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Abstract

Many BPS partition functions depend on a choice of additional structure: fluxes, Spin or Spin®
structures, etc. In a context where the BPS generating series depends on a choice of Spin® structure
we show how different limits with respect to the expansion variable ¢ and different ways of summing
over Spin structures produce different invariants of homology cobordisms out of the BPS ¢-series.



1 Introduction

In supersymmetric theories, BPS states — named after Bogomol'nyi, Prasad, and Sommerfield — often
have a geometric interpretation as volume minimizing submanifolds or solutions to partial differential
equations. This is especially common among theories that can be realized in string theory, and string
dualities typically offer several equivalent perspectives on BPS objects.

Counting such minimal or extremal objects then leads to a generating series that captures a lot
of interesting information about the underlying geometry. One well known example of such counting
problem involves curve counting in Calabi-Yau manifolds. It can be formulated in such a way that,
in each topological class, the result is an integer [1-5] and altogether these integer invariants can be
conveniently packaged into a generating g-series. Another prominent example involves counting solutions
to the Vafa-Witten equations on 4-manifolds [6]. When realized in string theory, these two seemingly
different geometric incarnations of BPS states can be related (see e.g. [7-10] and references therein).

Sometimes, the underlying geometric setup requires a choice of a certain additional structure, and
the resulting generating series depends on that choice. For example, in the case of Vafa-Witten gauge
theory, one finds a collection of g-series invariants of 4-manifolds

2% (My,q) = g (aff’) +a”q + a5’ ¢’ +> (1.1)

labeled by 't Hooft fluxes v. When by (M) > 1, this collection transforms as a vector-valued modular
form under the modular group SL(2,7Z) or its congruence subgroup.

The analogue of Vafa-Witten invariants for 3-manifolds, denoted Z,(Mg,q), also depends on the
additional choice — for gauge group G = SU(2), the choice of Spin® structure on Mz — and also can
be interpreted as counting BPS states [11], either in terms of curve counting, or as the half-index of
3d N = 2 theory with 2d (0, 2) boundary conditions [12], or as counting solutions to Kapustin-Witten
equations [13]. (See [14] for a comprehensive survey of all these perspectives and their interrelations.)
These g-series invariants

> b b b
Zy(Ms,q) = ¢° <a8)+a§)Q+a§)q2+~-> € ¢™Z[[q] (1.2)

labeled by b € Spin®(M3) are relatively easy to compute, which makes the study of their structure
very accessible.! It is natural to ask, then, how much topological information about Ms is contained in
Zy(Ms, q), in particular in the dependence on b € Spin®(Ms).

Topological invariants of a seemingly different origin recently played an important role in the study
of quantum states of matter. Perhaps the most well known is the classification of fermionic symmetry

IThe fact that Z,(Mg, q) is labeled by Spin® structures was carefully explained in [15] and recently justified further
from a different perspective [16], by realizing Z;,(Ms, ¢) as a Rozansky-Witten theory with the target space based on the
affine Grassmannian.



protected topological (SPT) phases, given by the Spin cobordism groups [17,18]:

¢ 0|1 2|5 a5 0f7]s 09|
o 2]z |z folz]ofo]o]z ]z ]

(1.3)

For example, the group in dimension d = 2 classifies two inequivalent SPT phases that can be represented
by Kitaev’s spin chain with only fermion number parity symmetry. Note, the group in dimension d = 3,
relevant to 3-manifolds, is trivial. This does not mean, however, that the story ends here. It means
that every 3-manifold Mj equipped with a Spin structure s € Spin(M3) can be realized as a boundary
of a Spin 4-manifold M, (with a Spin structure that extends s). Since by a theorem of Rokhlin the
signature of a closed Spin 4-manifold is divisible by 16, this means that the mod 16 reduction of o(My)
is independent of M, and

w(Ms, s) = o(My) mod 16 (1.4)

is a topological invariant of (M3, s) called the Rokhlin invariant.?

Another way to make cobordisms in d = 3 non-trivial is to restrict to integral homology spheres,
H.(Ms;Z) = H,(S% Z), and, similarly, consider cobordisms with H,(My;Z) = H,(S® x [0,1];Z). The
equivalence classes of integral homology spheres with respect to such cobordisms define an abelian group,
called the homology cobordism group ©3, which in some sense is a complete opposite of Q§p‘“: not only is
©3 infinite, but it is infinitely generated. A natural way to study this complicated group is via invariants
of homology cobordisms. This is where the Rokhlin invariant (1.4) makes its another appearance. Since
integral homology spheres have unique Spin structure, there is no dependence on Spin structure and £
provides a homomorphism ©3 — Z/27Z. For example, the Poincaré sphere P = 3(2,3,5) can be realized
as a boundary of a negative definite 4-manifold with intersection form —FEg. Therefore, according to
(1.4), the Rokhlin invariant is u(P) = 8 mod 16 and it follows that the Poincaré sphere does not bound

a homology ball. Other invariants of homology cobordisms include:

e Iroyshov invariant h : ©3 — Z (can be used to show that a connected sum of any number of P is
non-trivial in ©3) [19];

e correction terms d(Mjs) € Q of Ozsvath and Szabé defined via Heegaard Floer homology [20];
e invariants a(Ms3), 5(Ms), v(M3) introduced by Manolescu [21].

Our main interest here is to explore the relation between these delicate invariants and the BPS state
counting. In particular, we shall focus on the Rokhlin invariant and the correction terms d(Ms). Just as
the Rokhlin invariant, d(M3) can be defined for an arbitrary 3-manifold, except that a choice of Spin®
structure is required. There are certain similarities between p(Ms, s) and d(Msz,b), with b € Spin®(M3).
For example, both change signs under the orientation reversal,

p(=Ms,s) = —p(Ms, s) (1.5a)

2 Another choice of conventions used in the literature is u(Ms, s) := % mod 2.



d(—Ms,b) = —d(Ms,b) (1.5b)

and in what follows we will use this property a number of times. In comparison, the behavior of the
BPS g¢-series (1.2) under the orientation reversal is very non-trivial in general [22]. However, the leading
g-powers, Ay(M3) € Q, transform in a rather simple way, similar to (1.5):

Ap(—My) = —Ay(My). (L6)

Therefore, it is natural to ask if there is a relation between these invariants or, more generally, be-
tween Z,(Ms, q) and p(Ms, s) or d(Ms,b). Answering this question could help to understand better the
topological information contained in the BPS counting invariants, analogous to the way BPS invariants
encode information about flat connections on M3 [23]. And, on the other hand, it could benefit topol-
ogy by providing new bridges and connections between invariants like pu(Ms, s) and d(Ms,b), realized
as different limits of the BPS g-series.

More pragmatically, the goal of this paper is to study the relation between the following invariants,
realized as limiting values of the BPS g-series (1.2):

o {A,(Mj;)} is a list of rational numbers labeled by Spin® structures on Msj,
o {d(Ms,b)} is a list of rational numbers also labeled by b € Spin®(Ms), and
o {u(Ms,s)} is alist of Z/16Z valued integers labeled by Spin structures on Mj.

We can not stress enough that signs, factors of 2, and orientation conventions are absolutely crucial for
this study. Since such details are sometimes ignored or omitted for the sake of simplifying the exposition,
part of our motivation here is to carefully restore all such factors. In particular, it was noted [11] that
Ay(Ms) appear to be related to d(Ms,b), with the same value of b € Spin®(M3). Part of our motivation
here is to clarify this relation and to make it precise. We find?

Ay(My) = %—d(Mg,b) mod 1 (1.7)

and 3u(M
exp (—2m (M, s ) ZcROkhlmZ (Ms,q)| (1.8)

q=1

with simple “universal” coefficients cljfgkhhn determined by the linking form on H;(M3;Z), whose explicit
form will be given below.

3Note that modulo 2 the correction terms of [20] reduce to a more classical invariant (considered e.g. in [24]):

c1(b)? — o(My)

1 mod 2

d(Ms,b) =

where M, is a 4-manifold with boundary dM,; = M3 and a Spin® structure b that extends b = E| M-



The rest of the paper is organized as follows. In section 2 we provide further motivation for (1.8)
and discuss how various 3-manifold invariants can be constructed by playing with Spin® structure in
(1.2). (In section 2 we will not discuss the relation between Z-invariants and correction terms of Ms;
a reader interested in this connection can skip directly to section 3.) Then, in section 3, we examine
explicit examples of surgeries on knots which, in particular, help to determine the exact coefficients in
(1.7)—(1.8). We conclude in section 4 with some thoughts on possible applications and future directions.

2 Different ways of combining Spin‘ structures

By taking various limits and combinations of the g-series invariants (1.2), one can reproduce many other
invariants of 3-manifolds, defined independently. This will be the main theme of this note.

For example, by summing over Spin® labels and taking ¢ to be a root of unity, one can obtain the
familiar Witten-Reshetikhin-Turaev (WRT) invariants of Mj. On the other hand, by not summing over
Spin® labels — or, rather, replacing Spin® labels with their close cousins, as we explain shortly — and
taking the limit ¢ — 1 one can obtain the inverse Turaev torsion of Mj3. More precisely, the relation to
the WRT invariants? is usually written in the form?®

1 . .
WRT(M;, k) = lim ———— § j § eriktklaa) g 7. (q 2.1
( ’ ) QHeXP% Q(Q% — q_%) b o ( ) ( )

vV
Gauss sum

with coefficients S, expressed in a simple way through the linking form on H;(Mj3). Thus, for manifolds
with Hy(M;) = Z,, which will be the case for many of our examples below, the explicit form of these
coefficients is [11]:

1 1+ (—=1)pHt 4dmab
Sp = — (—L&L,g + 2 cos ma ) (2.2)
VP 2 p
where a,b = 0,...,|5]. Note, this expression can be used for both even and odd values of p. More

precisely, this is the folded form, in which Z\b(Mg, q) are labeled by b € Spin®(M3)/Z,. While this form
is more economical, sometimes it is more convenient to work with the unfolded version, where Z\b(Mg, q)
are labeled by b € Spin“(M3) and the convolution with S,; simply implements the Fourier transform on
b € Spin®(Ms). For example, for Hy(M;) = Z, the unfolded version of S,;, looks much simpler

1

Sy = —e™ a,b=0,...,p—1. 2.3
b= 7 (2.3)

4We use the normalization of the WRT invariant such that WRT(S?, k) = 1, which is standard in the mathematical
literature. Note that the partition function of SU(2), Chern-Simons theory, Zgy(2),, is naturally normalized such that

ZSU(Q)k(S2 x S') = 1 instead, but has ZSU(Q)k(SS) = \/%sin%.
Sfor simplicity, stated here for a 3-manifold with by (M3) = 0; generalization to by (Msz) > 0 is not much more complicated

[14,25], but will not be need here.




It is this unfolded version that gives the inverse Turaev torsion if one of the labels is not summed over
and is kept open [25]:

L ; = lim ZSabe (24)

Turaev torsion ( q—1

Whether a problem at hand favors the folded or unfolded version, the relation (2.1) can be written
in a more succinct form:

- (2.5)

T
qg—e k

WRT(Ms, k) Z AVRT Z(

Indeed, while the original form (2.1) is more 1llum1nat1ng for comparison to Chern-Simons theory on Msj,
for other applications it may be more convenient to sum over the label a that makes no appearance either
on the left-hand side or in Z\b(Mg, q). Moreover, as indicated in (2.1), the sum over a is a Gaussian sum
(or, a combination of Gaussian sums in the folded version) and performing this sum gives the coefficients
VBT that depend on k, b, and the linking form on H;(Msj).

Then, written in the form (2.5), this relation makes it clear that the coefficients "RT play the

role analogous to that of Sy, in (2.4). In both cases, the choice of these coefficients determines which
topological invariant we get from the “building blocks” Z,(Ms,q). It is, therefore, natural to ask for
other relations similar to (2.4) and (2.5).

Another example of such relation involves a sum over b € Spin®(M3) that is quadratic rather than
linear in Z,(Ms, q),
Ta(Ms,q) = > o Zy(Ms,q) Zy(—Ms, q) (2.6)
beSpin®(Ms)

with ¢ = I|Stabg,(b)|. This way of combining BPS g-series gives the superconformal index of 3d
N = 2 theory obtained by compactifying 6d fivebrane theory on M3 [14]. Note, unlike (1.5) and (1.6),
the index (2.6) is manifestly invariant under the orientation reversal. Using modular properties of the
BPS g¢-series [22] one can write the explicit form of the 3d index e.g. for M3 = ¥(2,3,7):

Lalq) = 1 -+ —¢"—2¢°+2¢" —2¢° — ¢" + ¢ —4¢™ +2¢" + ... (2.7)

One of the goals in this paper is to add to the list of relations (2.4)—(2.6) another way to assemble
Zy(Ms, q) together that gives the Rokhlin invariant of Ms. Since the latter depends on s € Spin(M3),
whereas Z,(Ms, q) depends on b € Spin®(M3), the coefficients in such relation depend on both s and b:

(M
exp (_ 27r7,3 3,8 ) Z CRokhhn Zy(Ms, 7)

(2.8)

q=1i

Using the behavior of Z,(Ms,q) under the orientation reversal [22], we can write this relation in the
following equivalent form

3pu( M
exp <2m 3 ) Z Rokhlin 7 (_ V[, q) (2.9)

q=1
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which can be also obtained from (1.5a) and is therefore consistent with the behavior of Rokhlin invariant
under the change of orientation.

Note, averaging the left-hand side of (2.8) over s € Spin(Ms) gives the WRT invariants of M; at
k = 4 [26], which was in part our motivation for exploring (2.8). The coefficients in (2.8) therefore

must satisfy the sum rules Y7 g™ = gV, for any b € Spin®(Ms). Consequently, when Ms is a
Z5 homology sphere, 1i.e. admlts a unique Spin structure s = 0, we can simply take c&‘ikhhn = cmRE

Properties like this and specific examples (cf. the next section) can quickly determine the coefficients

cigkhlin in (2.8). For example, in the simplest case of integral homology spheres we have

. 1
H,(M3) = 0: cRokhlin T (2.10a)

More generally, for H;(Ms) = Z,, with p odd,

7
okhlin 1 +2p
Hy(M3) = Z, (podd): cfrokhlin < Z (2.10D)
where b =0,...,p — 1. The case of H,(M;) = Z, with p even is the first instance where new examples
are used to determine
1 p+2(b+sp/2)? mi
H\(M3) = Z, (peven): ciphling — 4—1677” T (1 + (—1)b6(8_1)7p> (2.10c)

with s = 0,1 and b=0,...,p — 1. And, for general H;(M3) with b;(M;3) = 0, one can use examples of
plumbed manifolds considered in section 2.1 to determine

b1<M3) - 0: Ciglz?}gr)l _ Z —27rz€k (a,a)—2mi £k(a,b) (210d)

V 8|H1 M3 aEHl M3)

where b € Hy(M3) and o(s,b) € Spin®(M3) is the value of a canonical map o : Spin(M3) x Hy (M3, Z) —
Spin®(M3) explained in more detail in (2.30). For a fixed Spin structure s, this map provides a bijection
between Spin(Ms;) and Hy(Ms;,7Z) and, therefore, can be inverted.

Note, the left-hand side of (2.8) is a special instance of the Spin refinement of the WRT theory, at
level k = 4 [27,28]. Therefore, eq. (2.8) itself can be understood as a relation of the type (2.4)—(2.6)
between Spin TQFT of [27,28] and BPS g¢-series invariants.

Before we proceed to calculations, let us make a few general remarks about Spin and Spin® struc-
tures on 3-manifolds. Recall, that Spin(M3) (resp. Spin°(M3)) is a torsor over H'(Ms;Zs) (resp.
H?(Ms3,7) = H\(Ms;7Z)), i.e. the difference between two Spin or Spin® structures is measured by el-
ements of H'(Mjz;Zs) or H*(Ms,Z) = Hy(Mjs;7Z), respectively. We can use this to describe the Spin
structure dependence in (1.4) and its behavior under surgery. Indeed, suppose Mj is obtained from
S3 by a surgery on a framed link L C S®. This also defines a 4-manifold My, such that OM,; = Ms,

6



whose Kirby diagram is L. It consists of only 2-handles and a single 0-handle. Note, M, is oriented and
simply-connected, but may not be Spin. Still, we can write an analogue of (1.4) by using a one-to-one
correspondence between Spin structures on Mz and characteristic surfaces ¥ inside M,. Recall, that X
is called characteristic if [¥] is Poincaré dual to ws, that is

Yxr=uz-x mod 2 (2.11)

for every x € Hy(My). For a 4-manifold represented by the Kirby diagram L, such characteristic surfaces
can be conveniently identified with the characteristic sublinks of L. These are sublinks of L which satisfy
(2.11) for every link component z of L. Then, representing a Spin structure on M3 by its characteristic
surface (sublink), we can define the corresponding Rokhlin invariant (1.4) as

w(Ms,s) = o(My) — X%+ 8Arf(X) mod 16 (2.12)

where Arf(Y) is the Arf invariant associated with the quadratic form on Hy(X;Zs), see e.g. [26]. Note,
the combination of the signature and the self-intersection of ¥ here is similar to the one in the index
formula for a twisted Dirac operator on M,. In the case of a smooth closed 4-manifold, this same

combination appears as a Kervaire-Milnor obstruction for realizing a characteristic class by a smoothly
embedded 2-sphere.

2.1 Spin TQFT and plumbed 3-manifolds

In this subsection we consider the Spin-refined version of the WRT invariant at level k. We focus on
the case when a 3-manifold Mj is realized by a plumbing, i.e. surgery on an arbitrary link of unknots,
illustrated in Figure 1. Using a generalized Gauss reciprocity formula we relate the Spin-refinement
of the WRT invariant to the invariants Z;, in this case. Based on this, we then conjecture a relation
between these two invariants for arbitrary rational homology spheres. While the connection to Spin
TQFT is interesting in its own right, here it will help us to establish (2.10d) in the relation between
Rokhlin invariants and BPS ¢-series invariants.

Let us start by reviewing the definition of the Spin-refined version of the WRT invariant [26, 28].
As in the case of the ordinary WRT invariant, it is defined in terms of a Dehn surgery representation
of a 3-manifold. Namely, let M3 be a closed oriented 3-manifold obtained by a surgery on a framed
link £ C S%. Denote by L the number of link components of £ and by Q its L x L linking matrix.
The diagonal elements Q;; = a; € Z are the self-linking numbers of the individual components of £
labeled by /. In particular the numbers a; specify the framing of £. We will denote by b. the number
of positive/negative eigenvalues of the linking matrix Q.

Let J[L], € Z[g~/?, ¢*/?] be the colored Jones polynomial of £, where n € ZL is the color vector (so
that ny € Z, is the dimension of SU(2) representation coloring the I-th component). It is normalized
so that

a(n®-1) q2 — q_%
JUaw=q = (2.13)
qz —q~ 2



where U, is the unknot with framing a € Z.

To define the Spin-refined version of the WRT invariant it is useful to consider the following quantity
associated to a framed link £ and a given “mod 2 color” ¢ € Z%:

! nr/2 __ fn1/2

FOr = Y Hq ey (2.14)

0<n;<2k-—1,
ny =cy mod 2

along with
! TL[/2 —TL[/2

FtOt[ﬁ] = Z H q 1/2 _1/2 , (215)

0<n;<2k—1
where the products are performed over all link components and the sums are performed over all their
colors. The prime means that the “singular” terms n; = 0,k should be omitted. Here and below
27i .
q := e & . In particular we have

2(2]{:)1/2 - 3/4
q1/2_q—1/2 ’

Frot[U_] = (2.16)

while F'**[U,4] is its complex conjugate. Finally, let ¢ = (1,1,...,1) € Z" and define the refined SU(2)
WRT invariant as follows® [26,28]:

F(c+e) [ﬁ]
Ftot [U+1]b+Ftot[U ] —

WRT(Ms, k, s,) = (2.17)

when £ is even. One should distinguish two cases:

e k=0 mod 4. Then ¢ € ZL should satisfy >, Qrsc; = Qrr mod 2 and the set of such solutions
is in one-to-one correspondence with the set of Spin structures on Ms; s. € Spin(Ms) is the Spin
structure corresponding to c¢. This is the case we are mainly interested in.

e k=2 mod 4. Then ¢ € Z" should satisfy > ;Qrsc; =0 mod 2. The set of such solutions is in
one-to-one correspondence with H* (Ms,Zs); s. € H! (Mj3,7Zsy) denotes the corresponding element.

Now we will focus on plumbed 3-manifolds. A plumbing graph I' is a graph with vertices I € Vert
labelled by integers ay € Z. By Vert and Edges we denote the set of all vertices and edges of I'. We
will restrict ourselves to the case when the graph is connected and there are no loops.” A plumbed
3-manifold Mj3 corresponding to I' then can be constructed in the following way. Consider first a framed

6We follow the normalization convention of [26]. The normalization of [28] differs from the one in [26] when b; (M3) # 0.
This, however, does not affect the analysis done in this section, because we will assume that M3 is a rational homology
sphere.

"The generalization to graphs with loops was considered in [25], where the relation between ordinary WRT invariants
and the BPS g¢-series invariants Zb(q) was studied. It would be interesting to extend the analysis of [25] to Spin-refined
WRT invariants discussed here.



Figure 1: An example of a plumbing graph I and the corresponding framed link £(I") in a three-sphere.

link £(T') C S associated to the plumbing graph T, as illustrated in Figure 1. For each vertex I one
associates an unknot with framing specified by a; € Z, its self-linking number. A presence of an edge
between two vertices in I' indicates that the corresponding pair of unknots forms a standard Hopf link.
The number of components of the link £(I') is equal to the number of vertices in I', that is L = |Vert]|.
The corresponding 3-manifold Mj is then obtained by a Dehn surgery on the framed link £(I"). The
L x L linking matrix of £(I") has the following entries:

1, I,J connected,
Q=1 ar, 1=, I,J € Vert. (2.18)
0, otherwise.

As in the case of a general link, we will denote by b the number of positive/negative eigenvalues of Q).
The matrix () contains basic homotopy invariants of the 3-manifold Mj. In particular, the first homology
group of Mjs is given by the cokernel of the linking matrix, understood as a linear map Q : Z* — Z*:

H,(Ms,7) = CokerQ = Z'/QZ". (2.19)

Assume for simplicity that ) is non-degenerate, so that Coker () is a finite abelian group. Then M3 is a
rational homology sphere, i.e. b;(M3) = 0. It has a natural linking pairing on the first homology group®

0k : Hl(Mg,Z)®H1(M3,Z) — Q/Z,

2.20
(1] ® 2] — w (ny2 = 0fs). (2:20)

Using the isomorphism (2.19), this pairing can be expressed in terms of the linking matrix:
lk(a,b) =a’Q7'bp mod Z, a,b e Z*/QZ* . (2.21)

where T' denotes the transposition. The colored Jones polynomial of a link £(T') colored by n € Z%
reads

1 a[(n§71) 1 deg(I)—1
J['C(F)]" - q1/2 _ q71/2 H ¢ 1 (qm/2 — qn1/2) x

I € Vert
H (annJ/2 _ q*nInJ/2) (222)
(I.J) € Edges

8In general, the pairing is only defined on the torsion subgroup.
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where deg(]) = 3_;; Qrs denotes the degree of the vertex I. On the other hand, the BPS invariants
Z,(Mg, q) for a (weakly negative definite) plumbed Mj; read [14,15]:

3by—3b_ -3 Qry _To1e e
Z(q) = (=1)*q = Y Fq o € 27°¢™Z[q]] (2.23)
(€207 +b

where Fj are the coefficients of the following Laurent power series

1 -
IS | | R (A

0e27L+45 IeVert I € Vert

1/2 —1/2\2—de
|x1‘<1+($1/ — /)2 deg (1)

|901|>1} . (2.29)

Note that Z, = 0 unless by = §; := deg(l) mod 2 = Z#I Qs mod 2, so one can assume b €
(2ZE +6) /2Q7ZF = (2ZF + Qe — diag (Q))/2QZL. This subset of elements with fixed parity in Z* /2QZ*
can be canonically identified with Spin¢(M3) (and, non-canonically, with Hy(Ms, Z) = Z* /QZ"Y).

To obtain a relation between Z,(Ms, ¢) and WRT(Ms, k, s) in the case of a (weakly negative definite)
plumbed M3 we will follow closely the analysis in Appendix A of [14], where the relation to unrefined
WRT invariant was obtained. We will need a slightly different version of the Gauss sum reciprocity
formula than the one used in [14] (which is still a particular case of a more general formula in [29,30]):

2mi 2mi
Z exp (%nTQn + %ETTL) =
n € ZL k7L

mi(by—b_)

gt Do (F ) () e

a €7t /2Q7"

where ¢ € Z' and b, — b_ is the signature of the linking matrix ). By applying (2.25) to (2.14) with
the colored Jones polynomial (2.22) we get:

Fe[LI)]
WRT(M;, k, s.) = =
( 35 ;5) FtOt[U_l]b*FtOt[U_;_l]b*
1 mik~T ~)—1% ~T -1} =
— —Eat Qe ,—miat QT 7
o (q1/2 _ q—1/2)2L+1| det Q|1/2 Z e € Zb+Q(c+s) - (226)

aczl /2Qzr
bezl j2Qzr

The terms in this decomposition are not identically zero for b € (2Z% + 6 — Q(c + €))/2QZEF = (2ZF +
diag (Q) — Qc)/2QZ*. We are interested in the case k =0 mod 4. Let @ = a + QA where A € ZL (as

10



an element of a group) and a € Z*/QZ* (a priori only as an element of a set). Then,

WRT(M;, k, s.) =

1 omik aTO-1 s T H—17 AT S
_ —2mitat Q ta —miat Q70 —mi ATb 7 _
= e 4 e e =
(ql/2 — q~1/2)20+1] det Q'/2 Z b+Qlete) | g
aczZ’ /Qzr
Aezt j2zF
bezl j2Q7r
1 orik o TO-1 i~ ~
_ —2miza’ Q@ 'a ,—miat Q™ 'b o
= e M e d(b=0 mod 2)Z; (2.27)
(q1/2 _ q‘1/2)2| det Q|1/2 Z b+Qete) | g
a€Zl /QTE
bezl /2Qz"

where in the second line we performed explicitly the sum over A to obtain a discrete delta-function
condition b = 0 mod 2. This condition actually does not affect the sum because, as was pointed

out earlier, Zz, ., = 0 unless b+ Q(c +€) = ¢ mod 2. From the fact that §; = }>,,;, Qs and

ZJ Qrsc; = Qrr mod 2 it is easy to see that
b+Q(c+€) =6 mod2 <  b=0 mod2. (2.28)

Replacing b= 2b, we have

1
(@!/2 = q=1/2)2| det Q|'/

ok TO—1, _o i . To—1p =
WRT(M3, k), Sc) _ Z e—2miga Q™ a e~ 2mia Q™b ZQb+Q(c+e) L
q—q

acZt /QZr
bezZt /QZE

The summand now is explicitly invariant under the shifts a — a + Qa. One can now conjecture the
following formula for an arbitrary rational homology sphere M3 and k£ = 0 mod 4:

1

WRT(Mg, 1{7, S) _ — — — Z 6727ri§ék(a,a) 6727ri£k:(a,b) Z\a(s,b) (229>
(2 — q=V2)2|H (M3, Z)|"/ abeHy (Ms.Z) q—q
where o is the map
o : SplD(M:;) X H1<M3,Z) — Splnc(M3) (230)

producing a Spin® structure on M3 from a Spin structure s and be Hi(Mj3,7Z). Tt is induced by the
canonical map BSpin x BU(1) — BSpin® between the corresponding classifying spaces, combined with
the isomorphisms BU(1) & B?Z, H,(Ms,7Z) = H?(Ms,Z). The map between the classifying spaces
appears in the following long sequence of fibrations:

Zy — SpinxU(l) — Spin® —

— BZy —> BSpinx BU(1) — BSpin® — ... (2.31)
When k =4 (i.e. q=1), taking into account that [28]:
_ 3mip(Ms,s)
WRIT(Ms,4,5) = 7 (2.32)

the formula (2.29) gives the coefficients (2.10d).
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g=I1 : Rokhlin
invariants

________ =0 : correction -————_.
terms

Figure 2: Various topological invariants can be found in different “corners” (different limits) of the BPS
g-series.

3 Surgeries on knots

In this section, we explore general £ Dehn surgeries on knots:

Ms = S;,.(K). (3.1)
In particular, we wish to study a relation between the Rokhlin invariant of M3z and the behavior of
the BPS ¢-series Z,(M3, q) at ¢ = i, as well as a similar relation between the correction terms and the

behavior of Z,(Mg, q) at ¢ =0, ¢f. Figure 2.

Along the way, we review various tools and techniques that can be used to compute these invari-
ants. For example, when p is odd, i.e. (3.1) admits a unique Spin structure, the Rokhlin invariant is
determined by the general surgery formula® [31]:

w (S (K)) = p(L(p,r)) +4rA%(1)  mod 16 (3.2)
where Ak (z) is the Alexander polynomial of K (not to be confused with the leading power of ¢ in
(1.2)) and u(L(p,r)) is the Rokhlin invariants of the Lens space L(p,r). The explicit form of all these
ingredients will appear further below, along with analogous surgery formulae for the correction terms
and some relevant facts about the g-series invariants (1.2).

9There is a typo in the last term of Theorem 2.13 in [31].
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3.1 Small surgeries

It is natural to start with the so-called small surgeries, i.e. surgeries (3.1) with |p| = 1. They all produce
integral homology spheres, Hy(Ms;Z) = 0, so that M3 carries a unique Spin structure and a unique Spin®
structure. In our present context, this makes such examples simpler because there is only one Rokhlin
invariant p(Ms3), only one correction term d(Ms), only one g-series Zy(M3) and, correspondingly, only
one value of Ay(Ms). In this subsection, we consider examples of such surgeries on 31, 4;, and 55 knots
including infinite families, such as

My = 82,,(3)). (33)

In many examples, including (3.3), the g-series invariants Z)(Mg) are given by linear combinations
of the false theta-functions

2

T (g Z W) ’17, e q* Z[[q]], (3.4)

@Z}(a)( ) = j:l, n==4a mod 2p,
0, otherwise.

Expressing Z,(Mg, q) in terms of \Tlé“)(q) can streamline the analysis of the limiting behavior at ¢ = i.
Indeed, using the well known modular properties of the false theta-functions (that can be found e.g.
in [32-35]), we have

U ety = %Z( )W( JemHE. (35)

n=0
In particular, for £ = 4 this gives the desired formula

o) (e2mi/1) = %i( _ _) B0 (n)e™ % (3.6)

that one can now apply to any example where Z,(Mg, q) can be expressed in terms of \Tléa)(q). This is
the case for the family (3.3), which has the following g-series [15]:

= 1 (6r—5)2 6r—5 = (6r+7 ~(30r—1 30r+11
Zola) = ¢ 0 (WD (0) - T (@) — U0 + T T (@) (3.7)

It is clear from (3.4) that in this entire family of small surgeries

AGS,(3) = 3. 3.9
Moreover, (3.6) gives L T
—=Z(q)| = (=1)". (3.9)



Motivated by (2.8), we wish compare these results with the values of the Rokhlin invariant and the
correction terms.

For the Rokhlin invariant, we can use the general surgery formula (3.2) that for p = —1 takes the
form

u(S% . (K)) = 4rAf (1) mod 16, (3.10)
The Alexander polynomial for the trefoil knot is Ag, () = 27! — 1+, and so Af§ (1) = 2. Therefore,

8 (mod 16), if r is odd,

0 (mod 16), if r is even,

u(S2,,,(31) = { (3.11)

and, as expected, (3.9) can be written in the form (1.8) with cRoKMin given by (2.10a).

Knot o(K) | ga(K) | d(S%,(K)) | Alternating
3t ) 1 ) v
44 0 1 0 v
5, 4 9 9 v
52 -2 1 -2 v

Table 1: Some invariants of prime knots with up to 5 crossings.

Now, let us compare the behavior of the BPS ¢-series near ¢ = 0, in particular the leading q-
exponents (3.8), with the correction terms. The correction terms for small surgeries can be conveniently
computed using the results of [36], which say that

d(Si(K)) = —2W(K) = d(S},(K)) (3.12)

is independent of 7 (in the formula above, V5(K) is a certain invariant defined in terms of the knot Floer
chain complex). Moreover, for alternating knots the correction term [37]:

d(S®,(K)) = 2min <0, —[LKW) (3.13)

4

is determined by the knot signature o(K). For example, for the right-handed trefoil knot o(3}]) = —2,
whereas for the left-handed trefoil knot o(3%) = 2, cf. Table 1. Therefore,

d(5%,(31) = -2, (3.14a)

d(S3,(3%)) = o. (3.14D)
This is consistent with the 4-ball genus bound that follows from the results of [36] and [38]:

d(S? (K
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Here, g4(K) is the 4-ball genus of K (ak.a. the slice genus) defined as the minimal genus of the
smoothly embedded surface in B* with boundary K C S* = dB*. The values of g4(K) for knots with
small number of crossings are listed in Table 1.

Combining (3.12) with the behavior of the correction terms under the orientation reversal (1.5b) we

conclude
d(S2,,(31) = —d(=52,,,(3})) = —d(57,,(8})) = —d(5%,(37)) = 0. (3.16)

This value is clearly different from (3.8). However, both (3.8) and (3.16) are independent of r for the
entire family (3.3). We will come back to this clue shortly.

Note, for r = 1 we can also present (3.3) as a surgery on the figure-8 knot:
S24(85) = 5%, (4y). (3.17)

Therefore, it is instructive to verify (3.16) by applying (3.13) directly to the +1 surgery on K = 4;.
Since o(41) = 0 (c¢f. Table 1), we indeed get d(S%,(41)) = 0. Similarly, using the Alexander polynomial
for the figure-8 knot, Ay, (z) = —z~' + 3 — x, and the surgery formula for the Rokhlin invariant (3.10)
we reproduce (3.11) in the case r = 1, i.e. 1(S%;(41)) = 8 mod 16.

It is easy to generalize this analysis to small surgeries on other knots. For example, a close cousin
of (3.3) is
Ms = S°,,(3%). (3.18)

The explicit form of the g-series Z\o(Mg, q) can be found e.g. in [15]. Again, it can be written as a linear
combination of the false theta-functions (3.4) and has

A(S82,,,(31) = —; (3.19)

Furthermore, using (3.6) we obtain

%Eowil/r(?f;),q) = (1) (3.20)

1 q=1i

which also confirms (1.8) with (2.10a) and is the same result as we found for small surgeries on the
right-handed trefoil (3.3). The Rokhlin invariants are also the same. (This is easy to see e.g. from
the surgery formula (3.10).) However, the correction terms are different. Indeed, according to (3.14a),
d(S5%,(3})) = —2 and, therefore,

d(S?,,,(31)) = —d(=5%,,(31)) = —d(51,.(31) = —d(S3,(31)) = 2 (3.21)

where the first equality is due to (1.5b). Again, we observe a clear parallel between (3.19) and (3.21);
both invariants are independent of r for the entire family (3.18).
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Motivated by [11], we expect a linear relation between A,(M;) and d(Ms,b). Comparing (3.8) with
(3.16) and, similarly, (3.19) with (3.21), we see that a relation — if it exists — must be of the form

1 d(Ms,b
Ap(Ms) = 5+ %n mod 1 (3.22)
for some n € Z. At this point, the data based on small surgeries (3.3) and (3.18) does not allow to
determine the value of n in this relation. But this will quickly change as we consider more examples;
many of them will determine n.

Before we leave the comfort of homology spheres and small surgeries, let us consider one more
example that involves a hyperbolic knot K = 55:

M; = 53,(52). (3.23)

For this surgery, using the same techniques as before, we find

3
A(Si1<52>) - 9 M(Si1(52)) =0, d(S-?i’-l(52)) = -2 (3.24)
and .
——7(5%,(52), = 1. 3.25
i3 0(541(52),9) i ( )
Specifically, the computation of the correction term is a direct application of (3.13). Similarly, the
Rokhlin invariant ;(S%,(52)) = 0 is determined by (3.10) and the Alexander polynomial Ag,(z) =

207" — 3 + 2z. The computation of (3.25) and A(S?,(52)) = 2 is a little more interesting. We are

not aware of any place in the literature where the explicit form of ZO(S 3 1(52), ¢) has been worked out.
However, for the manifold with opposite orientation the g-series has been studied in [39] and this suffices
to determine (3.25) and A(S?,(52)) = 2 thanks to (2.9) and (1.6), respectively. As expected, (3.25)
also supports the relation (1.8) between the (exponentiated) Rokhlin invariant and the limiting value
of the BPS g¢-series at ¢ = 7. Next, let us consider more interesting examples where dependence on Spin
and Spin® structure plays an important role.

3.2 Multiple Spin structures

It is usually hard to think of simpler examples of knot surgeries than Lens spaces, i.e. surgeries on the
unknot'?
— Q3 _
Mz = S (unknot) = —L(p,1). (3.26)

10Tt is important to pay attention to orientation conventions used in the literature. For example, since negative definite
plumbings were favored in [14], the Lens space L(p, 1) was naturally defined as a —p surgery on the unknot. The same
convention was used in [31]. On the other hand, the opposite choice of orientation is used in [20], where L(p,1) is a +p
surgery on the unknot. Here, we follow this latter choice.
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These simple examples, however, are quite rich as it comes to dependence on Spin and Spin® structures.
In particular, as we will see shortly, a simple family (3.26) will provide infinitely many examples, each
of which will uniquely determine the value of n in (3.22).

For even values of p, (3.26) admits two Spin structures and p Spin® structures, that we label by
b=0,...,p—1. For odd values of p, there are p Spin® structures and a unique Spin structure. Therefore,
in this class of examples, for each given p we have a total of p BPS invariants Z,(q) and p correction
terms. Among {Z,(q) }p—o,..p—1 only two are non-zero and the expressions that are sometimes quoted,
Zo(q) = =2 and Z1(q) = 2q1/ P for convenience omit!'! the overall factor ¢"7 . For our applications here,
it is important to not separate any such factors and, therefore,

~ p—3 ~ p°—3p+4 73p+4
Zolq) = —=2¢"7 ,  Zilq) = 2¢ w . (3.27)
In particular, plugging these expressions into (2.1), it is easy to check that it gives the correct values of
WRT invariants for (3.26) for all values of p and k. Moreover, from (3.27) it is clear that
p?—3p+4

p—3
Ay — A, = & 7 3.28
0 4 ) 1 4p ) ( )

which we compare with the correction terms of Lens spaces shortly.

In order to compare (3.27) at ¢ = @ with the Rokhlin invariants, we substitute these ¢-series invariants
— which, in this class of examples, are simply monomials — into the proposed relation (1.8) and find

(3.29)

7

p— 1 37\'1 1 . .
Rokhiin Z _Je (p=1) if p is odd,

Cs - _@(p 1) 3mi . .
e ) and e, if p is even,

b=0 =

Rokhlin i3 oiven in (2.10b) and (2.10c), respectively. In other words, we find

p—1, if p is odd,
W(Ms,s) = L (3.30)
p—1land —1, ifpiseven,

where the explicit form of ¢

which are indeed the correct values of the Rokhlin invariants for Lens spaces (3.26). One way to see
this is to compute the Neumann-Siebenmann invariant fi(Ms, s) € Z that provides an integral lift of the
Rokhlin invariant [40]:

u(Ms,s) = m(Ms,s) mod 16 (3.31)

and is defined for any plumbed 3-manifold M3 = M;5(I), ¢f. (2.12):

a(M3(T),s) = o(My(T)) —w-w € Z. (3.32)

1Tn order to fully account for BPS states in 3d ' = 2 theory with 2d (0, 2) boundary condition or in relation to vertex
algebras [22] one also needs to restore factors of (¢; ) that correspond to the “center-of-mass” chiral multiplet in 3d
N = 2 theory and are also usually omitted. The normalization of Z,(Mg,7 q) that relates to topological invariants of Ms,
such as WRT invariants, never includes such factors, though, and so they will not play any role here.
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Here, M,(T") is a simply-connected 4-manifold defined by the same plumbing tree I" as M;5(I"), and
w = w(l',s) € Hy(My(I'),Z) is the spherical Wu class associated with Spin structure s. In particular,
(2.11) holds with w = [X]. Note, although a given M3 can be realized by many different plumbing
graphs and the choice of w(I', s) is not unique, the invariant (3.32) is well defined and, moreover, gives
a Spin Z-homology cobordism invariant. Since our examples (3.26) can be realized by a graph I' with
a single vertex labeled by —p, the signature of My(I") is equal to —1 and we quickly obtain 7 = p — 1
for p odd, and 7w = {p — 1, —1} for p even, in complete agreement with its mod 16 reduction quoted in
(3.30).

Now let us compare (3.28) with the correction terms for the same manifolds (3.26). For L(p,1)
defined as +p surgery on the unknot, the correction terms d(L(p, 1),b) are given by [20]:

(p—2b)°—p

b=0,1,...,p—1. 3.33
4p ) P ’p ( )

d(L(p,1),b) =

For convenience, here we list the first few values that will be also helpful to us in other examples:

L(p,1) correction terms

L(2,1) il

L(3,1) 3 6 o

L(4,1) 20 -3 0 (3.34)
ZCHVE N T

Loy | F % % i own

Since under the orientation reversal on a 3-manifold the correction terms change sign, for our examples
(3.26) we obtain
p—1

d(—L(p,l),O) = _Tv d(—L(p,l),l) =

P —bpt4

m (3.35)

Comparing these values with (3.28), we see that, for every p = 2,3,. .., the following relations hold:

1
A()(Mg) = —5 — d(Mg,O), (336&)
1
In particular, each value of p can be used to determine n = —2 in (3.22).

It is interesting to generalize this analysis to other Lens spaces,

Mz = 5%, (unknot) = —L(p,r) (3.37)
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with » > 1. They also can be represented by plumbing graphs with vertices labeled by coefficients in the
continued fraction expansion of —2 and, therefore, (3.31)-(3.32) can be used to compute the Rokhlin
invariants p(Ms, s). The correction terms of L(p,r) can be expressed in terms of the Dedekind sums

o = S1(E-151)
= ) 539
= i z_:cot (%h?") cot (%T)

r=1

where

B x—LxJ—%, ifx €7,
(@) = {o, itz ez (3:39)

Specifically [41]:
d(L(p,1).b) = 3s(r.p) +—+2Z((27”/’“_1>) (3.40)

where ' € {1,...,p — 1} is uniquely determined by r’ = 1 (mod p). Note, averaging the correction

terms over all Spin® structures gives [42] the Casson-Walker invariant of L(p,r):

M) =~ S d(p.)b) (3.41)

beSpin®(L(p,r))

It would be interesting to interpret this sum over Spin® structures in terms of BPS ¢-series invariants,
as a relation analogous to (2.4)—(2.8).

3.3 Integral surgeries

The next natural step is to consider integral surgeries on more general knots. For instance,
= S%5(31) (3.42)

combines several aspects of the previous examples (3.3) and (3.26). Namely, it has Hy(M3;Z) = Zs
and, much like (3.26), has collections of invariants {Z,(q)}, {A,} and {d(b)}, labeled by the Spin®
structure b. On the other hand, each Z,(q) is a non-trivial g-series, so that computing its limiting values
and comparing them with Rokhlin invariants requires some work, as in (3.3).
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For the 3-manifold (3.42), the BPS g¢-series are given by [15,22]:

Zy=q7 (‘I’%) + \T’%?)) =4+ ==+ + (3.43a)
21 = _q% <\TJ§58) + \T/%g)) = —¢'/3 (1 + ¢ —q — B+ B+ .. ) , (3.43b)
where \iéa) are the familiar false theta-functions (3.4). In particular, from the leading g-powers we infer
4

AO = 1, Al - g (344)

And, using (3.6), we find the limiting values at ¢ = i, which then can be plugged into (1.8) to give

in 7 —2mil
> g Zyg)| = e (3.45)
b =
with the coefficients cf°M™ written in (2.10b). This result is in perfect agreement with the value of the
Rokhlin invariant

w(S%5(35)) = 10 mod 16 (3.46)

that can be computed by several techniques mentioned earlier. First, we can use the general surgery
formula (3.2), which in this case gives

p(S%5(37)) = p(=L(3,1)) +4A% (1) = 10 mod 16. (3.47)

The first term here comes from (3.30) and the second term already appeared in (3.10). We can also
compute (3.46) by representing (3.42) as a plumbed manifold, e.g. with the following plumbing graph
[22]:

. (3.48)

-9

-3
[ ]
[ ] — @

-1

It has a negative definite adjacency matrix ) of size 4 x 4 and the Wu set S that includes three outer
vertices of the plumbing graph (3.48) but not the central vertex.!? Therefore, its Neumann-Siebenmann
invariant is

A(Ms) = signQ - Qu (3.50)
IeS
= —4—(-2-3-9) =10 (3.51)
12Recall, S consists of all vertices I € Vert(I') that satisfy
ZQU = Qy; mod?2 (3.49)
Ies

for any J € Vert(I'). This is nothing but the familiar condition (2.11) expressed in terms of the adjacency matrix of the
plumbing graph. The corresponding Kirby diagram is obtained by replacing every vertex of the graph I" by a copy of the
unknot.
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and its mod 16 reduction gives the Rokhlin invariant (3.46).

Now let us compare (3.44) with the values of the correction terms. Since S?4(3%) = —5%,(3%),

according to (1.5b) we have
d(S25(31),b) = —d(S35(31),0). (3.52)

On the other hand, in our previous discussion we already had to compute d(5%,(3%)) =0, ¢f. (3.14b).
Then, from the results of [36] it follows that the correction terms of S%,(3{) are equal to those of
L(3,1). In the special case of Spin® structure b = 0, this can be also seen from the general integral
surgery formula on a knot K:

d(Sy(K),0) = d(L(p, 1)) + d(S3, (K)). (3.53)

The correction terms for Lens spaces already appeared in (3.33); in particular, for L(3,1) the explicit
values were listed in (3.34). Therefore, in our example (3.42) we obtain

1 11
a(s%5(39).0) = —d(L3,1) = { -, < <} (3.54)
2°6 06
Comparing these with (3.44), we conclude, cf. (3.36):
1
Ao(Mg) = 5 — d(Mg, 0), (355&)
3
A1(Mz) = 5 —d(Ms,1), (3.55b)
which again uniquely determines n = —2 in the provisional relation (3.22) and, hence, supports (1.7).

We also studied several other examples of integral surgeries, similar to (3.42), and in all cases found
that the relations (1.7) and (1.8) hold.

Following the discussion in section 2.1, we can generalize the simple example (3.48) to arbitrary
negative definite plumbings and show that the relation (1.7) between Z-invariants and the correction
terms holds in this entire class. Indeed, according to [43,44], for plumbings with b, = 0,

L+wlQlw

d(M?n b) = 4

mod 1 (3.56)

where w € Char (Q) := {w € ZL | wTn = nTQn mod 2, Vn € Z*} is a characteristic vector associated
to a Spin® structure b via
Spin®(Ms) = {b € Z*/2Q7Z" | b; = deg(I) mod 2} =
& Char (Q)/2QZ" = {w € Z* /2QZ" | w; = Q;; mod 2}. (3.57)

On the other hand, from (2.23) we find

by —3b_ —TrQ (TQ

Ap(Ms) = 1

mod 1 (3.58)
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for any £ = 2b+Q(s—e) mod 2QZ% and b = (s, b). Under the identification (3.57) we have £ = w — Qe
mod 2QZ". Plugging this into (3.58) and using w’e = Tr @ mod 2 along with 37, Qr; = 2L — 2 we
obtain

Comparing this to (3.56), we see that (1.7) indeed holds for negative definite plumbings.

3.4 Hyperbolic surgeries

There are way more hyperbolic knots than non-hyperbolic knots and, correspondingly, there are many
more hyperbolic 3-manifolds than non-hyperbolic 3-manifolds for which g-series Z,(Ms, q) are available.
These are obtained by applying the surgery formula [15] to recent results on knot complements [39] that
provide the general tools and also perform explicit computations for knots with 7, 8, 9, and even 10
crossings.

While producing the explicit form of the g-expansion is no longer a challenge for many hyperbolic
3-manifolds, the task of computing the limiting values at ¢ = ¢ is highly non-trivial and we are not
aware of any general methods that can aid such computations. It would certainly help to understand
modular properties of Z,(Ms, q) along the lines of [22,45-47]. Until such general tools are developed,
we resort to numerical methods.

We consider one of the simplest hyperbolic surgeries:
M3 == 531/2<41) (360)

and perform the simplest form of the analysis which requires neither advanced numerical methods nor
computation times that on a modest laptop take longer than a typical coffee break. The coefficients of
the BPS g¢-series can be recursively generated from the g-difference equation obtained by quantizing the
A-polynomial curve of the figure-8 knot [15]:

2(531/2(41)) = —q? (1-g+2¢°—2¢°+¢" +3¢" +¢"' —¢"* = 3¢" — ¢" +2¢" +2¢° + . ..
... —15040¢°" +...). (3.61)

And, using the techniques described above, we find the other relevant invariants:

1
A(531/2(41)) = —5 ) M(Si1/2<41)) =0, d<S§1/2(4l>) = 0. (3'62)
Indeed, the value of A(S?, /2(41)) follows directly from (3.61). The Rokhlin invariant w(S?, J2(41)) was
basically computed below eq. (3.17), when combined with (3.10) for » = 2. Similarly, the value of the
correction term d(S? /2(41)) can be easily obtained from (3.12)(3.13), as in many previous examples.

Using these values, we see that the relation (1.7) indeed holds.
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Figure 3: (Left) The coefficients of the g-series —q3 7 (93, /2(41)) oscillate with a growing amplitude.
(Right) The limiting value of % arg(—q% Z (53, /o (41))) at ¢ = i computed by approximating the g-series
with a finite number of terms, using the prescription described in the main text. Including larger number

of terms improves the accuracy, so that the sequence of approximations is approaching the expected
value —0.125.

In order to verify (1.8), we need to compute the limiting value of (3.61) as ¢ — ¢ radially, inside the

unit disk |¢| < 1. In other words, with ¢ = 2i(1+19) and y € R, we are interested in the y — 0 limit

of the following quantity

1 5 3 1 L 5
S arg 2(5%, (1) = 5+ 5o arg (—q Z(5%,5(41)) (369
™ ™

where %

whereas the second term is the contribution of the g-series —q2 2(531/2(41)) =1—q+2¢*+.... Itis this
latter contribution that we need to estimate numerically. First, we note that the coefficients of this ¢-
series exhibit oscillatory behavior with a slowly decreasing frequency and a fast growing amplitude. This
can be seen already from the first few terms in (3.61) and is also illustrated in the left panel of Figure 3,
where the coefficients of ¢z Z(S5? /2(41)) are shown in blue. The yellow curve, exp (0.25n%°"), shows the
approximate behavior of the amplitude of these oscillations. This determines the optimal truncation of
the series (3.61) to be roughly at ¢" with n ~ 1020 — 128600y, at least in the range 0.003 < y < 0.007
relevant to the first few hundred of terms. The corresponding data points, shown in intervals of 30 on
the right panel of Figure 3, approach the expected value —1 roughly as —0.122 — 0.362n "%, Indeed,
with the second term contributing — to the right-hand side of (3.63) we have

on the right-hand side is the contribution to the phase from the overall factor —q’% in (3.61),

1 = 1
o 2| = ] (3.61)
and .
5 a B
@2(5_1/2(41)) — 1 (3.65)
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in agreement with (1.8) and u(S?,/,(41)) = 0 obtained earlier. (Although we mainly focused on the

phase of Z(S3 1/2(41)), which gives the exponentiated Rokhlin invariant, it is easy to check that the
absolute value also has the expected behavior, consistent with (1.8) and (2.10a)).

3.5 Implications for Fi(z,q)

Now we discuss certain general aspects of the surgery formula and its implications for Z-invariants of
knot complements.

In general, for a knot complement Mz = 3\ K, the invariant Z(S*\ K) = { fns(q)} is a collection
of g-series invariants labeled by a pair'® of integers (m,n) € % = H(T?) and a relative Spin® structure
b € Z = Spin(Ms,0Ms). When K is a knot with zero framing, the action of symmetries [15] — which
include the mapping class group of 7% = OM; — allow to set n = 0 and b = 0, so that the invariant of
a knot complement can be written in a more compact form as

Fi(z,q) == Z(S°\K) = > (2% —27%) fulq). (3.66)
m=1
Provided a collection of g-series invariants, conveniently packaged into F(z,q), is known for a knot K
one can obtain BPS ¢-series invariants for surgries on K by applying the surgery formula to Fk(z,q):
Zy (S5, (K)) = eq L) [(x% — 27 %) F(x,q) (3.67)

p/T p/r

whenever the right-hand side makes sense (see [15] for details). Here, € € {£1} and T € Q a priori can
depend on the knot K, on the surgery coefficient p/r, as well as on the Spin® structure b. Yet, our first
claim is that the exponent of the overall g-factor in (3.67) is given by the following universal formula

3(1—-4
( 4S(p7 T)) Slgn(p) _ E,
where s(p,r) is the Dedekind sum (3.38). In particular, T is independent of the knot K.

p

T = (3.68)

In order to show (3.68) it is convenient to use an equivalent'* presentation of S /() as an integral
surgery on a link L that consists of the original knot K and a chain of unknots, shown in Figure 4. The
integer coefficients a; are related to £ via the continued fraction expansion:

p
P S B (3.69)

13The invariants Z,(Ms, ) provide a non-perturbative definition of SL(2,C) Chern-Simons theory (that behaves well
under cutting and gluing) since the perturbative expansion of the latter is reproduced in the limit & — 0 (with ¢ = e").
And, H(T?) can be thought of as the Hilbert space in this theory [15], produced by quantizing the classical phase space
Maat(T?,SL(2,C)) = %

14This equivalence can be shown by 3d Kirby moves.
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Qo

Figure 4: A rational surgery on a knot K can be equivalently represented by an integral surgery on a
link L that consists of K linked to a chain of unknots.

Now, we can apply the integral surgery formula, which has a better understood overall g-power (cf.
[14,15] and section 2.1 above). Namely, for a link L shown in Figure 4 with linking matrix @, it has
the form

30(Q)-TrQ

Zy(S*(L)) = q g

|
FL(mo,xl,...,xn,q)H(x} —x]"’)] (3.70)
=0

up to a sign. Therefore, from S}, (K) = S*(L) it follows

Zy(S3(K)) = ¢

1 _1
s £8) |(@h = 227 Fic(wo, )| (3.71)
Now, by carefully eliminating the variable z,, we obtain the rational surgery formula (3.67). Note, since
the explicit form of Fg(x,q) did not play a role in this argument, it follows that the overall factor ¢*
in (3.67) is universal and does not depend on the knot K. Hence, (3.68) can be easily determined by
taking K to be the unknot.

Returning to the main theme of this paper, it is natural to ask about implications of (3.67)—(3.68)
for the invariants A, and their relation to the correction terms (1.7). According to Proposition 1.6
in [36], the correction terms d(S} (1), b) mod 2 are actually independent of K. Therefore, by taking K
to be the unknot, and using (3.40) we see that d(S; (1), b) mod 1 also admits an expression in terms
of Dedekind sums, similar to (3.68). In fact, by comparing these two expressions we observe that the
proposed relation (1.7) would hold in this class of examples if Fx(z,q) (or, equivalently, all of f,,(q))
had only integer powers of ¢g. Therefore, a mutual consistency of these relations suggests that, unlike
Z-invariants for closed 3-manifolds, the corresponding invariants for knot complements (3.66) should
not have overall factors ¢®*™ or, put differently, should have A(K, m) € Z rather than A(K, m) € Q.
While this curious conclusion is natural in the R-matrix approach of [39], it is rather non-obvious in
other constructions of Fi(x,q). It would be interesting to explore it further in the framework of 3d-3d
correspondence, curve counting, etc.

This discussion can help us glean what happens when we try to relax the ‘mod 1’ condition in the

relation (1.7). From (3.36) and (3.55) we know that any generalization of (1.7) should involve explicit
dependence on b € Spin“(M3). The present discussion of surgeries on knots suggests that the best hope
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is to find a ‘mod 2’ version of (1.7) and further suggests that the b-dependence in such a generalization
should be linear. Indeed, if the comparison between A,(M3) and d(Ms,b) can be reduced to that of
a plumbing with the same linking form @, then in comparing (3.56) with (3.58) we already saw that
both are quadratic polynomials in the characteristic vector with the same quadratic term. The linear
terms in (3.56) and (3.58) are only equal mod 1, and therefore would contribute to the relation between
Ay(M3) and d(M;,b) mod 2. For example, for an integral surgery on the unknot (i.e. plumbing graph
with only one vertex) it shows that a ‘mod 2’ version of (1.7) has an extra term +b, consistent with
(3.36). Generalizing this to arbitrary rational surgeries on other knots requires better control on the
overall factors g™ that we leave to future work.

4 Outlook and future directions

The enumerative world of BPS invariants is based on counting geometric objects, solutions to partial
differentials equations, and the like. It is tantalizing to explore new bridges between this world and a
different looking world of topological invariants that, on the one hand, has its roots in the pioneering
works of Pontryagin, Thom, and others, and, on the other hand, recently found its applications in
classifying topological quantum field theories and topological phases of matter.

The particular bridges we found connect BPS g¢-series invariants of 3-manifolds with the Rokhlin
invariant and the correction terms of Ozsvath and Szabd. From a broader perspective, it would be
interesting to explore similar relations that involve other BPS partition functions and other cobordism
invariants, including the invariants of homology cobordisms mentioned in the Introduction. Even in the
narrower context of the g-series invariants (1.2) studied here, quite a few open questions still remain.
For example, one obvious question is to test the relations we found, (1.7) and (1.8), in more general
examples and, if they still hold, to understand why this is the case. To answer this general question it
may help to break it into more concrete problems:

e Combining the tools of [15] and [39], one can compute the explicit form of the g-series (1.2)
for many hyperbolic surgeries. It would be interesting to test the relations (1.7) and (1.8) in
those examples, either numerically, as in section 3.4, or through better understanding of modular
properties, following [22,45-47].

e In studying the relations to correction terms and Rokhlin invariants, we mainly focused on rational
homology spheres, i.e. 3-manifolds with b;(M3) = 0. A natural question, therefore, is to explore
these relations more fully for 3-manifolds with b; > 0.

e Similarly, it is natural to extend our analysis to higher-rank BPS g¢-series invariants Z)S U(N)(Mg7 q)
and see if other cobordism invariants of M3 can arise in a way analogous to the correction terms
and Rokhlin invariants studied here.

e Another natural research direction is to use various interrelations between topological invariants
in order to understand better relations (1.7) and (1.8), or their variants. For example, according
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to [20], d(Ms3,b) = p(Ms,b) mod 2. Therefore, many results of this paper, including (1.7) can be
expressed using the invariant p(Ms3, b) in place of d(Ms, b). It would be interesting to study whether
this alternative formulation can help to relax the ‘mod 1’ condition or shed light on the topological
nature of the invariant A,(Ms), e.g. “Is Ay(Ms) itself an invariant of homology cobordisms?”

e “3d Modularity” conjecture states that Z (M3, q) can be identified with characters of (logarithmic)
vertex algebras [22]. In this interpretation, Ay(Ms) is identified with the scaling dimension of the
corresponding module. It would be interesting to use this interpretation to learn more about the
relation (1.7) as well as A,(Ms;) itself.

e If the relations (1.7) and (1.8) continue to hold in other examples, it would be desirable to explore
their origins a little deeper. In this respect, since the signature of 4-manifolds that enters the
definition of the Rokhlin invariant (1.4) often appears in four-dimensional gauge theory, one way
to tackle this question could be by realizing Rokhlin invariant of M3 in Kapustin-Witten gauge
theory, possibly on M3 x R, with coupling ¥ = —}L and Nahm pole boundary conditions [13].

e Once the relations (1.7) and (1.8) — or their analogues for other BPS partition functions —
are well tested and well understood, the next natural step is to ask whether they can aid in
computing the BPS partition functions. At the very least, this can help writing the leading term
Zb(Mg, q) = a((]b)q%_d(Mi’”b) +... when the calculation of the g-series is challenging. A more ambitious
hope is that the surgery formulae that we saw e.g. in the case of correction terms and Rokhlin
invariants at special values of ¢ can provide new insights into cutting-and-gluing relations for the
entire g-series. We hope this pursuit can eventually lead to much needed surgery techniques for
computing Vafa-Witten invariants of 4-manifolds.

Throughout the paper, we mostly studied (1.7) and (1.8) in parallel. However, the BPS g¢-series
provides a “bridge” between these two relations, as illustrated in Figure 2. Presumably, it can be
viewed as a generalization of the known relations between the Rokhlin invariants and correction terms
of the same 3-manifold [48-50]. In particular, for negative definite plumbed 3-manifolds, whose BPS
g-series invariants were obtained in [14], in each Spin structure there is a relation between the Neumann-
Siebenmann invariant and the corresponding correction term [48]:

(Ms,s) = —4d(Ms, s). (4.1)
Using (1.8), combined with (3.31), we learn that

1 = 1 3
5 I8 Z(M3) = 1 + Zd(Mg) mod 1 (4.2)

q=1

where, for simplicity, we assumed M5 to be a homology sphere. The overall factor ¢®™3) contributes

to the left-hand side $A(Ms). This relation is consistent with (1.7) and, in fact, predicts how much the
rest of the ¢-series should contribute to the phase on the left-hand side of (4.2). In particular, it tells
us that this contribution can not be trivial.
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