,cyryt+ SKAIZ(Dgegv) -@yev(r)- SKAIg(Dyeg ) -bimodule, Sk(B,T') is a cyclic
module spanned by the empty skein [()] € Sk(B,T").

Proof First, note that adding a puncture at the center of B3 doesn’t change the skein
module, as any isotopy can be smoothly isotoped away from that puncture. Once we
have added a puncture, then using the obvious deformation retraction of B> \ {0} to its
boundary OB = S?, we can isotope any tangle L in B> \ {0} so that it is very close to
the boundary. In other words, we will have a diagram of the tangle L on the boundary.

Recall that the boundary OB> = §? is equipped with a combinatorial foliation, meaning,
after adding some punctures, it is decomposed into elementary quadrilaterals:

In the picture above, the blue dashed line is a generic leaf of the associated foliation,
which will play an important role in our proof.

Pick such blue dashed lines (i.e. generic leaves), one for each elementary quadrilateral
of the combinatorial foliation. We will say that our tangle L C B is in general position
with respect to the blue dashed lines if

(1) its diagram on S? (i.e. projection to the boundary) is transverse to the blue dashed
lines,

(2) no crossing in the diagram of L meets the blue dashed lines, and
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(3) ateach intersection between the diagram of L and the blue dashed lines, L (as a
ribbon tangle) is flat on S2.

Note, in the moduli space of smoothly embedded tangles, generic points are in general
position, and tangles which are in non-general positions are of real codimension > 1 in
the moduli space. Hence, we can assume that L is in general position with respect to
the blue dashed lines.

Then, in each elementary quadrilateral, we can isotope L by pulling the intersection
points toward the orange marking along the blue dashed line. We can then apply
a sequence of stated skein relations to break up the strands in order to get a linear
combination of tangle diagrams on S? which do not intersect with the blue dashed lines
at all. See the figure below for an illustration:

|| -------- - Yy %EJ

—C
€1,62,636{£1} ‘ h :g%‘

Once we have expressed [L] € Sk(B, I') as a linear combination of tangle diagrams on s?
that do not intersect with the blue dashed lines, we are done, as then all the components
of the tangle are localized near some vertices of the marking I". That is, [L] = ay - [(}]

for some ar, € @), cyry+ SKAIZ(Daegv) @ @), cyr)- SKAIZ(Ddeg w)P - O

Corollary 4.2 In the setup of Lemma 4.1, let Ann([()]) be the Ieft ideal of

® SkAlg(Ddegv)® ® SkAlg(Ddegw)Op
vev(I)+ weV(I)~

consisting of elements annihilating [()] € Sk(B,T"). Then,

Qyeviry+ SKAIZ(Dacgy) @ ®,,cy(ry- SKAIZ(Daeg )P
Ann([0]) :

Sk(B,T') =

In the rest of this subsection, we will determine the ideal Ann([0]).

Theorem 4.3 In the setup of Lemma 4.1, the skein module of (B,I") has the following
presentation:

&,cvary+ SKAIZ(Ddegv) ® @), cyr)- SKAIZ(Ddeg 1)
Ann([0]) ’

Sk(B,T) =
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where Ann([(})]) is the left ideal generated by the following relations, one for each
puncture of the combinatorial foliation of OB :°

(7
. Haev " /
\ v / 1 ; ) 14
\ / \ /
\ / ) \\ // \
\\ // = —€] \\ // —€4
\ / i _ N~
777777777 G = ) (=AY =
V2N €1 // \\ €4
SN ee{t} , .
// \\ // \\
/ \ 62/’ 6 \6";
S " [ —e¥—e

Remark 4.4 The above relations can be equivalently written in a more symmetrical

form as
NI N
\ /
v s
A\ /
\ /
—6] \\ // —64
2'61 A2 N
2\ =L N2
E (=A%) /O\ 777777777 = 6;1,—1/ (—A%)>2
et} o g r h
/ \
/ \
€2 €
2 gy T €3
/ _62 _63 \

Proof of Theorem 4.3 Firstly, itis clear that the leftideal / generated by the elements in
®V€V(F)+ SkAIg(Dgeg ) ® ®WGV(F)_ SKAIg(Dgeg )P given by the difference between
the LHS and RHS of the relations (7) above is contained in Ann([()]), as one can apply
a sequence of stated skein relations in Sk(B,I") to turn the LHS of the relation into the
one on the RHS. That is, we have a surjective homomorphism

Iz ®v€V(F)+ SkAlg(Ddeg v) ® ®weV(F)* SkAlg(Ddeg w)P
’ 1

To show that this is an isomorphism, it suffices to construct a map

&,cvry+ SKAIZ(Ddegy) @ @,y r)- SKAIZ(Ddegw)*P
I

— Sk(B,T).

®) g : Sk(B,I') —

such that g o f is the identity map.

Here, we are drawing a hexagon for the sake of concreteness. In general, the face of S\ T’
associated to the puncture can be any 2n-gon for some 7, in which case we need to sum over
€1," " ,€m—2 € {i}
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In the proof of Lemma 4.1, we have described an algorithm that, given a tangle diagram
of L on §? in general position, produces an element

ap€ (X) SkAlg(Degy) @ X)  SkAIg(Dyegu)™
veV(I)* weV([)~
such that
o - [0] = [L].

To be more precise, a priori, this algorithm produces such an element « given a choice
of ordering in which to break the strands up; we can either break up the strand to the
left of the marking first or break up the one to the right of the marking first.

We claim that the element « is independent of this choice of ordering in which we
break up the strands. For this, we need to compare the following two different orderings
in which we can break up the strands:

v |
..... |----.----|----- — Z (_AZ)%-------._.g._—ﬂ__J__--_
pvel+} 0N

or

----- || =Y (A e e
pre{t} 1 _VA

That is, if v and w are the sink and the source vertex of the orange marking in the figure,
we need to check that the two right-hand side figures represent the same element in
SkAIg(Dgegv) @ SKAlg(Dgeg )P, which is straightforward using Lemma 3.27:

ptv \__J “+U k#
(— A2) T - - (— A2 """""
wg{:i} - m I lg{:i} F'—%

-2 = TER
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=0.

Note, in the calculation above, all the isotopies or skein relations we are using happen
away from the blue dashed lines. That is, they take place in the skein algebra
SkAIg(Dgeg v) @ SkAlg(Dgeg )P . Hence, the element oy, € ®veV(F)+ SkAIg(Dgeg v) ®
®WEV(F)* SkAIlg(Dgeg )P we produce using this algorithm depends only on the
diagram of L on S? and not on the choice of ordering of breaking up the strands.

Next, we need to study how oy changes under isotopy of L. Any isotopy of L is a finite
composition of isotopies of the following types:

(D An isotopy in the class of tangles in general position with respect to the blue
dashed lines.

(IT) Half twists of the ribbon tangle near a blue dashed line.

boood Looo RSl - o Lo

(III) Birth or annihilation of a pair of intersection points between the diagram of L
and a blue dashed line.

(IV) Pulling an end point of the tangle across a blue dashed line.

(V) Moving a crossing across a blue dashed line.
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(VD) An isotopy pulling L across a puncture.

It is clear that oy, does not change under the isotopies of type (I). In fact, it does not
change under isotopies of type (II), (IIT), (IV), and (V) either, as we show below. In the
cases the orange marking is not visible in the above pictures, we assume that the orange
marking is to the right and oriented upward; the proof is analogous in other cases.

» For isotopies of type (II),

 For isotopies of type (III),

o f
aras = Y (—A)S V= Y (ADE y
() rr i ¢

* For isotopies of type (IV),

1
QRHS = Z (—AD)?2 "s'li,'f - S =

[~ = OLHS-
ve{t} r r

* For isotopies of type (V),

QLHS — Q'RHS

\ H \ T A~ M
=y (—A2)5" haa o . (—AH" c p
pets) —r s 7 '
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\ \
= Y a4 \l”i \L”_L

pve{E} ﬂ ,Z n‘
\J

The only remaining thing to check is how oy changes under isotopies of type (VI). The
ay for the RHS of the isotopy of type (VI) would look like

aris = Y (—A)'SD (A

w,re{t} ec{t}

€1

Here, we are breaking up the strand that went over the puncture last, using the fact we
have proved earlier that oy, is independent of the choice of ordering of breaking up the
strands in the algorithm. Moreover, we haven’t filled in the background color near the
vertices to indicate that there may be some other parts of the tangle in those regions.

Once we mod out the skein algebra &), < )+ SKAIZ(Dieg ), ey - SKAIZ(Dgeg )P
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by the left ideal / generated by relations (7), the above picture is equivalent to

Y v,

A 4 Al .
0\ 4 . .
D 4 . ’
D\ 4 (O &

D 4
R\ 4
0\ ’

. ’
. ’
. ’
2 ptv ‘\ l'
3 (A Frrmenn e = Feeeeeees Olnmmmme
RS
wve{£} d %
’ .
’ .
’ \
’ .
’ .
= CQLHS,
as desired.

To this end, define the map g in (8) to be

g [L]1— [ayl],

which we have just shown to be well-defined. By construction, g o f is the identity map.
This completes our proof. a

Remark 4.5 Note that the only property of a 3-ball we used in the proof of Theorem
4.3 is that, once we puncture the center of the 3-ball, it is topologically S? x I so that we
can project any tangle to the combinatorially foliated boundary. Therefore, the theorem
extends straightforwardly to any (3 x I,I" x {0}), where (2, I") is a combinatorially
foliated surface with the associated marking; the same proof works verbatim. We stated
the theorem only for 3-balls, as that is all we need for the purpose of constructing the
3d quantum trace map.

4.2 Reduced stated skein modules of 3-balls

From the proof of Theorem 4.3, we immediately get the following structure theorem for
the reduced stated skein modules of 3-balls:

Corollary 4.6 In the setup of Lemma 4.1, the reduced stated skein module of (B, ")
has the following presentation:

®VGV(1")+ SkAlg(Ddeg v) ® ®WEV(F)* SkAlg(Ddeg W)op

Sk(B,I') = Ann([0]) ,

Algebraic & Geometric Topology XX (20XX)



1048 Samuel Panitch and Sunghyuk Park

where Ann([(})]) is the left ideal generated by the following relations, one for each
puncture of the combinatorial foliation of OB:

\ /’L v o, ‘LL \\ iy
\\ v // } \\ // \
\ /
\ / —61 N / —64
\\ // 2 Zl S - --- \O/ 7777777
******* Q----- Z(iA) €1 SN €4
/N
// \\ 616{i} \ // \\ ,
/ N €2 /X €3
d \ —€2—€3

Note, because bad arcs evaluate to O in reduced stated skein modules, the above relation
can be simplified to the following relations, where the face of 2 \ T" associated to the
puncture is a 2n-gon:

(1
7777777 :Qiff————f = (_Az)_#(n_l) _Iu\ 777777;# )
B ST
K < gt
(2
. 3N\
L = (=AYl "ﬁ.’,, ,\\Q’: ,,\.,
,,,,, A @
// \\ //-\\
S NG S AN
by +,’\}{'\. Lo g Ayt .’\: :'\.—
- R X - i

In the second relation above, which is a 2n-term relation, we highlighted the elementary
tangles with opposite states on its end points with gray color. We haven’t labeled all the
states, but there is a unique way of labeling the remaining states in such a way that each
term could possibly be non-zero in the reduced stated skein algebra.
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Definition 4.7 An n-gonal pillow nP is the 3-ball B> along with an embedded oriented
graph I' C OB> = S? on the boundary, which is dual to the cell decomposition of S?
into two 2-cells, both of which are n-gons whose boundaries are identified with each
other.

Example 4.8 A triangular pillow 3P looks like Figure 8.

(07

y

Figure 8: A triangular pillow (or a face suspension).

Note, each face suspension Sf is topologically equivalent to a triangular pillow.
Applying Corollary 4.6 to a triangular pillow, we immediately get:

Corollary 4.9 The reduced stated skein module of a triangular pillow is given by
T@z ® ]:8@3
(=A?)a10 = xpxe, (—A?)B152 = XeXay (—AD)V172 = XaXp)
as a left T®? @ (B°P)®3 = T®? © B®3 -module, where
R, g8, 72)
(Brar = Aa1Br,mBr = ABim, can = Ayan)
R(ey', 570

(22 = ABrcua, Poya = Aya B2, 12000 = Acaya)

Sk(3P) =

']I*®2

and

3 +1 &1 _+1
B® = Rlx; ', x ]

Remark 4.10 One interesting feature of an n-gonal pillow is that it can be split into
two n-gonal pillows, along an n-gon. That is, we have splitting maps

o : Sk(nP) — Sk(nP) ® Sk(nP)
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and
7 : Sk(nP) — Sk(nP) ® Sk(nP).

The relative tensor product Sk(nP) ® Sk(nP) (and similarly its reduced version,
Sk(nP) @ Sk(nP)) above is easy to describe: it is the usual tensor product of left and
right modules over the same algebra, SkAlg(D,,), after turning one of the left SkAlg(D,,)-
module structures into a right SkAlg(D,)-module structure using the self-duality map
in Proposition 3.10. The right SkAlg(D;)-module structures on Sk(nP) ® Sk(nP) is
induced from the usual coalgebra structure on SkAlg(D;), which is the splitting map
for splitting a bigon into two bigons. In this way, we get a coalgebra-like structure on
Sk(nP).

If Y is a 3-manifold whose boundary marking I" is induced from an ideal triangulation
of its boundary, then for any face of the boundary ideal triangulation, we can split a
triangular pillow off of Y. That is, Sk(Y,I') is naturally equipped with a comodule-like
structure over Sk(3P):

o:Sk(Y,I') = Sk(Y,T") ® Sk(3P).

This is a 3-dimensional analog of the coalgebra structure on SkAlg(D;) and the
SkAlg(D,)-comodule structure on SkAlg(3)) for any bordered punctured surface X
with a choice of a boundary interval, as described in [CL22a].

S Quantum trace map for triangulated 3-manifolds

In this section, we construct the quantum trace map for ideally triangulated 3-manifolds.
Our strategy is to cut the triangulated 3-manifold Y into face suspensions Y = Urec 75,
construct the quantum trace map for each face suspension Sf, and then show that they
glue well, by using the splitting theorem we proved earlier.

5.1 Quantum trace map for a single face suspension

First, let’s recall the definition of the Weyl-ordered product in a quantum torus.

Definition 5.1 Let A be a lattice with a basis ej,--- ,e,, equipped with an anti-
symmetric bilinear form (,) : A X A — Z. The associated quantum torus QT is the
unital associative algebra over a ring containing an invertible element A, generated by
formal variables xi, - - - , x,, with commutation relations

XiXj = A<e"’ef)xjxl~.

Algebraic & Geometric Topology XX (20XX)



3d quantum trace map 1051

The Weyl-ordered product [x;, - - - x;,] of x;,,--- ,x;, is defined to be

_ 2i<j<i<kleij eip)
[xil -"x,'k] =A 2 Xip * 0 X -

Note, the Weyl-ordered product is independent of the ordering of the variables.

Recall from (6) that the triangle algebra T, which is an example of a quantum torus, is
the reduced stated skein algebra of a triangle. It is generated by A-commuting variables
a, (3, associated to the three vertices of the triangle. The triangle algebra admits a
natural extension generated by A-commuting variables a, b, ¢ associated to the edges
of the triangle.

Definition 5.2 The extended triangle algebra T is an extension of the triangle algebra
T defined as
. R<ail,bil,cil>
~ (ba = Aab, cb = Abc,ac = Aca)’

It is equipped with the following embedding of the triangle algebra T:'°

T T

a— A7 bel,
I3 »—)A_l[ca],
v A" ab].

Definition 5.3 Let Sf be a face suspension. The face suspension module Sf of Sf is
Riay"!, by )
(bya; = Aaby,c1by = Abjcy,aic) = Aciay)
+1 +1 +1
R<a2 7b2 ,6‘2 >

{arby = Abyay,bycy = Acyby, cray = Aaxer)

Sf = T®? =

&
as a regular T®2-T%2 bimodule.

We will think of the 6 generators of Sf as being naturally associated to the 6 edge
cones on the boundary of Sf: aj, by, c; (resp. az, by, c2) are associated to the top (resp.
bottom) 3 edge cones in Figure 8.

The following lemma equips Sf with a structure of a T®?-B%3-bimodule:

'The non-trivial normalization for the embeddings of the triangle and biangle algebras
described in this subsection is essential for both Theorem 5.5 and the recovery of the correct
quantized gluing relations; see Section 5.2.
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Lemma 5.4 We have the following embeddings of algebras
T®? <y T2

ar = A7 [biey],

B+ A i),

= A7 [a1b],

ay = A7 [byer],

By = A e2ar],
il

]
Y2 = A7 [azbs],

and
B®3 N rﬁ‘®2
Xa e (=) 2a) @ ay,
xXp e (—1)72by @ by,

Xe > (—1)_%c1 ® .
We define the quantum trace Trgy for a single face suspension as follows:

Theorem 5.5 There is a well-defined T®?-B*? -bimodule homomorphism
Trgs : SK(Sf) — Sf
mapping the empty skein [()] to 1.

Proof The embeddings of Lemma 5.4 induce a T®?-B%3-bimodule map
T®? @ B®3 — T2,

The relations defining Sk(Sf) in Corollary 4.9 are preserved under this map; for instance,
the first relation is preserved because

(=A%) a[0] = —[bici] @ [breal,
[0lxpxe — —bic) ® bacy = —[b1c1] @ [bac2],

and likewise the other two relations are preserved. Therefore, there is a well-defined
T®2-B®3-bimodule homomorphism

SK(Sf) — T®2.
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Theorem 5.6 The map Trgy is injective.

Proof Itis easy to see that the image of Trgy is exactly the submodule of T®2 spanned
by monomials of even total degree. We claim that Trgy is an isomorphism from Sk(Sf) to
this submodule. It suffices to show that in each grading 77 = (g4, , np, , e, , ay, Nby 5 Ney) €
ZE®) (Remark 3.8) with > 1 even, Sk(Sf) is 1-dimensional. For this, note that, for any
monomial in a7, 31, V1, a2, £2,72, X4, Xp, Xc» We can apply the relations defining Sk(Sf)
(Corollary 4.9) to express it as a monomial in «, 51, Y1, Xa, Xp, Xc. 1t is easy to see that
such a monomial is uniquely determined by its grading 7 = (ng,, np, , N, s Nay, Nby s Acy)

in ZED: the monomial must be
—Nay tnp, ey Fhay —npy, —ney  nap =y ey —nay tnpy —ney  MayFnp —nep —Nay —Mp, +ey

2 2 3 Nay nbz Ney
Q B, o0 Xo Xp, X

It follows that Sk(Sf) is 1-dimensional in each graded piece. O

5.2 Square-root quantum gluing modules and the main theorem

For an ideally triangulated 3-manifold Y (without boundary except for cusps at infinity)
decomposed into face suspensions Y = Ure 7Sf , we define ®f€ £5f to be the maximal
quotient of ®f€ 7 Sf such that the tensor product

Rper Trgy : (R SK(SH) — R Sf
fer fer
of the homomorphisms Trgs descends to the quotient

®fer Trss ®f€f§(5f) — ®f€fo.

That is, it will fit into the following commutative diagram
T ® Trsy
®rer SKESH) — Qs Sf

| .

Sk(Y) = Sk(Y) —7— ®ye7SK(Sf) — : QyerSf

Trr == Q®Trg 0T
where the vertical arrows are quotients.

Let Uy and U_ be respectively the R-submodules of ®y¢ 7T®? and ®fe 7B®3 spanned
by the relations in Corollary 3.38 so that

Q,., Sk = Ry SK(SF) |
rer U+ (Qyer SKSP)) + (Qyer SKSH) U-
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Then, by our definition above, the maximal quotient is the quotient

N — Qrer S
®f6 e v, (®f€ F Sf) + <®f6 F Sf) V_

of ®rerSf = ®yre ]:1~I’®2, where V_ (resp. V_) is the image of U, (resp. U_) under

®rer Trsy.

Proposition 5.7 The map ®¢cr Trg is injective.

Proof We saw in the proof of Theorem 5.6 that Trgs : Sk(Sf) — Sf is an embedding
onto the even part with respect to the total Z-grading on Sf. Likewise,

Sper Trsy : QQSKS) — Q) Sf
feEF feF

is an embedding onto the even part with respect to the Z” -grading on ®f€ F5f. It
follows that

Vo[ Qs | + | Rsf|vo | N Im(@yer Trsy)
feF feF

= (®er Try) | Uy | RSk | + [ Q) Skesp) | U-

feF feF

This means that, if o € ®f€ N SK(Sf) represents a kernel & € ®f€ fﬁ(Sf) of the map
®rer Trgr so that

(@rer Trs)(@) € Vi | QS| + [ QS| V-,

feF feF
then

(@per Trsp)(@) € (per Trsy) | Us [ @Sk | + | Q) Sk | U- |,
feF feF

meaning & = 0. Therefore, ®yc 7 Trgs is injective. |

We describe the subspaces V and V_ explicitly below. By convention, we suppress
the tensor products defining ®f€ ~Sf. That is, we refer to the element (a; ® by) ®

(a2 X bz) R R (ak X bk) e ®f€]—' Sf = ®f€]" ﬁg@z as a\braxby - - - apby. We use
the notation x¢ . to refer to the generator of Sf corresponding to the edge cone Ce.
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Proposition 5.8 (1) The subspace V_ of ®yc ]:ﬁf'@’z is spanned by the following
elements, for every edge e € £ :

k €
[Xf1 1 X1 e2 X, 02X 05 'xfk,ekxﬂ,el]e + <(_1)§A2> , ee{£l},
where we suppose e is surrounded by the face suspensions Sfi, Sf>, - - - , Sfy and

edge cones Cey,Cey, - - -, Ceg.

(2) The subspace V. of ®rc ]:"IVF@2 is spanned by the following elements, for every
vertex cone Cv:

(a)
[xfl,elel,ezxfzﬂzxfz,%xfs7€3xf37€1]E + A%, €€ {i1}7

(b)

1 1 ]

—1 ~1 -1 —1 - —1
A [xﬁ’elxﬁ’ezxfz’ezxfz,es] + A[xfl’elelyezxfzyezxfzﬁa o [xf3ve3xf37€1]’

where we suppose Cv is surrounded by the face suspensions Sf1, Sf>, Sf3
and edge cones Cey, Cey, Ces in clockwise order when viewed from v, as

in the figure below:
3

€3 €l

f f

€2

Proof We compute the images of relations (1), (2), (3), from Corollary 3.38.

(1) Suppose an internal edge is surrounded by the face suspensions Sfi, Sf>, - - - , Sfk
and edge cones Cey, Cey, - - - , Cex. Then,

_ ke 2
= D720 0 X eV e e Xy eie ] — (FAD

This gives the relation in (1) above.
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(2) Suppose a vertex cone Cv is surrounded by the face suspensions Sf1, Sf2, Sf3 and
edge cones Cey, Cey, Ces. Then,

eAe
3 € ¢
<® Tr5f> k ) — (_AZ)—E
i=1 € €

-3 2\—
=A E[x;l 7€IXJEI ,ezx]?'z,ezx;Z%xfei7€3x;3761] — (=A™
This yields the relation in (2a).

(3) Suppose a vertex cone Cv is surrounded by the face suspensions Sfi, Sf>, Sf3 and
edge cones Cey, Ce;, Ces in clockwise order when viewed from v. Then,

o) L0

1 -1 —1
e 783] - [xf3ve3xf3 el I

'S

-1 -1 -
= A [xfl7€1xf17€2xf2762xf2,e3] +A[xf17€1xf1,e2xf2,

This gives the relation in (2b).

O

Remark 5.9 While we have included relations for both signs € € {£1} in V. (resp.
V_), it is enough to consider only one of the relations, as one implies the other in
the right (resp. left) ideal generated by V. (resp. V_). Therefore, from now on, for
simplicity, we will drop the relations for ¢ = —1 and, by abuse of notation, still call
the corresponding subspaces V4 and V_. They still generate the same relations and
therefore give the same quotient.

Definition 5.10 For the bare edge e € e(T) abutting the faces f; and f;, the square root
quantized shape parameter X, corresponding to the edge cone Ce is
Xe = Xfe @ Xfies

where xz, . and x¢, . are the two generators of Sf; and Sfj, respectively, that correspond to
the edge cone Ce, and xy, , ® x, . denotes the image of the element Xfy e QX ¢ € ®f€ 7 Sf
in @lce #5f under the quotient.
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Note, if the edge cones Ce; and Ce; are both adjacent to the same vertex cone Cv, and
Ce; is clockwise with respect to Ce; when viewed from v, we have

Xe ke, = AXe,Xe, .

It is a straightforward exercise to rewrite the generators of V; and V_ in terms of
square root quantized shape parameters.

Lemma 5.11 (1) The subspace V_ of ®f€;ﬁ‘®2 is spanned by the following
elements, one foreach e € £ :

A A ~ k
[xelxez e 'xek] + (_1)2A27

where X,,,%e,,- - ,%¢,_,, and X, are the k square root quantized shape parameters
associated to the k edge cones abutting e.

(2) The subspace V, of ®p¢ ;'f@z is spanned by the following elements, two for
each vertex cone Cv:

[Xe, XerXe; ] + A,

52 2
-+ i + 1

where X, , X,,, X, are the square root quantized shape parameters associated to
the three edge cones Cey, Ce;, Ces abutting Cv in clockwise order when viewed
from v.

Remark 5.12 The elements
[Xe, Xe,Xey ] + A,

where e;, ey, and ez are three distinct edge cones abutting the same vertex cone,
are central. Using the A-commutation relations among square root quantum shape
parameters, it is an easy check that

[5661.%625683 ])%e4 = 5%4 [)Ace] 56625663 ] )

where e, is any edge cone.

Definition 5.13 The square root quantum gluing module SQGM7(Y) is the R-
submodule of ), =Sf spanned by monomials in X, forall 7 € 7 and e € e(T).

To prove our main theorem, we need one last lemma.
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Lemma 5.14 The image of the composition

Try = @ Trgs 0 : SK(Y) 5 @fefsT(Sf) ® Ly @fefo

lies in SQGM(Y).

Proof Starting with a link [L] € Sk(Y), we apply the splitting map & (Proposition
3.37) to obtain

dLh= | Y ALl € @), SKEN.

-~ rcompatible
66{ states }

It is enough to check each term of this sum lands in SQGM(Y) under ® Trgy, so fix
some compatible state .

Recall from Remark 3.8 that Sk(Sf) is naturally Z°-graded, where the grading is given
by the sum of states on each edge of I'. Suppose two face suspensions Sf; and Sf, are
glued along an edge cone Ce, and that I'; and I'; are the boundary markings of Sf;
and Sf>, respectively. Since § is a compatible state, the sum of the states of [Lj:l] on
I'1 N Ce and the sum of the states of [L;,'2 ] on I'; N Ce are equal; see Remark 3.25.

Trgs respects the grading on Sk(Sf). Thus, Trgfl([L;1 ]) and Trsfz([L;f2 1) will yield
monomials Py and P», respectively, such that x;, . appears in Py with the same degree
that x, . appears in P,. This concludes the proof. O

Our main theorem now follows immediately.

Theorem 5.15 There is an R-module homomorphism Tr7 : Sk(Y) — SQGM1(Y)
defined as the composition

_ T > = RyerTrs
Sk(Y) = Sk(Y) % ®f€]—'Sk(Sf) rex Ty ®f€fo .

5.3 Quantum gluing module

In this subsection, we explain in what sense the square root quantum gluing module
SQGM1(Y) can be thought of as an extension of the quantum gluing module.

The following definition is from [Dim13] and [AGLR22].
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Definition 5.16 Let
5+1 A1+l Aitl
R<ZT 7Z;“ 7Z¥ >
(212} = ASZL 2y, 2020 — ASZIZE. 22 — AV 20

QT(Y) = Q)

TeT
be a quantum torus in 3n generators, where n is the number of tetrahedra in 7.
The generators Z;, Z!, Z!' are called quantized shape parameters, as they are naturally
associated to bare edges of tetrahedra in the following way: if the bare edge e of

a tetrahedron 7 is labeled by the classical shape parameter Zr, Z}., or Z7, then we
associate Zr, Z)., or Z¥, respectively, to e.

The quantum gluing module QGM(Y) is defined as

QT+(Y)
WL QTH(Y) + QTH(Y)W_'

where W and W_ are the R-submodules of QT(Y) defined as follows:

QGM(Y) :=

(1) W_ is spanned by the following elements, one for each edge e € £:
(17, %] — A%,
where the ¥; € {Zr, 25,2} | T € T} are the k quantized shape parameters
associated to the k bare edges glued around e.
(2) Wy is spanned by the following elements, two for each tetrahedron 7' € T:

(a)
(Z: 2,71 + A2,

(b)
27w e — 1.
In the rest of this section, we show that there is a natural homomorphism
t: QGM,(Y) — SQGM1(Y)
which we conjecture to be injective.

Lemma 5.17 Suppose X, and X, are the square root quantized shape parameters
corresponding to opposite edges e; and e; in a tetrahedron T. Then, we must have

22 _ a2
X, = X,
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Proof Using the labeling of edges as shown in Figure 9, we obtain the following
relations:

©) [Xe;XeyXe;] = —A,
(10) [Xe,Xeskes] = —A,
(1) [XeyXerXeg] = —A,
(12) [ReyReske;] = —A.

Figure 9: The labeling of the edges of a tetrahedron we assume for Lemma 5.17.

From (9) and (10), we see

XeyXey = XesXegs
and from (11) and (12), we obtain
XeyXeg = XesXes-

Combining these last two equations, we find

5633 = A26
and
ko, =%,
We can get the last desired relation similarly. O

Definition 5.18 For each tetrahedron T € T, define

. a2
XT o— _XZT,
O . a2
XT = _XZ}’
1o A2
XT = _XZ},’

where each Xz, X7, Xz is a square root quantized shape parameter associated to an
edge with classical shape parameter Zr, Z., and Z/, respectively.
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Notice that, for any T;,7; € T, these elements satisfy the relations

N

Ol A4 D
XTIXT} — A IJX]}_XT”
O 1 A4S !
Xp X7, = AVIRTE X,
<1 46; i %
XT,XT} = A WXTI'XT,-’

which are exactly the relations for the generators of the quantum torus QT(Y).

Remark 5.19 Notice the minus sign in the definition of our quantized shape parameters.
This is expected from the classical story in Section 2.2; our edge cone crossing matrices
used square roots of negative shape parameters.

The following lemma is a simple computation, using the presentation of V_ and V_
obtained in Lemma 5.11.

Lemma 5.20 (1) The subspace V_ contains the following elements, for every edge
ecé:

(19, 7] — A%,
where the ¥; € {Xr, X}, X} | T € T} are the k quantized shape parameters
associated to the bare edges of tetrahedra glued around e.
(2) The subspace V. contains the following elements, foreach T € T :
(X7 X X7 + A%,
j\(;{il —+ XT — 1.

From Lemmas 5.17 and 5.20, it immediately follows that:

Theorem 5.21 There is a natural R-module homomorphism ¢ : QGM4(Y) —
SQGM(Y) defined on monomials by

/ 1 / 1
mr AlMy 5lmy mr /my /my
[T 27727 2™ — T X5 &7 %7
TeT TeT

We conjecture that the map ¢ : QGM£(Y) — SQGM(Y) is an embedding ; see

Conjecture 7.4. We have verified the claim classically for the figure-8 knot complement
by computing elimination ideals in Mathematica.
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Figure 10: Examples of bad arcs in a face suspension.

6 Explicit examples

In this section, we detail the process of how one can actually compute our map in
practice, and then use this procedure to compute the quantum trace of some links in the
figure-8 knot complement ¥ = 53 \ 4.

6.1 Computing the 3d quantum trace in practice

Given a link [L] in an ideally triangulated 3-manifold, one follows the following
procedure:

(1) On each edge cone Ce, choose an embedded interval I, oriented from the
midpoint of e to the barycenter of the tetrahedron containing Ce. Isotope L so
that at each intersection p of L with an edge cone Ce, p € I,, and the framing of
L at p is tangent to /.

(2) Use the splitting map & to cut Sk(Y) into the relative tensor product of reduced
stated skein modules of face suspensions.

(3) In each face suspension, apply the face suspension quantum trace from Theorem
5.5.

We show examples of bad arcs in a face suspension in Figure 10.

For convenience, we repeat the definition of Trgs from Theorem 5.5 with a bit more
detail.

Recall that Sk(Sf) is a T®2-B%®3-bimodule, spanned by the empty skein. If o € T
consists of a single ribbon tangle with the canonical framing connecting the edge cones
corresponding to x1,x, € Sf with states p and v, respectively, then define

ev(a) = AT .
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If B € B consists of a single ribbon tangle with the canonical framing connecting the
edge cones corresponding to xj,xy € Sf both with states i, then define

ev(f) == (—1)" 2.
These are nothing but the embeddings defined in Lemma 5.4.

Given [L] € SKk(Sf), use Lemma 4.1 to write [L] = o --- oy - [0] - 81 - - - B1, where
each a; € T and B; € B and each «; and (3; consists of a single tangle. Then,

Trgr([L]) = ev(ar) - - - ev(ag)ev(By) - - -ev(By) € Sf.

Suppose a face suspension is associated to the face f and spans parts of tetrahedra 7}
and T,. Label the edge cones from T} with z,7’,7” clockwise when viewed from the
barycenter of T, and likewise label the edge cones from 7, with y,y’,y” clockwise
when viewed from the barycenter of 7>. An example of such a labeling is shown in
Figure 11.

Figure 11: A labeling of the edge cones of a face suspension used in obtaining the
presentation given in this section.

Then

R<Zj:1 ’ Z/:H,Z”:H> ® R<yi1,y/il,y”i]>

Sf = .
f <ZZ/ — AZIZ,ZIZH — AZ//Z/,Z//Z — AZZ”,yy, — Ay/y’ylyll — Ayl/y/’y/ly — Ayy//>

6.2 Examples

In Figure 12, we show a triangulation of the figure-8 knot complement along with two
ribbon tangles K,,, and K. In that figure, we have also labeled the bare edges (and thus
edge cones) with square root quantized shape parameters. In Figure 13, we show these
same tangles and the figure-8 knot in S3.
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E W

Figure 12: A triangulation of the figure-8 knot complement. Vertex labels index the
opposite face. The gluing of the two tetrahedra is determined by gluing the appropriate
edges based on the number of solid black arrows and their orientation. The ribbon
tangle K, is shown in red and the ribbon tangle K} is shown in blue.

N
\\4 E
0

Figure 13: We show the figure-8 knot in $3, along with unframed representatives of K,
in blue and K, in red. The faces of the triangulation can be identified with regions in
the plane containing the figure-8 knot, and are labeled appropriately.
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6.2.1 Quantum trace of K,

For our first example, we compute the quantum trace of a two cabling of K,,, denoted
K2 . In Figure 14 we show the way in which one representative of K2 splits when we
cut Y into face suspensions. For simplicity, we only show the two face suspensions that
contain components of K7. Recall that the quantum trace is a sum over all possible
states €1, €, €3, and ¢4.

In the following computations, we will label the generators of the two copies of Sf the
shape parameter of the corresponding edge cone, indexed by the face. For example, the
generator of Sfy associated to the edge cone corresponding to Z will be referred to as

N

Figure 14: K2 after cutting Y into face suspensions. The two face suspensions
correspond to the faces E and N.

We use the skein relations to obtain Figure 15. There are 4 compatible states that give
non-zero elements:

(-A%)~52

e3+64

(~A%)~
X

Figure 15: K2 after cutting Y into face suspensions and using skein relations to identify
each diagram as the action of some a € T®? @ B? on the empty skein.

(1) € =€ =+ and e3 = e4 = —: Notice the coefficients in Figure 15 cancel. We
obtain

[ 2 M 2 ek yede @ Dy Dyilzn iy !
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= £ @)Wy = etne = V27
(2) eg=€4=+and ¢ = e3 = —: We find
[Zezellzy 2 WekyE "2 @ DI o ey vy ey = 1@ 1.
B eg=ep=—andez =€ =+: Y"1Z.
4) eg=es=—and ey =e3=+: 1® 1.

Summing them up, we get

Trr(K2) =24 V"27' + 7717 € (QGM(Y)) C SQGM1(Y).

6.2.2 Quantum trace of K,

We will now compute the quantum trace on Kj,.

In Figure 16, we draw one representative of K}, after cutting into face suspensions. In
Figure 17, we have used the skein relations to rewrite each tangle.

Figure 16: K, after cutting Y into face suspensions. The two face suspensions
correspond to the faces S and N.

Figure 17: K, after cutting Y into face suspensions and using skein relations to identify
each diagram as the action of some a € T®? @ B®? on the empty skein.

There are 3 non-zero compatible states:
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(1) € =+ and ¢ = —: We calculate

25 25 yszs ® vy lay 'yy' = Avszs ' @ 2y Tyl = Az s

2) eg=—and e = +

al—1ar

Iy 1]ZN)’N = AyS Z/s ® Z;v)’§v_1 = AJys Zns-

[zsz'g]yfg_lzs ®@lyy'y
B) ea=ea=—
Alzszs sz @ oy ey ot =AY @2y oy = A s
We claim the image of K} under our trace map lives in the submodule :(QGM(Y)) of
SQGM1(Y). Some relations in SQGM1(Y) important for our purposes are:

(1) We have the following identities among the left actions
A/ 2 . am

1 +2Zys" = —Zyws
[2SWZNSZNw] =—A,
sedysnel = —A,
[2SW2%W23/E] = —A,

[seSewSsw] = —A.
The last four identities are central elements, so the same holds for right actions.

(2) We have the following identity among the right actions

IN/ENT N BN BN BN A2
nedswIewinwiselew] = A

From above, this is equivalent to identifying the right actions
all a—1all a— —
YNEYSE ZNWZSW =4
Then

al—1ar—1

Tr7(Kp) = Az yzvs + AyNS Zvs + AZys Ivs

= AZs' Plys + AU + 2D)nsPlvs'

_ Aal—lar all2 Al al—1
= AZys Ins — AZNWZNSyNS

A—]1 Al A
= ZNWZSW)’NE ySE ZNWZSWyNEySE

= AZSW%\/IEZ AySE

=AZY" 4+ 1),
as desired.

In the conventions of [AGLR22], A = q;G]g and our shape parameters go to their
inverses. After changing the framing by —1 (multiplying by —A~3) and taking these
differences in conventions into account, our result matches the conjecture given in that

paper.
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6.2.3 Quantum trace of K

Finally, we compute the quantum trace on a 2-cabling of K}, shown in Figure 18.

Figure 18: K,f after cutting Y into face suspensions.

One can check there are 9 compatible states giving non-zero elements, and we find
Trr(Ky) = A% s + AY2Nsdns” + s s + A* + DI + (A + Diyg® +2
=AW AN AT AT @t D2+ 1 — A
=AZW +AVZPZY T At + D2+ 1 - A
=AYV L AP+ AR+ AP+ 1 — A
— A2+ AP+ ARV 22 + (AR + AMHYZ — (AR + A2
— A AN 1 - A%

Notice that Tr7-(K?) is not simply Tr7(Kj)>.

This result, after taking into account differences in conventions and the difference in
framing, satisfies the length conjecture given in [AGLR22].

7 Future Directions

We conclude with some natural questions and conjectures, as well as avenues for future
research.

* The 2d splitting maps [L.¢ 18] are known to be injective, so it is natural to ask if
the same is true for 3d splitting maps. Unlike in the 2d case, however, the 3d
splitting map can fail to be injective when the splitting is degenerate.
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Example 7.1 For a simple example, consider ¥ = S$3. Choose an elementary
quadrilateral embedded in S° and split S along it to get Y. This is B>, whose
boundary is S? with two punctures which is tessellated by two elementary
quadrilaterals. The boundary marking of Y’ has two vertices: a sink vertex of
degree 2 and a source vertex of degree 2. The splitting map (Theorem 3.24) is
then of the form

Sk($%) % Sk(Y")/M,

where M denotes the R-submodule generated by the relations from the sink and
the source vertices. However, it is easy to check that the relations from the sink
vertices and those from the source vertices are not compatible in this example
and in fact kill the whole module:

Sk(Y")/M = 0.

We still expect the splitting maps to be injective as long as the splitting is
“generic” enough. Figuring out the proper notion of genericity in this context is
an interesting question:

Question 7.2 When are the splitting maps ¢ and & injective?

Note that injectivity of &, together with Proposition 5.7, would imply that the 3d
quantum trace map is injective. Thus, a solution to the above query would also
provide an answer to the following question:

Question 7.3 For which triangulations is the 3d quantum trace map Try
injective?

* As mentioned in Section 5.3, we conjecture that
Conjecture 7.4 The natural homomorphism ¢ : QGM1(Y) — SQGM1(Y) is
injective.

« For our next conjecture, assume that ¥ = $3 \ K is an ideally triangulated knot
complement. We say that a link L C §* \ K is even if it represents the zero
homology class in H{(S>\ K, Z,) = Z,.

Conjecture7.5 Theimage of an even link under Tr is contained in «(QGM(Y)) C
SQGM(Y).

We have seen some evidence of Conjecture 7.5 in Section 6, as all of Kfn, Ky,
and K,% are even links.
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Beyond addressing these conjectures, here are some other promising future directions:

ey

2

3

“)

&)

(6)

How does the 3d quantum trace change as we vary the triangulation? In the 2d
case, for the Chekhov-Fock algebra of two different triangulations A and ),
there is a coordinate change map O+ such that Oy o Try = Try/. The proof
heavily relies on explicit coordinate change formulas developed by [HialO] as
one flips a diagonal of the triangulation. To tackle the situation in 3d, one needs
a handle on how square root quantum gluing modules associated to two different
triangulations differing by a Pachner 2-3 move are related [DG13, Dim13].
We expect our 3d quantum trace map to be natural with respect to changes of
triangulation, in a sense analogous to the 2d case.

Currently, our 3d quantum trace map is defined for 3-manifolds Y without
boundary (i.e. it only has cusps at infinity). It should be relatively straightforward
to generalize our construction to 3-manifolds with any ideally triangulated
boundary.

Once we allow ideally triangulated boundaries, as long as the boundary has no
markings, the skein module of Y will naturally be a module over the (ordinary)
skein algebra of the boundary. We expect our 3d quantum trace to be functorial
in a sense that it is compatible with the 2d quantum trace on the skein algebra of
the boundary. It would be nice to check this.

How does the 3d quantum trace compare with the quantum UV-IR map [NY 20,
NY22, FN22]? This is the subject of a work in progress. A related comparison
in the 2-dimensional setting was carried out in [KL.S23].

It should be possible to generalize our construction to SL, quantum traces. In
the 2d case, this is addressed in [NY22, Dou22, Kim22, [.S21], and ultimately
solved in [LY23]. Because the face suspension module is the tensor product of
two triangle algebras, it seems the main ideas and techniques of [L.Y23] could be
carried over into the 3d setting. The 3d version of Fock-Goncharov coordinates
[FGO6b, FGO6a] are developed in [GTZ15, GGZ15].

Many ideally triangulated 3-manifolds can be realized as a fibration over the
circle, where the fiber is some ideally triangulated surface > [Gué06, McM96].
The image of links under the 3d quantum trace map whose projection onto the
base of this fibration are trivial should roughly be the same as the image of that
link under the 2d quantum trace map for >. It would be illuminating to make a
precise statement about this situation. This question also seems intimately related
to a conjecture posited and explored in [BW Y21, BWY22].
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(7) Other similar constructions are currently being developed by S. Garoufalidis and
T. Yuin [GY?24] and J. Brown and D. Jordan in [BJ25]. It would be interesting
to explore the relationships between these different constructions.
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