COMPATIBILITY OF QUANTUM TRACE AND UV-IR MAPS

SAMUEL PANITCH AND SUNGHYUK PARK

ABSTRACT. This paper studies the connection between the quantum trace map [BW11,
PPar, GY24b] — which maps the slz-skein module to the quantum Teichmiiller space for
surfaces and to the quantum gluing module for 3-manifolds — and the quantum UV-IR
map [NY20] — which maps the gl,-skein module to the gl;-skein module of the branched
double cover. We show that the two maps are compatible in a precise sense, and that
the compatibility map is natural under changes of triangulation; for surfaces, this resolves
a conjecture of Neitzke and Yan [NY20]. As a corollary, under a mild hypothesis on the
3-manifold, the quantum trace map can be recovered from the quantum UV-IR map, hence
providing yet another construction of the 3d quantum trace map recently introduced in
[PPar, GY24b).
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1. INTRODUCTION

At the crossroads of low-dimensional topology and quantum algebra, skein modules have
emerged as powerful invariants of 3-manifolds. Since their inception in the 1990s [Pr299,
Tur91], they have driven advances in quantum topology and created bridges to areas spanning
3- and 4-dimensional TQFTs [Wal06, GGJS23, Jor24], factorization homology [MW 12, BZBJ1S,
Co023], character varieties [Bul97, PS00], and — crucial to this work — cluster algebras
[BWI1L, Mull6, JLSS21]. Central to this cluster-theoretic picture are “abelianization” maps
that, given an ideal triangulation of a surface, send its skein algebra to a quantum torus, and
that, in the 3-manifold setting, produce certain quotients of quantum tori, thereby providing
cluster-like coordinates on skein modules that are natural under changes of triangulation.
There are two such maps known in the literature: the quantum trace map and the quantum

UV-IR map.
Let ¥ be a surface equipped with an ideal triangulation 7. The quantum trace map for X,
introduced by Bonahon and Wong [BW11], is an algebra homomorphism

Tr, : SkAlg®? (X)) — SQTS, (%)

slo

from the sly-skein algebra SkAlg%*(3) of ¥ into a quantum torus called the square-root
quantum Teichmiiller space SQTS_(3), commonly known as the square-root Chekhov-Fock
algebra of (3, 7).

The quantum UV-IR map for ¥, introduced by Neitzke and Yan [N'Y20] drawing inspirations
from [GLM15, Gabl7], is an algebra homomorphism

F, : SkAlg?(3) — SkAlglh(3,)
from the gl,-skein algebra SkAlgg[2(Z) of ¥ to the gl;-skein algebra SkAlggll(iT) of the

branched double cover ¥, of ¥ associated to the ideal triangulation 7.

Both the quantum trace map and the quantum UV-IR map behave naturally under changes
of triangulation: for different triangulations, the corresponding maps are related via quantum
cluster transformations. Moreover, both of these maps admit generalizations to 3-manifolds.
The first is the 3d quantum trace map for an ideal triangulation 7 of a 3-manifold Y,

Trr : Sk (Y) — SQGM(Y),

which was recently introduced in [PPar, GY24b]. Here, SQGM(Y") denotes the 3d analog
of the square-root quantum Teichmiiller space, called the square-root quantum gluing module.
The second is the 3d quantum UV-IR map

Fr : Sk¥2(Y)) — Sk& (Yr)

which is described in Section 3.4 of this paper.

While these two maps are both homomorphisms of skein algebras and modules into quantum
tori and their quotients, it is worth noting that the construction of the quantum trace map is
largely algebraic, whereas the quantum UV-IR map has a more geometric and topological
flavor. The quantum trace map is defined explicitly in terms of generators and relations in
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the skein module, reflecting combinatorial data of the triangulation. In contrast, the quantum
UV-IR map relies on a 1-dimensional foliation of the 3-manifold induced by the triangulation,
which has its origin in symplectic geometry.

The main purpose of this paper is to bridge the gap between the two maps — the quantum
trace map and the quantum UV-IR map — and show that they are compatible in the following
sense. Given a 3-manifold Y with an ideal triangulation 7 and the associated branched
double cover Y7 (see Section 3.2), we construct a commutative square

Fr

Ski(Y) » Sk (Yr)

(1) lw lev :

Sk (V) ® Sk™, (V) “Z28 SQGM. (V) @ Sk, (V)

where the four arrows are as follows.
e The bottom horizontal arrow is the 3d quantum trace map [PPar]
Try : Sk (Y) — SQGM(Y)
for the ideal triangulation 7 of Y, which we review in Section 2.2, tensored with the
identity map on Sk*, (V).
e The top horizontal arrow
Fr: Sk&2(Y) — Sk (Y7)

is the 3d generalization of the quantum UV-IR map of [NY20], which we describe in
detail in Section 3.4.
e The left vertical arrow 7 is the “gl,-sly map”

w1 SkI(Y) — Sk (V) @ Sk¥, (V)
(L) s (=) DL @ (L)
that factors the gl,-skeins into tensor products of sly- and gl;-skeins, defined in Section
4.1.
e The right vertical arrow is the “evaluation map”
ev : Sk2(Y7) — SQGM (V) @ Sk (V)
which we construct in Sections 4 and 5.
We do this by constructing such commutative squares locally (i.e., for elementary pieces)

and then showing that they can be glued consistently.

Theorem A (Compatibility theorem). The quantum trace map is compatible with the
quantum UV-IR map in the sense that there are commutative squares (1). Moreover, these
commutative squares are compatible with Pachner moves.

Along the way, we prove the conjecture of [NY20, Sec. 9.2] on the relation between the 2d
quantum trace map and the 2d quantum UV-IR map.

Theorem B (Proof of Neitzke-Yan conjecture; detailed version in Theorem 4.24). The
conjecture of Neitzke-Yan [NY20] on the relation between the 2d quantum trace map and the
2d quantum UV-IR map is true.
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There is complementary work in the literature touching on related themes: [K1.523]
established a connection between the 2d quantum trace map and the map of Gabella [Gab17],
while [[K0)22] studied its relation to the non-abelianization map of [GMN13, HN16], which
may be viewed as the classical UV-IR map for character varieties. Our Theorem B, however,
furnishes a direct and concrete relationship between the 2d quantum trace map and the
quantum UV-IR map.

Our compatibility theorem (Theorem A) shows, in particular, that the quantum trace map
Try, tensored with the identity map on Sk? L(Y), can be recovered from the quantum UV-IR

map F7r. Under a mild assumption on Y to ensure that Sk” L (Y) is torsion-free, we can fully
recover the quantum trace map from the quantum UV-IR map:

Theorem C. Suppose Y is a 3-manifold such that the intersection pairing between Hq(Y';7Z)
and Ho(Y';Z) is zero (e.g., Y can be any knot complement). Then, for any ideal triangulation
T of Y, the quantum trace map

Trr : Sk2(Y) — SQGM(Y)
can be recovered from the quantum UV-IR map

Fr: SkE2(Y) — Sk (V7).

Explicitly, for any framed, unoriented link L C Y, if L denotes the same link equipped with
an arbitrary choice of orientation, then

Ter([L]*2) = pp o ev o Pr([L]),
where
Pz SQGMA(Y) @ Sk, (V) — SQCM(Y)

(—AWELD g i (K] = [L] in H(Y:Z)
0 otherwise

)

x®[ﬁ]~>{

and w(I?, E) denote the relative writhe between the two framed oriented links K and E, i.€e.,
it is the unique integer such that [K]" = (—Ay*ED[L]e4 jn Sk, (V).

We conclude by highlighting some promising avenues for future work. It should be possible
to extend our analysis to higher rank. The sl, 2d quantum trace is constructed in [[LY 23],
while the gl; version of the 2d quantum UV-IR map is studied in [NY22]. It is natural to
expect that these maps both admit 3d generalizations, and that both the 2d and 3d versions
for higher rank fit into a similar commutative square to (1).

Even more interesting is to extend our compatibility theorem to closed surfaces by, e.g.,
comparing the quantum trace map of [DS25] to the quantum UV-IR map associated to the
Fenchel-Nielsen spectral networks [FTN16].

Organization of the paper. This paper is organized as follows.

In Section 2, we recall the construction of both the 2d and 3d quantum trace maps, following
[BWI11, Lel8, PPar]. This includes a review of stated sly-skein modules and their splitting
homomorphisms. Moreover, we remind the reader of the naturality of the 2d quantum trace
map with respect to flips (changes of the ideal triangulation), and prove a corresponding
result for the 3d quantum trace map with respect to 2-3 Pachner moves.
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Section 3 is dedicated to the quantum UV-IR map. We begin by reviewing the 2d
construction, following [NY20], and demonstrating that it is natural with respect to flips.
Next, using the theory of 3d spectral networks developed in [FN24], we generalize the map
to ideally triangulated 3-manifolds. It is then shown that this 3d quantum UV-IR map is
natural with respect to Pachner moves. We conclude the section by introducing a stated
version of the quantum UV-IR map (Theorem 3.18), which will allow for computing the
quantum UV-IR map locally. This stated version is paramount, as it brings the topological
construction of the quantum UV-IR map closer to the algebraic formulation of the quantum
trace map.

With both a quantum trace map and a quantum UV-IR map in hand, Section 4 handles
the compatibility of the maps for surfaces. We construct the projection map from stated
gl,-skeins to sly-skeins (Proposition 4.2) and twist the product on the gly,-skein modules so
that this map is an algebra homomorphism in the surface case and a bimodule homomorphism
in the 3-manifold case.

The main idea in proving the compatibility of both the 2d and 3d maps is to first prove
that the maps fit into a commutative square locally, and then “glue” these local squares
together. To this end, the evaluation map for triangles is constructed in such a way that
the maps are manifestly compatible on a triangle. It is a simple matter of pasting these
local squares together to obtain the main theorem of the section, Theorem 4.22, from which
we get Theorem B as a corollary. Section 4 concludes with a proof that the compatibility
between the 2d quantum UV-IR map and the 2d quantum trace is also natural with respect
to changes in the ideal triangulation of the surface.

Section 5 extends the analysis of the previous section to the 3-manifold case. The commu-
tative square for a face suspension is established and shown to respect the gluing relations
imposed by the splitting maps. This culminates in Theorem A. We go on to demonstrate that
the compatibility of the 3d quantum trace map and 3d quantum UV-IR map is also natural
with respect to 2-3 Pachner moves. The remainder of the section shows that the established
compatibility between the maps allows for the 3d quantum trace map to be recovered from
the UV-IR map (Theorem C).

Section 6 contains a concrete example of the compatibility established in Theorem A for a
skein in the figure-8 knot complement Y = 53\ 4;.

Finally, the definitions and properties of stated gl,- and gl;-skein modules are detailed in
the appendices.

Acknowledgements. We are deeply grateful to Andy Neitzke for uncountably many helpful
discussions. We also thank Thang Lé for stimulating conversations. Part of this work was
carried out while S.Park was visiting Yale University, and he thanks both the department
and especially Andy Neitzke for their hospitality.

S.Park was supported in part by Simons Foundation through Simons Collaboration on
Global Categorical Symmetries.

2. QUANTUM TRACE MAP

In this section, we review the quantum trace map for surfaces [BW11] and for 3-manifolds
[PPar, GY24b].

2.1. 2d quantum trace map. The quantum trace map of Bonahon and Wong [BW11] is
an algebra homomorphism from the sly-skein algebra of a surface to its quantum Teichmiiller
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space. It is a quantization of the classical trace map that expresses the loop coordinates on
the sly-character variety in terms of the trace of matrices of Thurston’s sheer coordinates
on Teichmiiller space. The construction of the quantum trace map can be best described in
terms of stated skein modules, which we describe next.

2.1.1. Stated sly-skeins. Here we recall the definition of stated sly-skein modules [LL.e18, CL.22]
CL25, PPar] for boundary-marked 3-manifolds, following [PPar, Sec. 3.

Definition 2.1 ([PPar, Def. 3.1]). Let Y be an oriented 3-manifold with boundary.

A boundary marking for Y is a smoothly embedded oriented graph I' C Y where every
vertex is either a source or a sink.’ For example, a disjoint union of oriented intervals on 9Y
is a boundary marking with univalent vertices.

A boundary-marked 3-manifold is a pair (Y, T") consisting of a 3-manifold Y and a boundary
marking I on 9Y'.

A ribbon tangle in (Y,T') is a ribbon (i.e., framed)? tangle in Y whose boundary points lie
on the boundary marking I' away from the vertices V(I') and whose framing at the boundary
points are parallel (or anti-parallel) to the tangent vector of the boundary marking.

A stated ribbon tangle is a ribbon tangle equipped with a labeling of each boundary point
p by asign u, € {£} (i.e., a “state”). See Figure 1 for an example.

FIGURE 1. An example of a stated ribbon tangle; this one is in a tetrahedron
(~ B?) with boundary marking.

Definition 2.2. Let (Y,T) be a boundary marked 3-manifold, and let R := Z[AF2 (— A2)*2]
be the base ring. The stated sly-skein module Skff(Y, I') is the R-module generated by
the isotopy classes of unoriented, stated ribbon tangles in Y, modulo the following skein

n 2d (i.e. for stated skein algebras), the boundary markings will always be disjoint unions of intervals.
In 3d, however, the vertices of the boundary markings play a crucial role.

2We will allow half-twists of the ribbon, so by “framing”, we mean a choice of a section of the RP'-bundle
over the tangle, given by the unit normal bundle modulo Z/2.
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relations:® 4 °

(6) = (—A3)% :fv»

For an oriented surface 3 with a choice of a set of marked points P C 0% on the boundary,
the corresponding cylinder (X x I, P x I) is a boundary-marked 3-manifold, where P x I is
oriented according to the orientation of the interval I. The associated stated skein module
Skff(E x I, P x I) has a natural (unital, associative) algebra structure given by stacking
along the I-direction. The stated skein algebra [Lel8, CL22] of (X, P) is defined to be this
algebra:

SkAlg5* (%, P) := Sk%* (X x I, P x I).
When 3 is a punctured bordered surface (in the sense of [.c18, CL22]) so that every connected
component of 9% is an interval, we can choose one marked point for each boundary interval,
and this gives a canonical choice of boundary marking for 3 x I. In this case, for simplicity of
notation, we will often denote the corresponding stated skein algebra simply by SkAlgff(Z).

Example 2.3. An example of a punctured bordered surface is the n-gon D,,, which is the
2-disk D? with n punctures on the boundary. The associated canonical boundary marking
(in the example of n = 6) is illustrated in Figure 2. The associated stated skein algebras
SkAlg%*(D,,), especially the ones for biangles (n = 2) and triangles (n = 3), will play a crucial
role in the construction of quantum trace maps.

The stated skein algebras are designed in such a way that there are natural maps associated
to the operation of splitting a punctured bordered surface along an ideal arc.

Theorem 2.4 (2d splitting map [L.e18, Thm. 1]). Let ¥ be a punctured bordered surface and
let X be the surface obtained by splitting 3 along an ideal arc ¢ embedded in . Then, there

3All the framed links, thought of as ribbons, are drawn flat on the page, except of course on the LHS of
the relation (6) which has a positive half-twist.

4In the relations (4) and (5), the orange line denotes a boundary marking, which should be thought of as
sitting at a fixed height in a thickened version of the pictures drawn.

SHere we use the manifestly symmetric version of the stated skein relations, as in [PPar, Def. 3.3], using
the central half-twist relation (6). In [PPar, Rmk. 3.5], it is explained why these relations are equivalent to
the usual non-symmetric version of stated skein relations [Lé18].
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s

1
1
1
1
1
4.0

FIGURE 2. Dg x I with the canonical boundary marking

is an algebra homomorphism (in fact an embedding)

0. : SkAlgy () — SkAlg®2 (%),

L= > LS,

ge{i}(cxl)rw

defined on stated tangles by

where LS, C X' x I denotes the stated tangle obtained by splitting L C ¥ x I along ¢ x I and
assigning the state €, € {£} to the two newly created boundary points corresponding to the
intersection point p € (¢ x I) N L.°

The 2d splitting map is illustrated in Figure 3.

——— 261762,63€{i}

FI1GURE 3. 2d splitting map. The gray surface is ¢ x I, the surface we are
cutting > x [ along.

Definition 2.5. A bad arc is any stated tangle in ¥ x [ with 1 component that connects two
boundary components abutting the same boundary puncture in a trivial way, with boundary
states — and + in the counter-clockwise order when viewed from the boundary puncture; see
Figure 4.

+——
FIGURE 4. A bad arc

6To be more precise, in order to get a ribbon tangle after splitting, we need to split after some isotopy of L
so that all the intersection points in (¢ x I) N L are of different height and the framing of L at each intersection
point is parallel to the I-direction. Part of the claim of this theorem is that the map is independent of the
choice of such isotopy.
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Definition 2.6 ([BW11], [CL22, Sec. 7]). The reduced stated skein algebra SkAlng(Z) is
the quotient

SKAIg' () := SkAlg®2 (%) /17,
where 1" denotes the two-sided ideal of SkAlgSlQ(E) generated by the bad arcs.
It is easy to see that the image of a bad arc in ¥ under the splitting map (Theorem 2.4)

is in the two-sided ideal generated by bad arcs in ', and it follows that the splitting map
descends to a splitting map of reduced stated skein algebras:

7. : SkAlg')(2) — SkAlg, (X).

This map also turns out to be an embedding. As a special case, consider a punctured bordered
surface ¥ equipped with an ideal triangulation 7; let 7(4) denote the set of all d-simplices in
the triangulation. Then we have:

Corollary 2.7 ([L.e18]). There is an algebra homomorphism (m fact an embedding)
7% : SKAlg (%) » (X) SKAlgy (A

Ner(2)
L= Y ®nero[Li],
ge{i}(ExI)mL
where E C Y denotes the union of all the edges of the triangulation, and LS denotes the part

of L in /N X1 after splitting, with states assigned to newly created boundary points according
to €.

The reduced stated skein algebras of biangles and triangles, which for simplicity we will call
the biangle algebra and the triangle algebra respectively, have particularly simple structures
(e.g. they are quantum tori) and will play a crucial role in the construction of both 2d and
3d quantum trace maps.

Theorem 2.8 ([BW11], [CL22, Sec. 7.6-7.7]). (1) The biangle algebra is

———slo

B := SkAlg', (Ds) & Rz, 27",

with the isomorphism given by

—i—@—i— T, @ YR

(2) The triangle algebra is
e R<Oé:t1, 5:&1’ ,Y:I:1>
T := SkAlg, (Ds) =
SR (D) & O = Aap, v = Ay, ar = Ara)

with the isomorphism given by

B g
v+ a v - a
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and likewise for 3 and .

2.1.2. 2d quantum trace map. Here we briefly review the construction of the 2d quantum
trace map [BW11, Lelg, CL22]; the details can be found in the cited references.

Definition 2.9. Let I" be a lattice equipped with an antisymmetric bilinear form (,) :
I' x I' = Z. The quantum torus Qp associated to I' is the unital associative R-algebra with
basis {z,},er and the product law

(v,

Ty = A2 Ty
Note, if we are given a basis ey, --- ,e, of the lattice, the quantum torus is generated by
x1,+ -+, 2, (where z; :== z,,) and their inverses, subject to commutation relations
wi; = Al g,
The Weyl-ordered product [z;, - - x;, ] of @, -+ ,x;, is defined to be

Xagj<igrlei; e
[y - @iy ] = Ty pote;, = A 2 Tiy - Ty -

The Weyl-ordered product is designed to be independent of the ordering of the variables.

Definition 2.10. Fix an invertible scalar cy € R*. The extended triangle algebra T = TTCT is
an extension of the triangle algebra T (as in Theorem 2.8) defined as
ff _ R<ai1, bil, Cj:l) |
(ba = Aab, cb = Abc, ac = Aca)

equipped with an embedding
Tre, : T T
a — crlb],
B — crlcal,
v+ crlab).

We view the generators a,b,c as being associated to the three edges of the triangle in
counter-clockwise order, as in Figure 5.

FIGURE 5. Edges a,b,c (and their inverses) generate the extended triangle
algebra T.

Suppose ¥ is a punctured surface (without boundary) equipped with an ideal triangulation
7. For each edge e € 7™ of the ideal triangulation 7, consider the following element . of
the big quantum torus @ ., T.
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(1) If there are two ideal triangles A, A, € 7?) abutting e, define
Te = a1 @ ag,
where ay, ay are the edges of Ay, A, which are glued to give e, respectively.
(2) If there is only one ideal triangle A abutting e, define
Te := [aras],
where aq, ay are the two edges of A which are glued to give e.

By convention, we are suppressing the entries of the tensor product which are 1. The element
Te € @pcre T is called the square-root quantized shear parameter associated to the edge
e of the ideal triangulation 7 of ». The idea behind the definition of Z. is that each edge
e € 7 is obtained by gluing two bare edges (i.e. edges of the ideal triangles before gluing),
as in Flgure 6.

FIGURE 6. An edge e of triangulation 7 is split into two bare edges a; and as.

Definition 2.11. The square-root quantum Teichmailler space (a.k.a. square-root Chekhov-
Fock algebra), denoted SQTS_(X), is the sub-quantum torus of @.,2 T generated by

{je}eET(U .
In other words, SQTS_(X) is the quantum torus Qp_ for the lattice I'. generated by the

edges of the triangulation 7, equipped with the antisymmetric bilinear form given by
(e,€') := Qeer — aere € {0,£1, £2},
where a.. denotes the number of angular sectors delimited by e and €’ in the faces of 7, with
e coming first in counter-clockwise order.
Combining the splitting map (Corollary 2.7) and the embedding of triangle algebras into
the extended triangle algebras (Definition 2.10), we obtain the following sequence of maps:

er(2) Treg ~

SkAlg? (%) = SKAlgy () 5 () SkAlgy (A  oer® T.
Aer(2) ANer(2)

It is easy to see that the image of the composition of these maps is contained in SQTS_(3).

Theorem 2.12 ([BWI11, Lel8)). There is an algebra embedding Tr, : SkAlgy (%) —
SQTS.(X) defined as the composztzon:
——=l2 TrC'Jl‘ ~

5o i O per2
SkAlg®™ (D) —— SKAlg (Z) — 2> ® SKAl(A) &2 5" @ T
Aer(2) Aer(2)

z ]

SQTS. ()
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Remark 2.13. While the 2d quantum trace map Tr, = Tr, .., as we presented in Theorem
2.12, depends on the choice of an invertible scalar cr € R*, this dependence can be absorbed
into rescaling of the generators of SQTS_(X). That is, for any cr,cy’ € R*, we have a
commutative diagram

SQTS.(2)

SkAlg®? (%) 2| Aeposer

Tr ’

T,C

SQTS. (%)
where
Nerrer  SQTS, (5) 5 SQTS, (%)
X cr’
Te > — T
Cr
is an automorphism that simply rescales the generators of the quantum torus.

2.1.3. Naturality of the 2d quantum trace maps with respect to flips. Suppose T and 7/ are
two ideal triangulations of ¥ that differ by a flip, i.e. they look identical outside of an
ideal quadrilateral in which we change the triangulation as in Figure 7. Then, there is an

A A~

v U
. Z . . Y .
w zZ o~ w z
Y Y

F1cURE 7. A flip on edge z

algebra isomorphism between (some appropriate completions of) the square-root quantum
Teichmiiller spaces given by’

0, : SQTS. ()

"Here, we describe this for cr = 1; in order to get a transition map compatible with the rescaled quantum
trace map Tre,, replace every &’ by cp &’.
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where f and g are some versions of the quantum dilogarithm given by

L (_1)d 2d | _ (_1)d —2d
f(z) :==zexp (Z mx ) = exp (me ),

_ D ()7,
ﬂx%—fmp<—§;t52512fax )‘—xeﬂ’<‘2;acﬁt:z:ax )’

and é — ¢ for every edge e € (1) other than the 5 edges involved in the flip. Note, f and g¢
satisfy

f(x)g(x) =,
fl@)glz™t) =1
_1 1 1
fA b f(abe) =
g(A’%x)g A%x) =1+ 2>

From these identities, it follows that, if we restrict to the even part of the algebra (i.e., the
subalgebra generated by all monomials whose total degree of variables associated to each
triangle is even), the transition map 6,/ is given by (see [Hial0], [BW11, Sec. 7])

92~ [522],
72 =g (@ + 2z,
[WEg] = [wy],
[02 ' g] — [0i"g],
1 L 1 '
[ 2y — A7z~ ey
el e Ak oL
j’ + j/—l )
1
I::gi”l/):l ’_> y ) + ,fi'/_]'@?
o R
[ a0] — [g 12 o],
[~ 2 0] = [ 2],

[(W32] > w(2 + 2713,
(i3] — (2 4 2713,
[ 122] > [w 212,

[ 12 2] s [wd'2),

and likewise for monomials obtained by a 180 degree rotation (i.e. after simultaneously
replacing ¢ <> © and Z <> w). In particular, when restricted to the even part, 6,/ restricts
to an algebra isomorphism between fractional division algebras of the quantum tori.
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These algebra isomorphisms satisfy the pentagon relation (see Figure 8), and as a result, if
7 and 7’ are any two ideal triangulations of ¥, then we can choose any sequence of flips from 7

to 7" and define 0, : SQ/?ST(E) = SQ/?ST,(Z) to be the composition of the transition maps
associated to those flips; by the pentagon relation, the resulting map 6,_,,/ is independent of
the choice of the sequence of flips from 7 to 7. The 2d quantum trace map is compatible

D
A
V.S

FIGURE 8. Pentagon relation ensures that different sequences of flips from 7
to 7/ induce the same transition map.

with these transition maps; the following diagram commutes:®

SQTS, (%)
=
SkAlg®? (%) 2|0,
Tr/
SQTS..(2)

2.2. 3d quantum trace map. In this subsection, we review the construction of the 3d
quantum trace map of [PPar].

2.2.1. Bimodule structure and the splitting map. Let (Y,T") be a boundary-marked 3-manifold.
A crucial observation [PPar, Sec. 3.1] is that Sk%2(Y,T') has a natural module structure over
SkAlgi{Q(Dn) for each vertex of the boundary marking, where n is the degree of the vertex.
This can be seen as follows. For any vertex v of I' of degree degv = n, we can take the
complement of a small neighborhood of v to get a local picture homeomorphic to a cylinder
with n boundary markings; see Figure 9. The action of a stated skein in SkAlg(D,,) is then

FIGURE 9. SkAlg(Dgeg)-module structure at v € V(I')

8Here, we are setting cp = 1. For rescaled quantum trace maps, we need to rescale the transition maps
accordingly; see the previous footnote.
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obtained by stacking it on top of this cylinder; this action is either a left or right action
depending on whether the vertex is a sink or a source. For simplicity of notation, let’s write

(7) SkAlg*?(V ® SkAlg® (Dyeg )

veV (T

where V(I')" and V(I")~ denote the set of sink and source vertices of I', respectively. The
following proposition summarizes this module structure:

Proposition 2.14 ([PPar, Prop. 3.13]). The stated skein module SK2(Y,T') has a natural
SkAlgs* (V(I')*)-SkAlg®2 (V(I')~)-bimodule structure.

This bimodule structure plays an essential role in understanding the behavior of stated
skein modules under cutting a 3-manifold into simpler pieces. In the natural 3d analog of the
splitting homomorphism (Theorem 2.4), the codomain must be the relative tensor product
with respect to these bimodule structures; see [PPar, Sec. 3.2]. For our purposes, it is enough
to consider the special case of the splitting homomorphism corresponding to cutting an ideally
triangulated 3-manifold into elementary pieces called face suspensions, which we review below
in Theorem 2.18. Readers interested in the general form of 3d splitting homomorphisms can
refer to [PPar, Thms. 3.21, 3.24].

As in the 2d case, the 3d quantum traces we are going to define factor through a quotient
of the stated skein module obtained by setting all of the bad arcs to 0. Recall from Definition
2.5 that bad arcs are stated tangles of a specific form near the boundary; for each vertex
v € V(I') of the boundary marking I, the bad arcs of SkAlg®?(Dgeg.) are shown in Figure
10.° Analogously to Definition 2.6, we define:

N
“i‘ — I + -
N’

FIGURE 10. Bad arcs in SkAigi{2 (Ddego)

Definition 2.15 ([PPar, Def. 3.34]). The reduced stated skein module @T(Y, I') is the
quotient
Sk (Y, T)
T~ [badt SR (Y T) + SKR(Y, D) bed
where 1”3+ denotes the right ideal of SkAlg®?(V(I")*) generated by the bad arcs near the

sinks, and 1"~ denotes the left ideal of SkAlg%*(V(I')~) generated by the bad arcs near
the sources.

——slo

Sk,

(Y F) — Ibad +\ Sk5[2 (Y P)/Ibad —

Similarly to (7), let’s write, for simplicity of notation,

SKAlg, (VD)) == Q) SKAIgY (Daeg)-

veV(I)*

9The pictures shown are projections of the stated tangles in (Y,T') on the boundary dY in a neighborhood
of v, viewed from outside of Y (so, mirror the pictures when viewed from inside of Y'). The dashed orange
lines indicate that there may be more edges of I" incident to v in those regions of JY.
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Then, it is clear from the definition that the reduced stated skein module S_ka(Y, ') has a
SkAlgi{2 (V(F)ﬂ—SkAlgj2 (V(I')~)-bimodule structure.

Suppose Y is a cusped 3-manifold (without boundary) equipped with an ideal triangulation
T let T denote the set of all d-simplices in the triangulation. We call the vertices, edges,
and faces of the tetrahedra in 7®) before gluing the bare vertices, bare edges, and bare faces,
respectively. For each ideal tetrahedron T € T®), we fix a base point in the interior and
call it the barycenter of T. For each bare vertex v (resp. bare edge e, resp. bare face f) of
T, the vertex cone Cv (resp. edge cone Ce, resp. face cone Cf) is the join of v (resp. e,
resp. f) with the barycenter of 7. Each face f € T®? splits into two bare faces, and the face
suspension S f is the union of the two face cones. See Figure 11.

FIGURE 11. A vertex cone Cv, an edge cone Ce, and a face suspension S'f for
the face with vertices a, b, ¢

Consider the decomposition Y = fer» S of Y into face suspensions. Note, under this
decomposition, each edge cone splits into two bare edge cones. We equip each face suspension
S f with a boundary marking by drawing an edge from each of the 3 side edges to the 2 cone
points; see Figure 12. Each edge of the boundary marking corresponds to a bare edge cone
(i.e. a face of Sf). We may label the top and the bottom bare edge cones abutting the edge
a by a; and as, respectively, and likewise for the edges b and c¢. This boundary marking has 2

«

g

FIGURE 12. A face suspension with the standard boundary marking

sink vertices of degree 3 and 3 source vertices of degree 2, so the reduced stated skein module
@T(S f) has a natural T®*-B®3-bimodule structure. In [PPar, Sec. 4], the structure of such
bimodules is completely determined. To state this structure theorem for face suspensions, let

x, denote the elementary tangle connecting the bare edge cones a; and ay, with states ++



COMPATIBILITY OF QUANTUM TRACE AND UV-IR MAPS 17

(and likewise for x;, and x.), and let «; (i = 1,2) denote the elementary tangle connecting the
bare edge cones b; and ¢; with states ++ (and likewise for §; and ;).

Proposition 2.16 ([PPar, Cor. 4.9]). The reduced stated skein module of a face suspension
15 given by

——=slo T®2 ¥ B®3
k
Ska (51) = (=A%) arag = 2w, (—A2)B1B2 = Tea, (—A2)7172 = T4)

as a left T®? @ (B?)®3 = T®? @ B®3-module, where

T®2 — <a1 761 7’71 >
(51041 = Aa1f1, b = Aﬁﬂl, Q171 = A%Oq)
R<O‘§tlv S:la Y2 >
(ofe = APsay, Borys = Avafa, Yotz = Ayys)

®

and

B®3 — R[aﬁil l,bil xil]'
In order to state the splitting map associated to the decomposition of Y into face suspensions,
we need to first define the relative tensor product of these bimodules.
Definition 2.17. The relative tensor product ®f€7—(2) Ska (Sf) of the bimodules SkA (Sf),
f € T®, is defined to be the quotient of the ordinary tensor product (as R-modules)

——=slo

& rer Sk (S[) by the following relations:

e For each vertex cone C'v, we have the following relations among left actions of

——slo
Q  jerm Ton Qiere Sk (SS):

Sf abutting Cv

N
(8) 1 ) - o L ee £}
_|_A_
R V5 R
+1 1+ -1 -

where each sector in the above diagrams represents one of the three face suspensions
surrounding Cv (viewed from the vertex v), and the markings shown are on the bare
edge cones abutting C'v.
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e For each internal edge e € T() we have the following relations among right actions of

5[2
® feT® B on ®fe7‘(2) SkA (Sf)

f abutting e

€€
66’ \66 )
(10) ' ’ = <_A )6 ) €€ {:l:}>
N f
€€

where each sector in the above diagrams represents one of the face suspensions
surrounding e (as many as the number of tetrahedra abutting e), and the markings
shown are on the bare edge cones abutting e.

Theorem 2.18 ([PPar, Cor. 3.38]). There is a well-defined splitting map
7 SEE(Y) —» Q) SKL(SS),

FeT®

[L] = > ®eralLlil|,
?E{j:}ufsme
where Lj: denotes the part of L in Sf after splitting, with boundary states determined by €.
2.2.2. 3d quantum trace map. The codomain of the 3d quantum trace map is the 3d analog
of the square-root quantum Teichmiiller space called the square-root quantum gluing module.
Just like the square-root quantum Teichmiiller space was built out of extended triangle

algebras, the square-root quantum gluing module can be built out of the following basic

building blocks:
Definition 2.19. The face suspension module Sf of Sf is the quantum torus

Sf : —T®2 R( 1751 >C1 >
<b1a1 A(llbl, Clbl Ablcl, a1 = A016L1>
R(as" 762 >C2 Y

(agby = Absas, bacy = Acoby, coas = Aascs)
generated by the 6 bare edge cones of Sf, viewed as a regular T®2-T®2_himodule.
Theorem 2.20. Let ct,cg € R* be invertible scalars such that
(11) s’ =qcr’.
Then there is a well-defined T®%-B®3-bimodule homomorphism (in fact, an embedding)
Trs; : Sk(Sf) — Sf
mapping the empty skein [0] to 1, induced by the embeddings of algebras
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and
B®3 s T®2
Tq > Cp a1 @ ag,
Ty — Cp by @ b,

T > CpC1 X Co.

Remark 2.21. Note, scaling both ¢y and cg by a common factor just corresponds to rescaling

the generators of Sf. Up to scaling, there are two possible choices of the scalars ¢y and cp:'°

(cr,es) = (¢ 2,1) or (cr,cg) = (—¢

“3.1).
In [PPar], we used (cr,cg) = (A7, (—1)’%) which, up to scaling, corresponds to the second
choice.

For each edge cone Ce corresponding to a bare edge e, consider the element Z, = a ® a’ of
the quantum torus X) rer» Sf, where a and a’ are the two bare edge cones corresponding
to Ce after splitting into face suspensions; see Figure 13. The element Z, € &) rer» Sf s
called the square-root quantized shape parameter associated to the bare edge e of the ideal
triangulation 7 of Y.

FI1GURE 13. An edge cone Ce splits into two bare edge cones a and a’. Note,
this is a cone over Figure 6.

The square-root quantized shape parameters generate a sub-quantum torus of X) FeT® Sf.
The square-root quantum gluing module SQGM(Y) that we define below is a two-sided
quotient of this sub-quantum torus.!!

OWhile these two choices can be related by scaling the generators of one copy of T by (—1)% and the
generators of the other copy by (—1)_%7 there is no canonical such choice since the two copies are identical.

UThe definition of SQGM(Y) we use here is slightly different from the one we gave in [PPar, Sec. 5|;
the one we use here is the quotient of the one in [PPar] by setting 2. = 2./ for each pair of opposite bare
edges e, e’. The effect of this quotient is minor, as the vertex relations already imply that 22 = 2%. It may
seem like there is another natural quotient given by setting Z. = —Z./, but such a quotient turns out to be
inconsistent with the 2-3 Pachner move.
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Definition 2.22. With the scaling parameters cg and cr, the square-root quantum gluing
module SQGM(Y') is the two-sided quotient of the quantum torus

sl g1 g1
® R(z+ 2+ 2=
(312 = AZ%) 312 = AZ'3", 22" = AZV3)
TeT®
where Z, 2’| 2 are (generators associated to) the 3 pairs of opposite edge cones of T, in the
anti-clockwise order when viewed from a vertex

by the following relations:

(V) Vertex relations (central): For each tetrahedron,

[ZA’ZA,ZA'”] — q—l C']l‘_37

(L) Lagrangian relations (as left actions): For each tetrahedron,

1= CB72 7:,72 4 C]B2 7:,//27

(G) Gluing relations (as right actions): For each edge,

—k
=4qCg ,

>

where

é:= [ H 2’]
Z abutting e
and k is the number of edge cones abutting the edge e.
Theorem 2.23. There is an R-module homomorphism Try : SK2(Y) — SQGM(Y) defined
as the composition

slo ool ki = sl ®f€T(2) Trsy —
SKYP(Y) == Sk, (Y) —— & Sk, (Sf) » @ Sf
feT® feT@
Trr I
SQGM,(Y)

2.3. Naturality with respect to Pachner moves. We'll show that the 3d quantum trace
map is natural with respect to 2-3 Pachner moves. Suppose that 7; and 73 are two ideal
triangulations of Y related by the 2-3 Pachner move.

Then, we have:

Proposition 2.24. There is an R-module homomorphism

Pas3 : SQGM£ (Y) — SQGM£(Y)
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AR
¥ 4

F1GURE 14. 2-3 Pachner move on the triangular bipyramid

FIGURE 15. The 2-3 Pachner move turns 7 face suspensions (6 exterior + 1
interior) into 9 face suspensions (6 exterior + 3 interior). The interior faces (1
on the left and 3 on the right) are highlighted in blue.

defined on the quantum torus generators — each of which corresponds to an edge cone — by

|
<§7 _ %&\7 o
| |

Proof. To check the well-definedness of ¢, .3 defined above for the generators of the quantum
torus, we need to check that the map descends to the two-sided quotient — that is, we need
to check that they satisfy the vertex equation (V)

(222" =q 'er™®  (central)

N
7

and the Lagrangian equation (L)

l=cg 2224+ c5’2" (as left actions),
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where 2, Z’, 2" are any triple of edge cones sharing a vertex, which are cyclically ordered in
an anticlockwise manner when viewed from a vertex, as

N>

s
<

Note, there are no gluing equations (G) to check, since the bipyramid triangulated into two
tetrahedra has no interior edges.

Vertex equation: For either the top or the bottom vertex of the bipyramid, we have, as
a central relation,

o3| 1—qcr®

where we have used red to indicate inverses. Note, for the third equality, we have used the
fact that the gluing relation associated to the interior edge of the 3-tetrahedra triangulation
of the bipyramid is actually central, as the product of the 3 edge cones is central in the image
of pa_y3.

Since we are identifying the square-root quantized shape parameters associated to the
opposite edge cones, the proof is identical for the side vertices of the bipyramid.
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Lagrangian equation: The proof is analogous to that of [GY24a, Lem. 4.1]. Let’s label
the edge cones as in the figure below:

We have, as a left relation,

902»3(1 —cp 2 07? — cp? 19”2)
=1 C]B74<:i./2//) 2 (2/@//)
=(1—cs *22“*2-—c32z0)-%(1-cB*2@’2 cp?@?) g 22" 2
+<1—C y +C 2:&//2)(:]322/2_’_1, P 2+y—2u2
L) -2, 24 22 = 22 (x2y2z2 " CIB_6) X (q2 s 5257252 4 1)y_22/2

Tz
(g) (q2 CB76 SM=25-25-2 | 1)?9722/2 _ (qz CB—G A—z[ééléu]q + 1)@”2/2
2

— (_q CB76[22/2//]72 + 1)397 2/2 (2) (_qu CT76[22/2//]72 + 1)39722?/2

= 0.

Again, we have used the fact that the gluing relation for the interior edge of the 3-tetrahedra
triangulation,

295 —qep > =0,
which is a priori a relation among right actions, is actually central in the image of w9 ,3. [

Theorem 2.25. The 3d quantum trace map is compatible with the Pachner move in the
sense that we have the following commutative diagram:

SQGM,, ()

Sk (Y) P23

Tr3

SQGM. (V)

Proof. Since the 3d quantum trace map factors through the splitting map for reduced stated
skein modules, it suffices to check the commutativity for the triangular bipyramid BP on
which we are performing the 2-3 Pachner move. Topologically, the triangular bipyramid is
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a 3-ball, whose boundary is combinatorially foliated (see Figure 16), so we have an explicit
generator-and-relation description of @jz(BP). Concretely, we have

FIGURE 16. Triangular bipyramid BP with the standard boundary marking
(all the edges of the boundary marking are oriented toward the center of each
face)

K (Bp) = L Afn((l?g;)® ,

where we have one factor of T for each face and one factor of B°? for each edge of the
triangular bipyramid, and Ann([()]) is the left ideal generated by relations coming from each
face of the boundary tessellation. The triangular bipyramid splits into 7 face suspensions in
the case of 75 and 9 face suspensions in the case of 73, so we need to check the commutativity
of the diagram

~ \(ﬁ*@z)@w/ ~

——=slo

SkA (BP) P23 )

ﬂ ®9
~ \(ﬁ@) [~

where ~ denotes the relations defining the square-root quantum gluing module (Definition
2.22). Since the maps are bimodule homomorphisms, it suffices to check this for each generator
of the triangle and biangle algebras. Even though there are 6 factors of triangle algebras and
9 factors of biangle algebras, by symmetry, there are only 3 different types of generators we
need to check:

(1) triangle algebra of a face,
(2) biangle algebra of a non-horizontal edge,
(3) biangle algebra of a horizontal edge.

The commutativity for the triangle algebra generators is obvious, as the 2-3 Pachner move
doesn’t affect the tangles localized at the center of a face of the bipyramid. The commutativity
for the non-horizontal biangle algebra generators is also immediate; in fact, we have defined
Y93 in such a way that the diagram commutes. Thus, the only non-trivial check is the
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commutativity for the horizontal biangle algebra generators (as right relations):

Tro
— CB3
Trsg

N

CB

This diagram commutes because:

P23 CIB%3 Q7 = Y23 CIB3 7

where, as before, we have used red to indicate inverses. 0

Remark 2.26. When identifying the square-root quantized shape parameters of opposite
edge cones, we had to choose between setting them equal or setting them to negatives of each
other, since only their squares agreed a priori. It turns out that for the compatibility with
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the 2-3 Pachner move, only the first identification works; for the second choice, we get an
extra — sign in the computation above.

3. QuanTtuM UV-IR MAP

In this section, we review the quantum UV-IR map [NY20] for surfaces and discuss its
generalization to 3-manifolds.

3.1. 2d quantum UV-IR map. Let ¥ be a surface equipped with an ideal triangulation 7.
Then, there is a branched double cover 3 =3, of ¥ associated to the ideal triangulation.
This branched double cover can be obtained by putting a branch point at the center of each
ideal triangle and drawing branch cuts as in Figure 17; the corresponding branched double
cover is an ideal hexagon. We will often trivialize the double cover away from the branch
cuts so that we can call the two sheets of ¥ by “sheet 17 and “sheet 2.

FIGURE 17. Branch point (red dot) and branch cuts (orange squiggly lines)
for an ideal triangle

Given such a branched double cover 3 — Y, [NY20] constructed an algebra homomorphism,
called the quantum UV-IR map, from the gl,-skein algebra of X to the gl;-skein algebra of
the double cover Y. Before reviewing this construction, let’s briefly recall the definition of
gly,- and gl;-skein modules.

Definition 3.1. Let Y be an oriented 3-manifold. The gl,-skein module Skg[2 (Y) of YV is

defined as

Skg[Q (v) = R(isotopy classes of framed oriented links in Y")

(gl,-skein relations) ’

where the gl,-skein relations are given by

(15) m —q‘lm —q‘lm +q‘2/% +q‘27z —q‘?’% =0,
(16) gﬁ —q! fyf’f —q (/} +q7? (/}f/)
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RN RS Ry Al

with [2] = ¢ + ¢7*, the quantum 2."* **

For our gl;-skein modules, we need to twist the usual notion of gl,-skein modules by
introducing “sign defects”.

Definition 3.2. Let Y be an oriented 3-manifold decorated by a “sign defect” B C Y, an
embedded 1-manifold. The gl;-skein module Sk2"(Y') = Sk2" (Y, B) of Y is defined as

R(isotopy classes of framed oriented links in Y\ B)

9

Ské (V) =
2 (Y) (gly-skein relations)

where the gl;-skein relations are given by

m P -

(18) - ,
(20) —|= = T ,

with the red line in the final skein relation representing a part of the sign defect B.'

Whenever we talk about the gl;-skein module of a branched double cover, we will always
assume that we are decorating the branched double cover by a sign defect along the branch
locus. '

The 2d quantum UV-IR map [NY20] is an algebra homomorphism

F : SkAlg?2 (%) — SkAlg®" (%)

from the gl,-skein algebra of 3 to the gl;-skein algebra of the branched double cover 5
(associated to a choice of ideal triangulation 7) decorated by sign defects at the branch
points. The construction is best described in terms of projection to the leaf space of a

12Here, we used the half-twist relation (14) — instead of the usual full-twist relation — for convenience; this
doesn’t change the skein module. We do the same for gl; skein modules (see (19)).

13n [N'Y20, Sec 3.1], the last two skein relations (15)-(16) (which correspond, for instance, to [QW21, Eqn.
2.3]) were missing, but here we add them for completeness, since the quantum UV-IR map indeed respects all
these relations.

14T his last skein relation justifies the use of the name “sign defect”, as our skein acquires an extra sign as
it passes through the sign defect.

15The reason we need to twist the gl,-skein module of Y by the sign defect along the branch locus has to
do with the fact that the pull-back of a spin structure on Y to Y \ B doesn’t extend over B, i.e. it is the
non-bounding spin structure over the S* linking the branch locus B; see [FN24, ELPS25].
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1-dimensional foliation of ¥ x I called the WKB foliation.'® Topologically, the WKB foliation
is a 1-dimensional foliation that looks like Figure 18 in each ideal triangle. Note that near each
edge of the ideal triangle, the leaves are parallel and thus glue well to give a 1-dimensional
foliation of ¥ in the complement of the branch locus.

Ficurke 18. 2d WKB foliation and its orientation

The WKB foliation of X lifts to an oriented 1-dimensional foliation on S we orient the
leaves of the foliation of ¥ so that the orientation is away from (resp. toward) the ideal
vertices in sheet 1 (resp. sheet 2). This orientation is also indicated in Figure 18.

While the generic leaves of the WKB foliation of ¥ are homeomorphic to R, there are 3
singular leaves in each ideal triangle which are homeomorphic to R>(; these are the three
leaves emanating out of the branch point. The union of singular leaves is called the 2d spectral
network [GMN13].

The space of leaves in the WKB foliation, or the leaf space for short, of an ideal triangle
times [ is given by 3 facets glued along a binder, as in Figure 19. The leaf space for ¥ x [ is
obtained by gluing the leaf space for T x I along the edges. Note, we can canonically identify
the binders of the leaf space to the branch locus and the facets of the leaf space to the branch
cuts.

FIGURE 19. Leaf space for an ideal triangle times [

3.1.1. 2d quantum UV-IR map. Now, we are ready to review the construction of the 2d
quantum UV-IR map. Let L be a framed oriented link in ¥ x I. By making a small isotopy
if necessary, let’s assume that L is in general position with respect to the WKB foliation, so
that the projection of L on the leaf space gives a nice link diagram. The link diagram of L
on the leaf space will have finitely many crossings, half-twists, and intersection points with
the binders. In terms of the WKB foliation, crossings correspond to the leaves that intersect
with L twice, half-twists correspond to points of L where the tangent vector is parallel to

16The name comes from the exact WKB analysis of Schrodinger equations on Riemann surfaces, where
such a foliation can be obtained from a holomorphic quadratic differential.
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that of the foliation, and intersection points with the binders correspond to singular leaves
(i.e. the leaves of the WKB foliation that meet the binder) that intersect with L.
The 2d quantum UV-IR map [NY20] is defined as follows:

F : SkAlg?2(X) — SkAlg®" (%)
L] =Y ezl
I

where L ranges over all possible lifts L C ¥ of L C X that can be constructed out of direct
lifts, detours and exchanges, and c; € Z[g*'] is the product of exchange factors, turning
factors, and framing factors, each of which we describe below.

The lifts L are constructed from L by attaching the leaves of the foliation as follows:

o (Direct lifts) Any part of L can be directly lifted to either sheet 1 or sheet 2; we
denote the lift to sheet i € {1,2} by labeling that part of L by i:

/\w/ ie{l,2} .

e (Detours) If L intersects a singular leaf at some point (i.e. when L crosses a binding
of the leaf space), that part of L can be lifted using a detour in the following way:

- =7
W

e (Exchanges) If there is a generic leaf that meets L at two points (i.e. at a crossing of
L on the leaf space), that part of L can be lifted using an exchange in the following

{7

The coefficient c; is defined as the product of the following factors:

e (Exchange factor) For each exchange, we get a factor of +(q — ¢~1), where the sign is
given by the sign of the crossing where the exchange was used. N
e (Turning factor) We get a factor ¢*, where ¢ is the turning number of L projected on

the leaf space; for part of L in sheet i € {1,2}, we compute the turning number by
viewing the leaf space from the side where the i-direction is pointing away from our
eyes.

e (Framing factor) We get an overall framing factor given by the product of q%, one for
each positive half-twist, and q_%, one for each negative half-twist.

See [NY20, Sec. 5] for explicit examples.
Theorem 3.3 ([NY20, Sec. 7]). The 2d quantum UV-IR map F : SkAlgg[2 (X) — SkAlggll(i)

defined as above is a well-defined algebra homomorphism.

Proof. As shown in [NY20, Sec. 7|, the quantum UV-IR map is invariant under isotopy and
respects the skein relations (12)-(14). Since the skein relations (15)-(16) were missing in their
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paper, we add a proof that the quantum UV-IR map indeed respects these two extra skein
relations as well.

We draw all the diagrams on a facet of the leaf space — which locally looks like R? — with
the leaves oriented in such a way that the “17(resp., “2”)-direction is pointing away from
(resp. toward) our eyes.

e The relation (15): Defining

111 %

the relation (15) is equivalent to the following:

H-1T

The following small calculation will be useful:

A DATTR) A 453

From this, we see that

(H)nt o1 BT

211 211 212
oreRl T)T
121 211 124 211
=2 | +a
1€{1,2}

as desired.
e The relation (16):

(gﬁ—qlfy} —q (/ﬁ)ntq (//))
Wﬁ ‘//*
<\\> x\*

0654

0654
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P R \ SR\ S\

where, in the second and the third line, we have drawn the two sheets separately, and
o € S ranges over all possible ways to perturb the relative positions of the boundary
points of the tangle in sheet 1 and 2, on all 4 edges of the square; when the tangle is
oriented upward, the trivial permutation 1 € S5 corresponds to 2 on the left of 1, and
the non-trivial permutation oy € Sy corresponds to 1 on the left of 2. The sum of the
lengths of the 4 permutations is denoted [(o).

O

3.1.2. Naturality of the 2d quantum UV-IR map with respect to flips. Suppose 7 and 7" are
ideal triangulations of ¥ that differ by a flip. Then, there is a transition map

Ur e s SkAIES (3,) — SkAlg(3,),

which is an algebra map defined on the algebra generators by

W : SkAlgdh ( A ) — SkAlgd" ( AN )

Ao TN
1 1

7 7

. 7, :\27
3 (3
Z(t =g o |

(22) 1A o 1PN 4+ TRV 1

where i € {1,2} ranges over the two sheets.'”

1"Here, we are using the fact that the gl;-splitting map is injective, so it suffices to define the transition
map for the branched double cover of the ideal quadrilateral as above. The corresponding stated gl;-skein
algebra is a quantum torus of rank 8; the first 8 corner tangles generate rank 7 part of it, and together with
the last generator, they generate the whole quantum torus.
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It is straightforward to check that the following diagram commutes:

/3
SkAlg" (5,)

2
SKAIg)*(5) VRN

F_

=
SkAlgl ()
and hence the 2d quantum UV-IR map is natural with respect to changes of triangulation.

Remark 3.4. The coordinate change map v,_,,» can also be characterized as a conjugation
by the quantum dilogarithm ¥ = m; see [NY20, Sec. 8.3]. To be more precise, the
branched double cover of a quadrilateral triangulated into two ideal triangles is an annulus,
whose (non-stated) gl;-skein algebra is isomorphic to the polynomial ring R[z*!], where x
represents the longitude of this annulus. The quantum dilogarithm ¥ = m is an element

of a completion of the gl;-skein algebra of the annulus, that solves the recurrence relation
(23) (1—9—q2)¥ =0,

where ) is the meridian so that 7@ = ¢?2¢. While ¥ itself lives in the completion, conjugation
by W gives a well-defined map between ordinary (i.e., non-completed) skein algebras and, in
fact, gives exactly the map described above: it is easy to see that conjugation by ¥ acts as
the identity on the first 8 corner tangles, as those corner tangles commute with ¥, while the
last relation (22) is exactly the 3-term relation (23) satisfied by W.

The pentagon identity for the transition maps v follows from that of the quantum diloga-
rithm; see, e.g., [KLN725, Sec. 2.1] for an illustration and its interpretation in terms of the
unlinking moves on symmetric quivers.

3.2. 3d spectral networks. The crucial ingredient in the construction of the 2d quantum
UV-IR map was the 1-dimensional foliation on ideally triangulated surfaces and the associated
leaf space. Such combinatorial topological structures can be generalized to ideally triangulated
3-manifolds, as studied in [['N24], and are called 8d spectral networks.'®

Let Y be a 3-manifold equipped with a triangulation 7 into ideal tetrahedra. Then, there
is a branched double cover Y = Y7 of Y associated to the ideal triangulation, obtained by
putting the branch locus given by the embedded 4-valent graph connecting the barycenter of
each ideal tetrahedron with the barycenters of its 4 faces; see Figure 20. Note that on each
face, the branching structure is exactly what we had for surfaces (Figure 17).

A new feature in this 3-dimensional setup is that, unlike the surface case we saw earlier,
the branched double cover Y of Y is no longer a manifold; it is a pseudomanifold. Near
the barycenters, the branched double cover is a cone over a torus with 4 branch points, as
illustrated in Figure 21.

There is a 1-dimensional foliation on Y in the complement of the branch locus, which we
will still call the WKB foliation, even though its connection to exact WKB analysis is less

1876 be more precise, the term spectral network usually refers to the stratification structure given by the
union of singular leaves of the WKB foliation, but here we are using the term in a vague sense to refer to the
whole combinatorial topological structure of the WKB foliations and the associated leaf space.
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F1GURE 20. Branch locus (red) and branch cuts (orange) for an ideal tetrahe-

dron

F1GURE 21. Cone over a torus with 4 branch points

clear. On each ideal tetrahedron, the WKB foliation is given by the cone over the WKB
foliation of the boundary surface, which is S? with 4 punctures, triangulated into 4 ideal
triangles; see Figure 22.

FiGUuRrE 22. 3d WKB foliation

The corresponding leaf space looks exactly like the branch cuts shown in Figure 20 for each
tetrahedron; it has 6 facets joined along 4 binders, and has a singular point in the middle
where the 4 binders meet.

The singular leaves of the 3d WKB foliation are shown on the right side of Figure 23.
As in the previous subsection, we always orient the WKB foliation so that the “1” (resp.
“27)-direction is always pointing away from (resp. toward) the ideal vertices. This convention
will determine our dictionary between the sheet labels (1 and 2) and the states (+ and —)
when we extend the quantum UV-IR map to stated skein modules in Section 3.6.

3.3. gl;-skein modules with defects. We saw in the previous subsection that the branched
double cover associated to an ideal trangulation of a 3-manifold has a cone point at the
barycenter of each tetrahedron. The appropriate notion of the gl;-skein module for such a
pseudomanifold turns out to be the one with an extra 3-term relation for each cone point,
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F1GURE 23. 2d and 3d spectral networks

that depends on a choice of a generalized angle structure of the ideal triangulation. We
describe this gl,-skein module in this subsection.

3.3.1. Generalized angle structures.

Definition 3.5. For an ideally triangulated 3-manifold Y, a generalized angle structure is an
assignment of a real number'® to each dihedral angle of the tetrahedra satisfying the following
properties:
(1) The numbers assigned to the opposite dihedral angles of each tetrahedron are the
same; see Fig. 24 below.

FIGURE 24. Dihedral angles 6, 6', 6"

(2) The 3 numbers 0, ¢, and 6" add up to =, for each tetrahedron.
(3) For each internal edge of the ideal triangulation, the angles add up to 2.

We will denote a generalized angle structure by © = {6;};c;, where I is some indexing set
for the set of dihedral angles of the triangulation.

Remark 3.6. It is known [[LT08, Theorem 1] that, if 7 is an ideal triangulation with ¢
ideal tetrahedra of a compact 3-manifold Y with v boundary components, then 7 admits a
generalized angle structure if and only if each boundary component of Y is either a torus or a
Klein bottle; since we are dealing with oriented 3-manifolds, they have to be tori. Moreover,
the space of generalized angle structures (when non-empty) is an affine space of dimension
t+wv.

For our purposes, what’s important is that a choice of a generalized angle structure induces
a flat connection on the tangent bundle of the leaf space. That is, once equipped with a

9Can be thought of as formal commutative parameters satisfying certain linear relations.
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generalized angle structure, each corner of the leaf space carries a definite angle; see Figure
25. In particular, because

B
>

(MIE

FI1GURE 25. Euclidean structure on each facet of the leaf space

(r—0)+(r—0)+(r—0")=3r— (0 +6 +0") =2m,

for any three facets of the leaf space of a tetrahedron around a fixed vertex, the sum of the
three inner angles add up to 27. This, along with the condition that the angles around each
edge of the triangulation add up to 27, means that the turning number is a smooth isotopy
invariant of a closed curve drawn on the leaf space. Unlike the 2d case, however, the turning
number on the leaf space of a 3d WKB foliation is some Z-linear combination of %’s and %,
so in general is not an integer.

3.3.2. gly-skein module of branched double covers. Recall that the branched double cover

Y has branch locus and cone points. Accordingly, there are additional skein relations for
Sk (Y):
q

Definition 3.7. Let Y be an ideally triangulated 3-manifold with an associated branched
double cover Y. Suppose that the ideal triangulation of Y is equipped with a generalized
angle structure © = {0;}ic;. Let R® = Z[¢*!] @ Z[{qi%}iel]. Then, the gl,-skein module
Skg[1 (57, ©) of Y is the free R®-module spanned by the isotopy classes of framed oriented links

in Y away from the branch locus, modulo (17)-(19), as well as the following extra relation
near the cone points:

9/)\ 0 0 J\Q 9,)\ 0
u T T
9//

9/1 9//

Note, the relations (17)-(19) are drawn in Y, while the last relation, (24), is drawn in the
projection to Y. The meaning of these skein relations except for the last one should be clear;
(17)-(18) are the usual relations (with a half twist relation (19)), and (20) says that when a
strand of a link passes through the branch locus, the skein acquires a minus sign. The last
skein relation (24) is a local relation near the singular cone point, viewed from a vertex of the
ideal tetrahedron. It can be drawn 3-dimensionally as in Fig. 26. The labels 1 and 2 denote
which sheet (in the complement of the branch cuts) that part of the skein belongs to.
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0/ 0 0/ 0 6/ 6

} 0" _ q% f 0" i (]_97/ ;!9//

FIGURE 26. The 3-term relation (24) near the cone point

Remark 3.8. When the angles are m,0,0, the 3-term relation (24) is nothing but the
recurrence relation for the quantum dilogarithm ¥ in Remark 3.4. This fact is used crucially
in [ELPS25] to study a non-singular version of the quantum UV-IR map and give a geometric
interpretation in terms of holomorphic curve counts.

Remark 3.9. The appearance of non-integer powers of ¢ in (24) may seem strange, but there
is an easy way to see why such factors are necessary for the skein module to be non-zero.
Firstly, let’s take a look at the following simple observation:

Lemma 3.10. Let T be a quantum torus defined as
Cla, e x//:ﬁ:1>
(xa! = ¢*x'x, 2’2" = @?a’x!, x'x = q*xa)
Let M be a cyclic left T-module defined by
M=T/I,
where I s the left ideal generated by the relations

T :=

1 1

! o' =1—2""".

' =1—a"', 2=1—2a"

Then, the Weyl ordered product [zx'x"] := ¢ lza'x” = qz'zx” acts on the cyclic vector of M
by —q.
Proof. Let [@] denote the cyclic vector of M. Then,

[za’2"][0] = qa’z2" (0]

= qa'z(1 — 27 1)[0]
= qv'(z — 1)[0]

= qa'(—2"~)[0]

= —q[0].

O

On the other hand, in the gl; skein algebra of the torus with 4 branch points, the Weyl
ordered product of the three natural cycles of T2 is —1:

= = —1 € Sk
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It follows that, if we call these three natural cycles
z, 2, x" € Sk N ,

then the three-term recursion relations associated to the singular point cannot be the ones in
Lemma 3.10. That is, there must be some factor of ¢ in some of the relations. We also see
immediately that some non-integer power of ¢ is necessary to have the Z/3 symmetry of the
recursion relations.

3.4. 3d quantum UV-IR map. We are ready to state the 3d generalization of the quantum
UV-IR map. The construction is essentially the same as the 2d quantum UV-IR map described
in Section 3.1.1: For each framed oriented link L C Y representing an element [L] € Sk¥2(Y),
which we assume to be in general position with respect to the 3d WKB foliation, we take the
linear combination Y ; cz[L] € Sk¥"(Y) of all possible lifts L that can be constructed out of
direct lifts, detours and exchanges (using the 3d WKB foliation), where the coefficients c;
are given by the product of exchange factors, turning factors, and framing factors, exactly as
in Section 3.1.1. The new phenomenon in 3d is that the turning numbers ¢ in the turning
factors are no longer integers and depend on the choice of generalized angle structure. The
claim is that the resulting 3d quantum UV-IR map is well-defined:

Theorem 3.11. Let Y be a 3-manifold equipped with an ideal triangulation and a generalized
angle structure. Then, there is a well-defined R-module homomorphism

. Iy LV
F: Sk8%(Y) — Sk (V).

Proof. We need to show that F' : L — } 7 c;[L] is invariant under the isotopy of L and
that this map respects the gl,-skein relations. Any isotopy of L is a finite composition of
elementary isotopies, each corresponding to a violation of a general position requirement of L
with respect to the 3d WKB foliation. The elementary isotopies consist of

(1) 3 types of framed Reidemeister moves,
(2) 4 types of moves near the bindings,
(3) and an extra move near the singular point.

The 3 framed Reidemeister moves and the 4 moves near the bindings are already present in
the 2d case and were analyzed in detail in [NY20, Sec. 7], where it is shown that F is indeed
invariant under those isotopies. The last move, which is new in 3d, is an elementary isotopy
of a link diagram on the leaf space when it crosses the singular point (Figure 27). The only

Foe M

FIGURE 27. An isotopy of a link diagram on the leaf space crossing the singular
point

non-trivial case to check is when there are detours, in which case the images of the left-hand
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side and the right-hand side of Figure 27 under F' are given by

9/%9 oL J\/)% 9'1\/1\/39
> qg /\., + qj? \ ,

9// 9// 9//

and the invariance is ensured exactly by the 3-term relation (24) near the cone point.
Finally, that F' respects the gl,-skein relations was already shown in [NY20, Sec. 7] (see
Theorem 3.3). O

Remark 3.12. The 3d quantum UV-IR map gives an intuitive explanation for why the
2d quantum UV-IR map gets conjugated by the quantum dilogarithm ¥ under a flip: A
flip in an ideal triangulation can be thought of as a bordism given by attaching a taut
ideal tetrahedron (i.e., the one with angles 7,0, 0), and for such an ideal tetrahedron, the
corresponding gl;-skein module of the branched double cover knows the 3-term relation (24) —
which is equivalent to an insertion of the quantum dilogarithm, after resolving the singular
cone point.

Remark 3.13. Theorem 3.11 admits a natural generalization to a map between HOMFLYPT
skein modules

F :Ske (Y)— Ska,z(i})v

which specializes to the above map after setting a = ¢ and z = ¢ — ¢~*. In [ELPS25], such
a map is interpreted in terms of skein-valued counts of holomorphic curves (in the spirit of
[£525]) and is vastly generalized to branched covers coming from Lagrangians in T*Y".

3.5. Naturality with respect to Pachner moves. Suppose that 7, and 73 are two ideal
triangulations of Y related by a 2-3 Pachner move, and let Y, and Y; be the corresponding
branched double covers. The leaf space of the WKB foliation corresponding to the ideal
triangulation 73 looks identical to that of 75 outside of the bipyramid where we are performing
the 2-3 Pachner move. Inside the bipyramid, the leaf space undergoes the transformation
depicted in Figure 28; the two singular points collide and split into three singular points,
which bound a newly created triangular facet.

oA A

Ficure 28. Change of leaf space under the 2-3 Pachner move

Let O be a generalized angle structure on 75, and let ©3 be a generalized angle structure
on 73 compatible with ©,; there is always a 1-dimensional space of such ©3’s. Explicitly,
when viewed from the top of Figure 28, the angles of the facets of the leaf space are given as
in Figure 29.
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0/
o' /

"

7_‘__0//_77

0// A4
9//

FiGure 29. Compatible generalized angle structures under the 2-3 Pachner
move. Here, n,7’,n" are the dihedral angles of the bottom tetrahedron which
are directly below 6,6, 0", respectively, and ( is a free parameter. The seams
of the leaf space are perpendicular to the boundary.

In this setup, there is a natural map
a3+ S8 (Ya, ©p) — SkI (Y3, O;)

between the two gl;-skein modules that can be constructed as follows. Let L be any framed
oriented link in Y>. We can visualize it by its projection L to Y; when put in a general
position with respect to the leaf space (thought of as an embedded foam F, in Y), the
projection L C Y carries a sheet label i € {1,2} in each component of L\ Fy, and the sheet
label flips every time L crosses the leaf space F, C Y. Since L C Y is disjoint from the
branch locus, we can perform the 1-parameter deformation I3 ~~ F3 of the leaf space as in
Figure 28, while keeping it in general position with respect to L. As a result, we obtain a
link L C Y in general position with respect to the new foam F; C Y, equipped with a sheet
label i € {1,2} for each component of L \ F3, which is nothing but a link in Y3. Let’s call
this resulting link L' C Ys.

Proposition 3.14. The map
a3+ SkI(Ya) — Sk (V3)
L] = [L]
s well-defined.

Proof. We need to check that the map L + [L'] is invariant under isotopy of L and respects
the gly-skein relations on L. Invariance under isotopy (away from the branch locus) is trivial,

as any isotopy of L C Yy corresponds to an isotopy of L (where we allow crossing changes

between strands with different sheet labels), which induces an isotopy of L' C Y3. This map
also straightforwardly respects most of the gl;-skein relations. The only non-trivial skein
relations we need to check are:

(1) The sign relation (20) on the branch locus connecting the two singular cone points of
Y. ~
(2) The 3-term relations (24) for the two singular cone points of Y.
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For the sign relations, let’s say L is a meridian of the branch locus connecting the two singular
cone points of Y3. We need to show that the image of L evaluates to —1 in Skgll(Yg,) It is
enough to observe that the image of L is (modulo the usual gl;-skein relatlons) a union of

three meridians around some branch loci in Y3, and thus evaluates to (—1)3 = —1; see Figure
30.
P23 K -&:\ (1:7) é;\ (2__0) o E
/\_)/\ g—)—&

F1GURE 30. Checking the sign relation. Here, each strand is labeled by both
sheets, so to get the corresponding links in Y, and Yg,, take the preimage under
the projection.

Now, it suffices to show that ¢ .3 respects the following relative version of the 3-term

relation
9/1;]<2 0 ot J\/)2 0 9'1\/1\/5 6
— ¢ /\/ + g A

0// 9// 9//

which is equivalent to the closed version of the 3-term relations (24). Using the angles as in
Figure 29, this can be directly verified as follows:

% 1;&2 0 % 1/1~)2 0
P23 = S

6// 0//
1 2 1 2
0’ 0 0’ 0
24 < \;. ) 7'"—4“—9”—77” \ j
(:) qﬂ' —|— q ™
0// 6//

1 2 1 2
XL e A
2 q% q@%C /\r +q_0?7 .
9// 0//
1 2
9’ o 0

9//
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oL &f@ Q'WQ 91\1 ol 1 0
=g /\ A~ NI : L
0// 9// 9//
1 2 1 2 1 2 1 1 &2
0 &9 9'/}/)9 o lje 9'75)9
=g /\r +q " \. N o+ \ ). + A
0// 0// 0// 6//
ot o 1\/}./)2 0
20) % \- + q < - _:\
0 9//
= 60| @ \a g J~ :
9 9//
where, in the third to last equality, we changed the framing of the last tangle by +1, hence
absorbing the factor of q. O

Remark 3.15. Proposition 3.14 is the singular analog of the pentagon relation for the
quantum dilogarithm. In fact, when the angle structure is taut, we can resolve the singular
cone points in a certain way and insert the quantum dilogarithm — which satisfies the same
3-term recurrence relation — at each of those resolved cone points. Then, Proposition 3.14
becomes exactly the well-known pentagon relation for the quantum dilogarithm.

Theorem 3.16. The quantum UV-IR map s natural with respect to the transition maps
¢o_3. That is, the following diagram commutes:

Skeh (Y2)

V

Skng (Y) P23 *

o

Skgh (Ys)

Proof. The deformation of the leaf space (Figure 28) preserves the Euclidean structures on
the facets of the leaf space, so this is immediate from the construction of the quantum UV-IR
map. 0

3.6. Stated quantum UV-IR map. So far, we have reviewed the construction of the
quantum trace map (Section 2) and the quantum UV-IR map (Section 3.1-3.5). While they
are both maps that “abelianize” the skein modules in a sense, their constructions were quite
different — the quantum trace map is defined mostly algebraically, while the quantum UV-IR
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map is defined topologically, crucially using the 1-dimensional foliation induced by a choice
of ideal triangulation.

In this subsection, we bring the quantum UV-IR map closer to the quantum trace map by
constructing a stated version of the quantum UV-IR map

. 2 [1 v
F: Sk¥2(Y) — Sk&(Y).

Eventually, this will allow us to use the cut-and-glue approach to check the compatibility
between the two maps locally.

The gl,-skeins and gl;-skeins with defects admit natural extensions to stated tangles; the
precise definition of the stated gl,-skein modules and the stated gl;-skein modules with defects
that we use are given in Appendix A and B, respectively, where we also show that these stated
skein modules behave nicely under splitting of 3-manifolds, analogously to stated sly-modules.
Since the construction of the quantum UV-IR map was local, in order to extend it to a map
between stated skein modules, we simply need to carefully determine the dictionary between
the boundary states of stated tangles and the boundary condition for lifts (i.e., which of the
two sheets it needs to be lifted to).

Before stating the rules for determining the boundary condition, let’s briefly recall (from
Section 3.1-3.2) our conventions on the sheet labels 1 and 2. Given an ideal triangulation
and the associated WKB foliation, we orient the foliation so that, in the complement of the
branch cut,

e the “sheet 27-direction is always pointing toward the ideal vertices, and
e the “sheet 17-direction is always pointing away from the ideal vertices.

With this orientation convention in mind, here’s the rule determining the boundary
condition for the lifts of stated tangles:

Definition 3.17 (Dictionary between boundary states and sheets). Depending on the
boundary state and orientation of the tangle, we impose the following boundary conditions
on the lifts of stated tangles:

1 2
= ~ o= 2y, T e ~S o= 1Ny

2 1
+(—'_> N _ 11\ _(_|—> ~N o 2‘\

Y

Here, €;; (ij € {12,21}) denotes the lift of the boundary marking e to Y, for which the sheet
labels are 7 and j on the left and the right of ¢;;, respectively, if €;; is pointing upward and

viewed from outside of Y.

Theorem 3.18. With the boundary conditions given as in Definition 3.17, we get a well-
defined quantum UV-IR map

F: Sk¥2(Y) — SkI(Y),

between the stated skein modules, which factors through the reduced gl,-skein module

) Iy R L (v
F 1 SKER(Y) — SK22(Y) — Sk&h (V).
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Proof. The proof of invariance under isotopy and that it respects the interior (i.e., non-stated)
gl,-skein relations (12)-(16) is the same as in the proof of Theorem 3.11. Thus, we need to
check that the quantum UV-IR map respects the boundary (i.e., stated) gl,-skein relations
(45)-(48).

e The first boundary skein relation (45):

(- gl gl

C]% } = (]% if (/Lv V) = (‘l‘,—),

K L
Ia y } — - gl |: gl

qié if (:uvl/) = (_’+>7

0 otherwise

glo
=F 5u7_yq% )

e The second boundary skein relation (46):

gly B gl

F ( = |q° <+q—§ {

gl
1 — 1 ——
= |q2 —+ q 2
- -
als
H—=
=F| | > @& —pp—
pe{£}
e The third boundary skein relation (47):
r 7 gly r " 7 9h

|+ 4

+
NN
<
|
=
|
el
T
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q! —
(_
— /.
« (¢—qh
(_
(_
gt —
(_
g! 0 0 0
0 —(¢g—q¢') 1 0
0 1 0 0
0 0 0 ¢!
g ! 0 0
0 —(¢g—q') 1
0 1 0
0 0 0

e The fourth boundary skein relation (48):

)
i
4
4

T1

T

19l

TTTTTTTT

1 9h




COMPATIBILITY OF QUANTUM TRACE AND UV-IR MAPS 45

r SN 1 9h
(_
— o
) ¢ ol +ala—q)
q —
(_
_)
- F -
r _) q 90
1 0 00 —
_)
0 qlg—q¢') q 0 —
0 q 00 —
(_
0 0 01 SN
- F -
r +_) T 9l
1 0 00 4l
+=
i 0 qlg—q") ¢ 0O e
0 q 00 -
+ 4=
0 0 0 1 =
- _F -

For other skein relations obtained by simultaneous orientation reversal of the tangles, the
proof is essentially identical.

Finally, it is easy to see that the bad arcs map to 0, and hence F' descends to a map from
the reduced gl,-skein module. OJ

Recall (e.g. from Proposition 2.14) that the stated skein modules carry natural bimod-
ule structures; specifically, @2[2(}/, I)isa SkAlgzb(V(F)*)—SkAlgElz(V(F)‘)—bimodule, and
Skgll(?[, I)is a SkAlgﬂ“SVSf)*)—SkAlgﬁll(V(f)_)—bimodule. Since the quantum UV—IRinzip
F @EZ(Y, ) — Sk(’;[1 (Y, T') is defined locally, it is in fact a bimodule map when Skg[1 (Y,I)
is regarded as a SkAlgg[2(V(F)*)—SkAlgfI[Q(V(F)_)-bimodule. This bimodule structure is

q
induced from the algebra homomorphisms

—_— [ ~
F : SkAlg,” (V(I')*) — SkAlgd" (V(I)*)
determined by the quantum UV-IR map computed near the vertices of the boundary markings.

Example 3.19. The algebra homomorphism
—_ [ ~
F : SkAlg,” (V(I)*) — SkAlgd" (V(I)*)
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depends in general on the angles at the vertices. Here, we describe this map explicitly in the
case of vertices of degree 2 and 3. Around those vertices, the leaf space is locally modeled by
the angled biangular and triangular prism depicted in Figure 31 and 32.

T

a

FIGURE 31. An angled biangular prism (D, x I), (left) and the associated
leaf space (right)

FIGURE 32. An angled triangular prism (D3 X I)g, g, 6. (left) and the associated
leaf space (right)

Direct calculation shows that the quantum UV-IR map on the angled biangular prism
(Dy x I)g is the algebra homomorphism given by’ !

F : SKAIgl®(Dy) — SkAlgs (Dy) = SkAlgs" (D)’

— 6 — 3 —
arby = q 71 @ apby, a_b_ +— ¢ 1 ® aiaby,
— o ——> —— e ——

a b= q¥anb®1, ayby = q 2anb ® 1.

Likewise, the quantum UV-IR map on the angled triangular prism (D3 x I)g, 9, 6. is the
algebra homomorphism given by??

Tk T
F : SkAlg,*(D3) — SkAlg" (Ds)

— _ Oat0, —— — 040, &——

arby = q" 72 apbar, ayby g T2 aib,

— _Gptee —— B
bicy — q 7 biacar, bicy g2 barcya,

20Here, we used a notational convention where m (1, v € {£}) denotes the elementary stated gl, tangle
connecting the boundary markings = and y — with boundary states p and v, respectively — in the simplest
possible way, oriented from x to y. We use similar notations for elementary gl; tangles, with x;; (ij € {12,21})
denoting the lift of the boundary marking z to the double cover, where the sheet labels are ¢ and j on the left
and right of x;;, when viewed from outside of the 3-manifold and if x;; is oriented upward; we have already
used a similar notational convention in Definition 3.17.

2These elementary tangles generate the reduced gl,-skein algebra of the biangle; see Lemma 5.2.

22These elementary tangles (and their inverses) generate the reduced gly-skein algebra of the triangle, as
shown in Lemma 4.17.
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— _ Bc+0q . _ Bc+6q
C+a4 > q 27 C12091, é+a+ =q é21@12-

Proposition 3.20. Considering Ski" (Y.,T) as a SkA1g§[2(V(F)+)—SkA1g2[2(V(F)_)—bimodule,
with the bimodule structure induced from the algebra homomorphism
el s T
F: SkAlg, (V(I)* ) — SkAlgdt(V(I)™),
the quantum UV-IR map

. Qo Ly T
F Skq2(Y, I') — SkJ*(Y,T)
18 a bimodule homomorphism.

Proof. This is immediate from the locality of the quantum UV-IR map. 0J

It also follows immediately from the fact that the quantum UV-IR map is constructed
locally that it is compatible with the splitting maps on both sides:

Proposition 3.21. The quantum UV-IR map is compatible with the splitting maps on both
sides. That is, if Y is obtained by gluing Y;’s with compatible branched covers and generalized
angle structures, we have a commuting square

SK™2(y) — 2 Skeh (V)

q

lagh laﬂ'l

®5K2(v) — ®, Ski (V)

Here, &), Skgll( ;) denotes the relative tensor product of the stated gl;-skein modules
Skgll( i), i.e., the quotient of the ordinary tensor product ® Skg[l( ;) by the gluing relations,

as well as extra 3-term relations for each cone point of Y, see Appendix B.

4. COMPATIBILITY FOR SURFACES

Now that we have carefully reviewed both the quantum trace map and the quantum UV-IR
map (both in 2d and 3d), we are ready to compare them; we will do this for surfaces in this
section, and for 3-manifolds in Section 5. L

Let 3 be a surface without boundary (but with punctures), and let ¥ = 3. be its branched
double cover associated to some ideal triangulation 7 of . In this section, we will construct
algebra homomorphisms

7 : SKAIgS* (%) — SkAlgy’(X) ® SkAlg™, (X)

and
ev : SkAlgf" (3,) — SQTS, (X) ® SkAlg™, (%)

which fit into the following commutative square of algebra maps:

SkAlgS* (%) fr » SkAlgt™ (52,)

(25) l” lcv

SkAlg (D) ® SkAlg™, (2) =2 SQTS. (X)) ® SkAlg™, (%)
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We will do so by first constructing a similar commutative square for ideal triangles and then
show that they glue consistently. For surfaces with boundary (such as ideal triangles), the
top left and right corner of such commutative diagrams will carry a product twisted by a
sign that we describe below.

4.1. From gl, to sl,. For each stated oriented tangle L in Y, we will define a quantity
b(L) € $7,/2Z that depends only on the boundary behavior of L (hence b for boundary).
This will play a crucial role in the construction of the left vertical map 7 in the commutative
square. We will also use it to twist the product structures on SkAlggIQ(Z) and on SkAlgg[l( ).

Definition 4.1. Let L be a stated oriented tangle in a boundary marked 3-manifold (Y,T).

Define b(L) € 7./27 to be
Z Z b({p1,p2}),

ecE(T) {p1,p2}Ce

where the second sum is over all (unordered) pairs {p1,p2} of boundary points of L on the
edge e of the boundary marking T, and b({p1,p>}) € {*2,0} is determined by the following
rules:

+— 1 +— 1 — 1 — 1
+— 27 —— 27 —— 27 44— 2
+ — 1 +k— 1 - 1 - 1
+— 27 27 - 27 4+ 2"

and all other contributions are zero.??

Now, we are ready to construct the natural “gl,-sly map” from the gl,-skeins to the tensor
product of sl and gl;-skeins.

Proposition 4.2. The map
™1 Sk¥2(Y) — Sk (V) @ Sk™, (V)
(L) s (=)L) @ (L)
1s a well-defined R-module homomorphism.

Proof. We need to check that this map respects all the stated gl,-skein relations, i.e., the
relations (12)-(16) and the boundary relations (45)-(48).

e The first skein relation (12):
(% - %)
K[ To[ R [XTe[R]

23Note that the only non-zero contributions are from pairs of boundary points which lift to different
boundary markings under the quantum UV-IR map (see the dictionary 3.17.




COMPATIBILITY OF QUANTUM TRACE AND UV-IR MAPS

“[4) (v e[ J U - ) (Ao 5?]9“
<qq[>(} 5N

<Th
(O >

n (13):

Q} [Q} (0 a0 © 0 = x((a-+ a0
relat

e The third s )

(1)1 ®m ol 11 = 1))

e The fourth skein relatio ): Using

o (T /1) IS

we hav

(T T 1% - %77 K
N RN SN 1]

e The fifth skein relation (16):

{[#p - tppea])

[
)

(26)

g




S. PANITCH AND S. PARK
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e The second boundary skein relation (46):
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e The third boundary skein relations (47):
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e The fourth boundary skein relations (48):

4
e
4
4

5[2

7 oly

51
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‘| gl
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~y gl
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r + ] 5[2
1z T
(-1 T[T
s +—
_ qg ( I 5 = aly
- T =
q L
(=n= _ [
: _'_ ) - 5[2
—1)3 -
- T
_|_ I ——_—
B (q2_1)__+q + = o SN oh
B + —
¢ _ |
(- [
T _-’_ S 7 alz
1 0 00 + =
+—
0 qlg—q) q 0| _l_
=7
0 q 00 -
+
0 0 01 il
. o F -
For the other skein relations obtained by simultaneous orientation reversal of the tangles, the
proof is identical. [l

-

4.2. Sign-twisted products. Because of the extra factor b(L), the gl,-sly map
m: Sk (8 x I) — Sk (X x 1) @ Sk™, (S x I)
(L] = (-1 DL @ [L)"
is not an algebra homomorphism. We would like to fix this by modifying the product on

[ :
SkAlgg?(3) accordingly.

-

The quantity b(L) itself unfortunately does not behave nicely with respect to the gl, skein
relations (i.e., it does not give a grading on the gl, skein module). However, the relative
version of b that we define below behaves well.

Definition 4.3. Given two stated oriented tangles El and Eg in ¥ x I, define
Lo L . . 1
b(L17 Lg) = b(Ll . LQ) — b(Ll) — b(LQ) € §Z/2Z,

where El . [_:2 denotes the stated oriented tangle in 3 x I obtained by stacking El above [_:2
as usual.
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It is useful to note that b(fl, EQ) = —b(EQ, L 1)

Prop051t10n 4.4. The quantity b(Ll, L2) 15 1mvariant under stated gly-skein relations applied
to Ly or to Ls. Therefore, for any fixed L
b(L,-) = =b(-, L)
gives a grading on Skg[2(2 x I).
Proof. The only thing we need to check is the invariance under the stated skein relations (14)

and (45) which creates (or annihilates) a pair of boundary points, which is immediate from
our definition of b(L). O

Definition 4.5. Define the sign-twisted gl,-skein algebra SkAlgg[Q *(2) to be the usual gl,-
skein module Skg‘Q(E x I), but with the product structure twisted by a sign determined by
(—=1)*C+). That is,

(L) [Lo] i= (~1) PRI - L),

This gives a well-defined associative product, as b(-,-) satisfies the following obvious cocycle
condition:

b<E17 Ly - E:s) + b(EQ, E3) = b(fm Ez) + b(ib Ez) + b<E27 Es) = b<l_:17 Ez) + b(le Ly, Es)
Likewise, define the sign-twisted gl,-skein module Skgl275t(Y, ') to be the usual gl,-skein

module Sk¥2(Y,T), but with the sign-twisted bimodule structure, i.e., considered as a
pev(r)+ SkA1g9[2 *(Ddeg v)-@uwev (r)- SKAIgE? ™ (Dyeg o )-bimodule.

Remark 4.6. Since our sign-twisting only changes the product by a sign, bad arcs generate
the same ideal as before, and it follows that the sign-twisting descends well to reduced skein
modules.

Proposition 4.7. The map
7 : SkAlg?>*(2) — SkAlg®? () ® SkAlg™, (X)
2o 5 (~)MB L @ E
1s an algebra homomorphism.

Proof. This is immediate from the definition of the sign-twisted product:

(e (L) = m (1) P L)

From the above, it follows that both Skg[Q’St( ) and Sk°2(Y) ® Sk L(Y') can be considered

as Qyev(r)+ SkAlgg[2 *'(Dgego)- Ruwev/(r SkAlgg[2 *(Dgegw)-bimodules, where the bimodule
structure on the latter is defined using 7r and F is the boundary marking for Y. The following
proposition is clear:
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Proposition 4.8. The map
1 SkIPT(Y) — Sk (V) @ Sk* (V)
(L) s (~1)" DL @ (L)
18 a bimodule homomorphism.
We can define the sign-twisted gl;-skein algebra of S in exactly the same way, using the
dictionary translatmg between the states and the lift described in Section 3.6. That is, for

any tangle L in'Y whose boundary points are in general position so that no two boundary
points project down to the same point in Y, we define b(L) ;Z/QZ to be

- Z Z b(p1, p2),

ecE(T) p1€é12
p2€eal

where the second sum is over all pairs (p, p2) of boundary points of L which lie in different
lifts €15 and €51 of the same edge e of the boundary marking I' of Y, and b(p1, p2) € {1} is
determined by the following rules:

— 1 — 1 — 1 — 1
— 2 — 2 — 2 — 2
— 1 — 1 — 1 — 1
— 2’ — 2’ — 2’ — 2

Then, given two oriented tangles Lyand Ly in X x [ , define
S - > 1
b(Ll, Lg) = b(Ll . LQ) - b(Ll) - b(LQ) S §Z/2Z,
where L - Lo denotes the oriented tangle in 3 x I obtained by stacking Ly above Ly as usual.
Analogous to Proposition 4.4, we have the following:

Proposition 4.9. The quantity b(Ijl, EQ) 18 1nvariant under gl -skein relations or isotopies

that ea:change the height of some pcm" of boundary points py € €12 and pa € €y, applied to L
or to Ls. Therefore, for any fixed Liny x 1,

b(La ) = _b('a E)
gives a grading on Skg[l(i x I).

Definition 4.10. The sign-twisted gl,-skein algebra SkAlgg[1 St(Z) of ¥ is defined to be

the usual gl;-skein module Skf][l(Z x 1), but with the product structure twisted by a sign
determined by (—1)*C). That is,

[£4] ¥ [Ly] o= (=) M E(E, - L),

Since we are using the same sign-twisting for both gl,-skeins and gl;-skeins, the following
is clear.
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Proposition 4.11. The quantum UV-IR map is still a bimodule homomorphism after sign-
tunsting. That is,
F : SkAlg?>*(¥) — SkAlgd=(5)
18 still an algebra homomorphism, and
F: SKE(Y) — SkI(Y)
18 a bimodule homomorphism.

The gl,-sl, map 7 also behaves nicely with respect to reduced stated skein modules, as
well as to 3-manifolds split into face suspensions.

Proposition 4.12. The map
Q) s Q) SKT(Sf) - ® SEY (S e R Sk (Sf)
feT® FeT® feT® feT®

1s well-defined.

Proof. We need to show that the composition

® Skgr2 st (Sf) fET(2) TSy ® Ski;Q (Sf)@ ® Sk (S ) — ® Skﬁf (SF)@ @ Sk{[h(Sf)
feT® feT®@) feT®@) fe7®@ Fe7®

factors through & feT® Skg[2 St(S f). This can be seen immediately by comparing the gluing

5[2

relations in ®feT @ Skg[2 St(Sf) to those in ®f€T(2>SkA (Sf)® ®feT<2> Sk L(ST). O

Under splitting, the factors (—1)b(z) come in pairs and cancel themselves out. Hence, the
following is immediate:

Proposition 4.13. The gl,-sly map is compatible with the splitting maps on both sides. That
18, if Y is obtained by gluing Y;’s, we have a commuting square

Sk "™ (V) —— SR (V) @ SKI, (V)

lgglz lgsb ®as1

— ——qglyst QiTy; = =sle 1
® .5k, " (Vi) — @Ky (Y)) © &, Sk (V)

4.3. Commutative square for a triangle. Before defining the evaluation map for i, we
will do so first for the triangle. Let’s first recall some basic facts about skein algebras of the
triangle and its branched double cover.

Lemma 4.14. The gl,-skein algebra SkAlgg[1 (A) of the triangle /N — with vertices labeled by
a, B,7v in a counterclockwise manner and the opposite edges by a,b,c — is the quantum torus
generated by
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and their inverses, with relations
af = (=A)Ba, By = (—A)Pb,
afr] = 1.

Lemma 4.15. The sign-twisted gl,-skein algebra SkAlgg[l’St(A) of the branched double cover

ya = (—A)ay,

A of the triangle is the quantum torus generated by

T

~

/1
/

Qo I % B o (35
Qg . B = M=
i a1 B4 e3) B, o
Y2 72 72
T 71 71
Qg B Qg B Qg o
a pr = Yo =
B Qq B Qaq B Qaq
72 Y2 V2
and their inverses, with commutation relations
1By = qfar,  Boyi = qn1fe, Moz = qag,
af = qfraz, Bive = qrfi, Y201 = qar,
ary = —ma1, e = —fh, P = =L,
QY2 = =Yz, [rar = —aif, VB2 = —[F27.
All other pairs of generators commute, modulo one relation:
(27) [ Bay10f172] = —1.

Remark 4.16. The —1 in the last relation comes from the evaluation of a small unknot
around the branch point. The sign-twisting does not change the sign of the Weyl-ordered
product in this case.

Lemma 4.17. The sign-twisted reduced gl,-skein algebra SkAlgElQ’St(A) of the triangle A s
generated by

- ? A7y —
O gy Xty P44, 5++:7++a Y+

and their inverses, where

and likeunse for 8 and .
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Proof. Tt is straightforward to verify that

— _ -1 <= |
o__ = o, a__ = a4,

oy = ﬁ++7——

in addition to the relations obtained from those above by cyclic permutations of «, 3, and 7.

Let L be any gly-stated tangle in A xI representing an clement [L] € SkAI glwt(A).
Consider its projection to the leaf space of A xI. On each facet of the leaf space, we can
“push” the boundary marking closer to the binder while absorbing the crossings, cups, and
caps, using the gl,-stated skein relations. An example of this process, carried out on one
facet of the leaf space, is shown below:

- - -
+(\_/—>- =g J_r_/-> qee{zi}w -

Once the boundary marking is pushed sufficiently close to the binder, we obtain an ex-
pression of [L] as a linear combination of link diagrams that — after a minor isotopy — are
products of stated tangles at constant heights. Such diagrams can be written as a word in

3,“,, FW, s HW, B and % " w, which can be written in terms of the 4+ generators

using the relations in (28).

28
) @y =B,

0
Lemma 4.18. The quantum UV-IR map on a triangle
QU AT Olst st/ X
Fp o SkAlg, " (A) — SkAlgd™(A)
1S surjective.

Proof. Since it is an algebra homomorphism, it is enough to observe that all the generators
of SkAlggll’St(A) are in the image of Fa:

Fa : SKAIg > ™ (A) — SkAlgt™=(A)

—~

—_ = Qn,

o

Aoy o,
?—— = B,
?++ — Pa,

7—— = 1,

e 2.

Corollary 4.19. If there exists a linear map

eva : SkAlg?*(A) — T ® SkAlg™, (A)
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making the following square

SKAIZY™ (A) —— = SkAIgt*(A)

(29) lﬂA :eVA

|
'

———slo Tra ®id ~

SKkAIg, (A) ® SkAlg™, (A) === T ® SkAlg", (A)
commutative, then it is unique, and it must be an algebra homomorphism.

Proof. This follows immediately from the surjectivity of F' (Lemma 4.18) and the fact that
the other 3 arrows in the diagram are algebra homomorphisms. 0

Below, we show that the evaluation map ev indeed exists:
Theorem 4.20. There is an algebra homomorphism
eva : SkAlg? = (A) — T @ SkAlg™, (A)
defined on the generators by

ay > [be] ™!

= [ea] ™!
o fab] Tt @,
ag — [be] ®
B+ [ca] @ 57
2 = [ab] @7,

which makes the square (29) commutative.

Proof. Choosing the preimages of the generators as in Lemma 4.18, we get

F1 Tr ®id _
a = A S e ®a 5 b ®a,

and
r-! Tr ®id
Ay a>++ |l> Qg ® (0% 1}“§1 [bC] ® .

Images of the remaining generators can be computed in the same way. Now, it suffices to
check that this map respects the relation (27):

q_20415ﬂ10425ﬂ2 = [04152710425172] =—1

Indeed,
¢ "ev (Oél)eV(ﬁ2)eV(’71)eV( 2) € (ﬁl)eV(’Vz)
([ @ a)([ca] @ B)([ab] ™" @) ([be] ® @) ([cal ™ @ B)([ab] @ 7)
= q"*[be] " [ca][ab] " [bc][ca] [a ]®04570z5’y
=q? (A%b_lc ) (A? ca) ( Azqg b ) ( 2bc> (A%c_la_1> (A%ab> ® (—A)%(—A)%
=—1.
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4.4. Gluing the commutative squares. To finish the construction of the desired commu-
tative square (25), we simply need to “glue” together the commutative squares for triangles
(29) built in Theorem 4.20. That is, given an ideally triangulated surface ¥ without boundary,
we have the following commutative diagram (commutativity follows from commutativity of
the 3 squares):

Er S
SkAIgt® (%) - SkAlgl (%) !
x o
SKAIE™™ (A Boera > SkAlg®=t (A
. ® g (D) ® g (D)
Aer(2) Aer(2)
(30) ,
SkAlg®2 (%) @ SkAlg?, () ® e o CINSOLZS

wﬂl.

R (STAlgiF(A) ® SkAlgg_‘lA(A)) ® (ﬁf ® SkAlgg_‘lA(A))

Aer(® Ner

®Ae7(2) Tra ®id
4>

Tr,y ®c

where 0°2, 0%, g% are the splitting homomorphisms for sly, gl,, and gl;-skein algebras,
respectively.

Moreover, note that the image of Tr, ®c% (i.e., the bottom arrow) is contained in the
subalgebra

SQTS,(£) @ | Q) SkAle™,(A) | ¢ Q) Te (X) SkAlg™ (A),

Aer(2) 0 Aer(®) Aer(2)

where (@AGT@) SkAlggllA(A))o denotes the 0-graded part of @ ... SkAlg™, (A), with

respect to the ZT(U—grading given by the number of end points on each edge e € 7™M, counted
with sign by orientation. The same is true for the image of (® Aer(® evA) oo,
A useful fact is that:

Lemma 4.21. The splitting map

I

SKAIg®™, () & | (R) SkAlg™, (L)

Aer(2) 0

s an isomorphism of R-algebras.

Proof. Each copy of SkAlgg_[h(A) has a basis labeled by {[L;.] | ia € Z*, nao1+nas+nas =

0}, where Ly, denotes the distinguished gl;-web in A xI with boundary condition 7ia; see

Figure 33. Likewise, <®A€T(2> SkAlg{[g(A)) has a basis given by the form ®ac, @ [Ls,]
0

with matching boundary conditions along each e € 7! (i.e., the sum of the two n’s must
vanish on each edge ¢). Since the gl;-webs with matching boundary conditions can be glued,
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ns U -3 2

ny 1

FIGURE 33. Left: the gl;-web L, », ns; Right: an example, L; 5 3, is shown,
which should be understood as the Weyl-ordered product of the shown tangles.

the splitting map is surjective. Also, such gluing gives the inverse of the splitting map,
showing that the splitting map is injective. 0

As a result, we can replace the bottom right corner of the commutative square by
SQTS, () ® SkAlg®, (£) to obtain:

Theorem 4.22 (Compatibility theorem for surfaces). The 2d quantum trace map Tr, is
compatible with the 2d quantum UV-IR map F. in the sense that they fit into the commutative

square
Fr

SkAlgd (%) » SkAlgt (%))

SkAlg®2(3) ® SkAlg™, (2) =24 SQTS, (2) ® SkAlg™, ()

where m is the gly-sly map (Proposition 4.7), and ev is the composition (®AET<2) eVA) oo,

4.5. Proof of Neitzke-Yan conjecture. A version of the above compatibility was conjec-
tured earlier by Neitzke and Yan. To state their conjecture precisely, let I' be the lattice
H,(X;Z) with the standard intersection pairing I' x I' — 7Z, and consider 3 sublattices 2T,
Fodd’ Feven’ where

M= {2y[|yel}, ={yel|o(y)=-}, and T :={yel|ao(y) =1},

with o being the Z/2-deck transformation action on I'. Each of those sublattices has an
induced intersection pairing, so we can consider the corresponding quantum tori Qaor, Qrodd,
and Qreven (as in Definition 2.9) based on those lattices. As explained in [NY20, Sec. 3.5],
there is an algebra isomorphism
(31) v SkAIg?T™(2,) 5 Qor

2 s (-1 POy,
where n(E) denotes the number of non-local crossings (i.e., crossings in the projection to X
which do not come from a crossing on ), and * denotes the twist of the product structure
by a sign given by the mod 2 intersection number between the two links in the projection to
¥.2* By twisting the product structures on SkAlgirQ(E) and SkAlg™, () in the same way
(i.e., by a sign given by the mod 2 intersection number), the quantum UV-IR map F and the
gly,-s5lo map remain algebra homomorphisms.

24Here, the factor (—1)”(’3) ensures that the map is invariant under an isotopy of L across a branch point,
and the twist in the product structure is due to the fact that the monomials in Qor are A? = —g-commuting,
instead of g-commuting.



COMPATIBILITY OF QUANTUM TRACE AND UV-IR MAPS 61
Conjecture 4.23 ([NY20, Sec. 9.2]). There is a commutative diagram

SkAlgt*(X) ——7—— SkAlgf*(5,) = Qor

(32) lﬂ' lp I
51 g[ * Fodd QFeven
SkAlgA2 (Z) ® SkAlg,;i (E) EEE—— Qrodd ® Qpeven

where
e p is an algebra homomorphism given by

(33) p i Qor = Qroda @ Qreven
T2y 7 Ty—g(y) @ Tyto(y)s
o F°U js an algebra homomorphisms given by
(34) Fodd: SKAIg 2 (X)) — Qroaa
(L) s (=A) P40 FIL])),
where L is L with an arbitrary choice of orientation, w(E) is the writhe, and p°d¢ :

Qor — Qroaa is the R-linear map Ty = Ty_g(y), and
o FV 4s an algebra homomorphism given by

(35) Fover - SkAIg" () — Qreve
(L] = (= A)" P gy,
with p : DSy being the projection.

Morever, F°4 coincides with the Bonahon-Wong quantum trace map.
Theorem 4.24. The Neitzke-Yan conjecture 4.23 is true.
Proof. Thanks to Theorem 4.22; it suffices to construct an algebra embedding

SQTS. (£) 5 Qo

such that

(36) (i°4 ® ™™ oev = pou,

where V" = F°¥°" and

(37) i o Tr, = Fodd,
For each square-root quantized shear parameter z., set

(38) 1°9(2e) = @y,

where 7, € I'°d denotes the 1-cycle in iT depicted below:

25Here, and also in F¥® below, the factor written in [NY20] is q_%w(i)7 which is corrected to (—A)_w@)
here.
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From the commutation relations, we see that this extends to an algebra homomorphism
i°4d . SQTS, (X) — Qroaa. It is easy to see that each monomial in SQTS_(X) gets sent to a
different lattice point in I'°d¢ (e.g., by looking at the intersection numbers with ideal arcs in

5), s0 i°4 is indeed an embedding.

[t remains to show equations (36) and (37). Just like how we constructed the compatibility
map, we follow the strategy of cutting and gluing. To that end, we first show the following
lemma which extends the isomorphism between gl;-skeins and quantum tori (31) to surfaces
with boundary:

Lemma 4.25. Let X be a punctured, bordered surface with ideal triangulation T, and let
Y, be the corresponding branched double cover. Set ' := H{(3,,0%,), equipped with the
intersection pairing I' x I' — %Z. Then, there is an algebra isomorphism

L: SkAlggll’St’*(iT) = Qor
[E]gll s ( )b(L ( )w(p A2w(L To;
_ ( 1)b(L)( 1)n(L)q (L)%E?

where n(L), w(L) € 37 are the non-local writhe and the writhe of L, respectively, w(p(L)) =
n(L) +w(L) € 17 is the writhe of the projection p(L L) of L to X, and the product struc-
ture on S}Alggll’St(ET) is — on top ff the szgn—tjmsting (=1)~ b(ihL?) - furzszer twisted by
(1)) Swhere w(p(La), p(Le)) := w(p(La - L2)) — w(p(L1)) — w(p(Ls)) € 32.%°

Proof. Firstly, this map is well-defined because it respects the ordinary gl;-skein relations —
thanks to the factor ¢”(*) — and the relation for sign defects — thanks to the factor (—1)™%).
This is an algebra map because, for any two tangles L; and Lo flat on X, so that w(L;) =
w(Lg) = 0,

A2w[_: l_': x o B (2Lq,2L9)
2Ly L) =

.T251+2Z‘2 = x2E1 ’ xZEQ'
Finally, both the domain and codomain of this map are graded by H l(iT, 827), with each

graded piece being isomorphic to the base ring R. It is easy to see that ¢ respects this grading
and is an isomorphism in each graded piece. Therefore, ¢ is an algebra isomorphism. O

Now, back to the case where ¥ is an ideally triangulated surface without boundary. For
each ideal triangle A, we have:

SKAIZ™> ™" (A) — = SKAIgS"*"*(A) = Qor, __
lﬂ' lev \\\\\p
SKAIZ (A) ® SKAL™ (A) 221 T g SkAIg® " (A) )
\\\\ Wjen \\\
\\‘\\ (Qroaa @ Qreven
~\\“‘ ————— __",\, A yaN
Fodd®Feven ____________

26Unlike in (31), here, the intersection pairing, as well as various (local and non-local) writhes,
n(L), w(L), w(p(L)), are half-integer-valued because of boundary contributions.
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where ' := Hl(ﬁ, 8&) is a lattice of rank 5, and i°d and i°"*® are algebra maps (in fact,
isomorphisms) between rank 3 and 2 quantum tori, respectively, defined by

ZOdd . ']T — QFONdd
JAN

for each generator e € {a,b,c} of T, and
i : SKAIRY(A) = Qreyen

(@51

o)
(%)

and similarly for the remaining generators (3, of SkAIgg_[ LH(A).2T A straightforward compu-

tation on each generator of SkAlgg[l’St’*(A) shows that the composition (i°dd @ i®°") o ev is
indeed given by p o ¢ where p is as in (33) but for I' = T'x.

Now, what remains is a simple matter of gluing these commutative squares back together
to get the desired commutative diagram (32). The splitting of ¥ into ideal triangles induces

the corresponding splitting map on the quantum tori

Qor — ® Qar

Aer(2)

and analogous maps for Qroaa and Qreven, which are isomorphisms onto the degree-0 subalgebra
(i.e., the subalgebra generated by elements of the form ® s, such that Oyale+0var]e =0
for each edge e, if A and A" are the two triangles sharing the edge €). From the construction,
it is clear that, after gluing, 1°¥4 becomes the map described earlier in (38). That (36) holds
follows directly, since we have already checked it locally. That V" = F*¥*" is indeed given
by the formula (35) is straightforward: for links flat on X, this is evident from our local
definition of 7" and the prefactor (—A)*") is uniquely determined in order for the map to
be well-defined. Finally, that (37) holds, or equivalently, that i°d o Tr is indeed given by the
formula (34) is an immediate corollary of the commutative diagram: for any flat link L on X,
we have

iOdd o Tr([L]s[g) _ iOdd oev OF([E]QIQ) _ podd oL0 F([E]QIQ).

The prefactor (—A)’“’(E) is uniquely determined for the map to be well-defined. O

2TNote, these generators «, (8,7, which were originally —A-commuting, become A-commuting after the
twist in the product.
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4.6. Naturality with respect to flips. Here, we show that the commutative squares
constructed in Theorem 4.22 are natural with respect to change of triangulation of the
surface.

Theorem 4.26. Under a change of triangulation 7 — 7', we have the following commutative
diagram

!

SKAIES (%) I

SkAlggfl

SkAlg® (/)

evr
TrT/ ®id

SKAIE (%) ® SkAlg™, (2) SQTS,. (%) ® SkAlg™, (%)

Trr ®id
97_‘)7_/ ®id

SQTS, (2) ® SkAlg™, (%)

where 0, _,. are the transition maps of the square-root quantum Teichmiiller space discussed
in Section 2.1.3, and Y, are the transition maps for the gl,-skein algebras of the branched
double covers discussed in Section 5.1.2.

Proof. In the triangular-prism-shaped diagram above, it suffices to check that the front right
face commutes, as we already know that all the other faces commute. Thanks to the local
nature of our construction, it suffices to check this just for the ideal quadrilateral where the
flip happens. Since the stated quantum UV-IR map F is surjective for the ideal quadrilateral,
the commutativity of the front right face follows from commutativity of the other faces. [

Remark 4.27. That the evaluation map ev is natural with respect to coordinate transfor-
mation maps 1, . and 6,_,.., i.e. that the following diagram commutes

SkAlgg“’“( % ) o SkAlgg‘“St( N )

sats([]) e skae®, ([])==2"'sa1s([\] ) @ ska®, ([ ])

can also be checked explicitly. Since every arrow is an algebra map, it suffices to check the
commutativity for the generators of the top left corner of this diagram, which is a rank 8
quantum torus.?® There are 8 corner tangles (4 corners x 2 sheets) spanning the rank 7 part

28Rank 8 because that’s the rank of the relative first homology group of the branched double cover of
the ideally triangulated quadrilateral, which is an annulus with 4 punctures on each of the two S! boundary
components.
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of the quantum torus. For each of them, we get a simple commutative diagram like

L | 1
1 1
pele | A o e | p

where we are labeling the edges of the ideal triangulations as in Figure 7. For the remaining
1 generator of the quantum torus, we have

L=y 1, 1SS TR\ 1

Iev Iev
o®id s ats | s arls
> (W2 4+ wi'12) ®

g
&
N
&

5. COMPATIBILITY FOR 3-MANIFOLDS

In this section, we extend the analysis of the previous section to 3-manifolds. That is,
given a (non-compact) 3-manifold Y without boundary, with an ideal triangulation 7, we
will construct a commutative square

Fr

SKP2(Y) » Sk (V)

(39) l” lev

sl

Sk (V) ® SK™, (V) 2225 SQGM(Y) @ Sk, (V)

Compared to the surface cases, the main difference is that there are extra gluing relations
(in the “relative tensor products”) coming from the splitting maps, and we have to check
that commutative squares for little pieces (i.e., face suspensions) glue well (i.e., respects the
gluing relations).

5.1. Commutative square for a face suspension. In order to define the evaluation map
of a face suspension, we first need to establish the structure of various skein algebras of the
biangle. The following lemmas are easy to show:

Lemma 5.1. The gl,-skein algebra SkAlgg[l(DQ) is isomorphic to the ring of Laurent poly-
nomials tn 1-variable,

SkAlgh (Dy) = R[z*1],
with
a b - a b -
% = —x, ab:= — T
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Furthermore, the sign-twisted gl,-skein algebra of the double cover lA); 18
SkAIgd"=(Dy) 2 SkAlgl" (Dy)*? = Rlw*! y*),
with

_ a b — a b
a12b21 = =T, a21b12 = =Y.

That is, in this case, the sign-twisted gl,-skein algebra is isomorphic to the untwisted one.

Lemma 5.2. The sign-twisted reduced gl,-skein algebra SkAlgg[Q’St(Dg) of the biangle Dy is

generated by

__% <___
apby, agby,

and their inverses, where

These generators satisfy
— -
(I+b+ =

—_—
ab_7, a_b_ =ayb. Tt

Y

and

N
a+b+a+b+ = a+b+a+b+.

Here, we have used a notational convention for stated tangles similar to the one used in
Example 3.19. For the rest of the paper, we adopt similar notation for the generators of the
various skein algebras we consider.

To describe the structure of gl; and gl, stated skein modules of face suspensions, first recall
the following definition:

Definition 5.3 ([PPar, Def. 3.17]). A combinatorial foliation of a bordered, punctured
surface X is a decomposition of ¥ into pieces, each of which is topologically an elementary
quadrilateral depicted below:

That is, each piece is a quadrilateral with a diagonal marking and two vertices removed.

The boundary of a face suspension, as well as its double cover, admit a combinatorial
foliation. The corresponding boundary marking determines a tessellation of the boundary
into polygonal faces, one for each boundary puncture.

The following theorems follow from an argument almost identical to that in [PPar, Sec.
4.1].
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Theorem 5.4. Let B be a 3-ball whose boundary is combinatorially foliated, and let I' C OB
be the associated boundary marking. Then, the stated gl, skein module of B has the following
presentation:

SkAIg®=(V(I')*) @ SkAlgd=* (V(I")~)°P

q q

Ann([0]) ’

where Ann([0]) is the left ideal generated by the following relations (as well as simultaneous
orientation reversal of all of the tangles) for each face of the tessellation of 0B

Ski2*(B,T) =

M v w

14
N A \
—€1 () —€4

Zisi O
_= q 2
®) QEZ{;E} €1 \ (> €4

€2 Y €3
—€g —€3

A similar statement holds for gl; skein modules of 3-balls:

Theorem 5.5. In the setup of Theorem 5.4, the stated gl skein module of B has the following
presentation:

SkAlgd" (V(I')*) @ SkAlgd (V/(I')~)P
Ann([0]) ’

where Ann([0]) is the left ideal generated by the following relations (as well as simultaneous
reversal of all of the tangles) for each face of the tessellation of OB:

h ~
Sk (B, T)

N A

J Q
N/

X

From Theorems 5.4 and 5.5, we immediately obtain the following corollaries on the structure
of stated skein modules of face suspensions. For simplicity of notation, in the rest of the
paper, we will often suppress tensor product symbols; for example, we express the element

%
L © K € SkAlg®™,(Dy)® as L k.

Corollary 5.6. As a SkAlg)>™ (D3)®2 SkAlg>>™ (Dy)®3-bimodule, SK2*™ (Sf) is a cyclic
bimodule generated by the empty skein [(]. More explicitly,

e S e S ®3
SKATE"*™(D3)%2 @ (SkAlgg‘Q’ t(1)2)<>p)
Ann([0]) ’

Sk (5f) =

2911 both this and the following theorem, the relation is drawn in a hexagon for illustrative purposes, but
the face associated to a puncture can be any 2n-gon.



68 S. PANITCH AND S. PARK

and Ann([0]) is the left ideal generated by relations, one for each face of the boundary
tessellation:

+ + + +
TGS ANY S Ts Ys
(40)  Tsyys{yr+rri = = ) C = To4TT{Yr+Ys+-
Tl YT T yr
+ + + +

Corollary 5.7. As a SkAlggll’St(lA);,)®2 fSkAlgg[“St(15;)®3-bimodule, SkAlgg[l’St(éjf) is a cyclic
bimodule generated by the empty skein [()]. More explicitly,
— — ®3
SkAlgd'* (D)% @ (SkAlgg[l’St(DQ)C’p)
Ann([0]) ’

where Ann([0]) is the left ideal generated by the relations, one for each face of the boundary
tessellation:

Skab = (Sf) =

Tg Ys Is Ys
A
(41) TSYsyrrr = = ) C = TSTTYTYS.
XN
T yr T Yr

Corollary 5.8. As a SkAlg™, (D3)®2-SkAlg®, (D5)®3-bimodule, Sk (Sf) is a cyclic bimod-
ule generated by the empty skein [(]. More explicitly,
®3
SkAlg®™, (Dy)®? @ <SkA1g2‘IA(Dz)op)
Ann([0)) ’

where Ann([0]) is the left ideal generated by the relations, one for each face of the boundary
tesselation:

Sk (S f) =

Tg Ys Zs Ys
A
(42) Tsysyret = = 4 U = zswmvd
XN
T yr Tr Yr

Recall from Section 2.2.2 that the generators of the face suspension module are each
naturally associated to an edge cone, and thus to an edge of some tetrahedron in the
triangulation of Y. For the face suspension module generator x, set 6, to be the angle
associated to this edge.

Furthermore, label edge cones of the double cover of a face suspension as in Figure 34.
S (resp. T') is the top (resp. bottom) tetrahedron. Vertices of the double cover of the face
suspension are decorated with sheet labels. While we have used the notations like 15 and
Za1 in Section 3.6 to denote the two lifts of the boundary marking z, to further simplify the
notation, here we use asterisks (*) to denote the two lifts; we simply write x and z* for Ty
and Ta1, respectively.

Lemma 5.9. The quantum UV-IR map on a face suspension,

(Sf) — Sk&='(SF),

_9[2 St

FSf : Skq
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FI1GURE 34. Labeling the edge cones of a face suspension and its double cover
with face suspension module variables and their lifts.

18 surjective.

Proof. Recall from Proposition 3.20 that F' is a bimodule homomorphism mapping the empty
skein to the empty skein. Thus, it is enough to check that the associated algebra maps

F : SKAIgS ™™ (D)®* — SkAlgt= (Dy)®”

q
and

F : SKAIg"™™ (Dy)® — SkAlglh*(D,)=?

are surjective. Recall from Example 3.19 that these maps are given by (the relevant leaf

Cs o
2

cr
FIGURE 35. The leaf space of a face suspension with some angles labeled.

0.5 and 0,, are the generalized angles assigned to the edges of the tetrahedra
associated to the face suspension module variables ag and ar, respectively.

space is shown in Figure 35)

F : SKAIg!>™ (D3)®* — SkAlgt™*(Dy)®
gt g gy
T e gy,
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for xy € {asbs, bscs, csas, bpar, crby, arcr}, and
F : SKAIg!>™ (D,)®* — SkAlgt=(D,)®*

z Oy _>
()

e
T1Y+ — q Ty”,

y Hq 27r( 2)xy

for zy € {asar,bsbr,cser}. The surjectivity then follows immediately from Lemmas 4.15
and 5.1, as those images generate the gl;-skein algebras. 0

Corollary 5.10. If there exists a linear map
evsy 1 SKITSY(SF) — Sf © Sk, (S )
making the following square
00,5t Fsy I,,st/Qf
Sk, Sf) ———— Skjt “(Sf)
(43) lﬂsf ieVSf

Sf®d

SK'C(Sf) ® Sk™ (Sf) —L55 SF @ Sk™, (Sf)

commutative, then it is unique, and it must be a bimodule homomorphism.

Proof. This follows immediately from the surjectivity of Fg; (Lemma 5.9) and the fact that
the other 3 arrows in the diagram are bimodule homomorphisms. 0J

Below, we show that the evaluation map evg; indeed exists.
Theorem 5.11. There s a bimodule homomorphism
evsy 1 SkEY(SF) — Sf @ Sk, (Sf)
mapping the empty skein [0] to 1 ® [0], defined on the algebra generators by
ev : SkAlgt" (D3)®? — T** @ SkAlgﬂ‘l (D )®2
vy o (h en)g w O Py 0 7
'y (g} cT)‘lq?(Tm 2 [wy]‘ ® 7,
for zy € {asbs, bscs, csas, brar, crbr, arcr}, and

ev : SkAlgS" (D,)® T®2®SkAlgg“( D,)®*

—> 1 OT 91;

ayt = epg EFT)g 9@
7 _ 797179

'y — cpg g T H/

for xy € {asar,bsbr, cscr}, which makes the square (43) commutative.

Proof. Choosing the preimages of the generators as in Lemma 5.9, we find, for the generators
of SkAlgd" (D3)®2,

—1 0y O
xy” }F—> qi(”_T_l) T
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Trid 1. 6z -1 O l
|§ q27r(7T 2 Cr[r ZCy @ q2 CT 27\2 T3 @

and
vy B Ee e 5 q‘%“‘%‘%’)m&@

T @i 1l bx Oyy 1 ST -
NG Dt o ey @ T = (¢F er) g3 T D [ay] @ 7
Likewise, for the generators of SkAlggll( 5)®3,

— —1 z O ™ — 2 (fz &
wf D e EE DT S g 5 (5 Ty e S g e ® 7,

— -1 ]
A R A DI

e 1Y o len Ty 0 7

"
=
RE

The fact ev respects relation (27) in both copies of SkAlgg[l(Dg) follows from an almost
identical computation to the one performed in Theorem 4.20.

Now, it suffices to check that the relations (41) are preserved by ev, and by symmetry, we
just need to check just one of the relations. Observe

—_—r 1 1029 Oy 1 Oy | Oyp
wsysyperl] o (0 o) e B wsys] ! © 7598 (a8 o) MaF T arys) ! @ B

1 915, GZT 9yS GyT
1oy (B s
cr ) 2

= (q )[xsys]_l[l‘T?JT]_l ® TSYSTTYT,

and

1 (9ZS+91T)[

—>—> 0. 0.
D) swrysys — (CB‘I g = (5050

1 -1 L 1o
TeTr|” ®$5$T> (CIB qzr Ysyr| ®yT?/S)

1 915 GZT Gys GyT
—2 -t +t5+5) -1 -1, -1 -1 —
( 2 )1'5 Tp Ys Yp @ TsTTYTYS

=cg ¢
L(fzsylor s | Sup }
= cp™? q2”< e >[=TSyS]_1[$TyT]_1 ® TSTTYTYS-
Using (11) and the relations in (42), we see that these are equal in Sf @ Sk™ (Sf). O

5.2. Gluing the commutative squares. In this subsection, we complete the construction
of the commutative square in (39). To do so, consider the following diagram analogous to
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(30)
L E Ly
— —ql,.s ® 2) Fs — L~
® SK;*7(sh) e 2 ® SK(S)
FeT® feT®
Ty ®f€7r(2)77.9f
44: oV 75[2 1
(44) ® (SK(57) @8k (51)
feT®@ _
® jer evss

SK (V) @ SK (V)

® K(shHe ® sksH) TN B sre & sk (s)

feT® feT@ feT® feT®

Here, 0%, 092, ¢%1 are the splitting homomorphisms for sly, gl,, and gl;-skein modules,
respectively; see Theorem 2.18, Corollary A.8, Corollary B.5 and B.10. The tensor products
in the front square are the relative tensor products. In the top-right corner of the front square,

the relative tensor product @feT(Z) Sk?,‘““(é?) must remember the extra 3-term relations

near the cone points in Y'; see Corollary B.10 in Appendix B.

We need to first check that all of the maps in the front square of (44) are well-defined; i.e.,
that the naive tensor product of maps descend to the corresponding quotients. For the top
horizontal arrow and the left vertical arrow, this follows from Propositions 3.21 and 4.12,
respectively. That the bottom horizontal arrow is well-defined is by design; the relative tensor
product ®f67(2)8 f is defined in such a way that ®f67<2>Tr5f is well-defined; see [PPar, Sec.
5.2].

As for the right vertical arrow, @) reT( €Vsy, this is addressed in the following proposition.

Proposition 5.12. The map

R ever + R kS » R Sfe @ Sk (SS)

FeT® Fe7® feT @) feT®
1s well-defined.

Proof. We need to show that the composition
—_ ® (2) eVsf T~ T~
Q skg(sh) =T @ sfe Q) Sk = Q) sfe Q) SKUL(SS)
feT® feT® feT®@ feT® feT7®

factors through ®f€7—(2) Skgll’“(g? ).
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First, let’s check that the relations for the pre-relative tensor product — (56) and (57) in
Definition B.7 — are respected.

e To check the relation (56), suppose a vertex cone is surrounded by the face suspensions

Sfi, Sfe, and Sf;. Then, as a left relation,

/% /%
2 /-(\ Zk 2 2k

* 1 *
z Z z Z
ev 2'& .)23 _ 2 3

Ix 1 I I _*x
= eV | 212] 292y 2525 — 1

(@t ) (@) () )
® ;:Zzéz;;{?z_; —1®[0]

W et 25 @ 0] — 1@ [0]

® .

where 2,2, and Z” are the square-root quantized shape parameters (as in Section
2.2.2) associated to the three edge cones around the vertex cone.

e To check the relation (57), consider face suspensions surrounding an edge. Then, as a
right relation,

* *
L3,e5 T2e3 L3,e5 T2e3
* *
'r3,e4 3:2,62 x3,e4 'r2,62
A X
* *
x17€2 xlveZ
ey a0 -
xl,el xlyel
N
xk—lﬁi—l 272761 xk—l,ei_l 372761
xk*lzek xk’ek xk*l,ek ‘rkzek

\

_ P * *
=ev <xlyelx1,eg'r2»e2'r2,€3 T xkyekmk‘,€1 - 1)

1 O | ey 1 (Oep | Oeg 1 Oep | ey
— — 5 (GH+—* —5n (G +52 — 5 (S5t
= (e FF TP rrwra]) (2 F T D manmne]) - (3 FF T g mra)

® x1731$>{7e;x27€2$;763 e xk’,ekxz’el - 1 ® [@]
55) _ A “
(: q 1C153k[$61.1762 o 'xek] X [@] -1 ® [@]
©,

where Z., is the square-root quantized shape parameter associated to the edge cone e;.

For the remaining relations, which can be obtained from the above diagrams through
orientation reversal and/or an involution of the double cover, the computations proceed
identically to the ones given above.
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Lastly, let’s check that the relations for the relative tensor product — (58) in Definition B.9
are respected.

Z . z *
e e
o o

o = . . -

ev | qr oy . " + q -
z 4
p e
Z” Z//
z z/* z 1%

[ 0
=g~ ev (@zé*zé*zgzgz;zlzi*zi*z{'zi’zf) +q 7 ev (zg*zgzgzg‘z;zngz{’zi’zi‘zfzi> —ev (1)
0 0 o -1 e e 1 o o
= 0% (o o) =6 D)) ((aer) a5 Dlagat) ) (0 en)a 54D )
040 -1 o' 4 0" 0" L0
((qécw)q%*Wzlzl])((m) #E D) (0 er)a D)

\ \ \

P P
Q) 2929292929 2021212171 %1 21

’ —1 ’ 7 " -1 /
+qT ((q% CT) g T T[22 1) ((q% CT) q o +g)[zf{z3]> ((qé CT) QQ;(ZJF%)[ZSZQ]J)
-1 ’ " 7 -1 ’
<<qé CT) q;r(%%)[zizf]l) <<q% CT) qfi(%%)[zle]) ((qé CT) q;’r(g%)[zlzﬂl)

1 i fr
&) 2323 23 2323237;121 2y 212121

— 1[0
(52) 2 52 1 -2 -2
= qer’ 220 +q e TR0 — 1 (0]
© g
where 2 = 2y ® 23 and 2’ = 2] ® 2}, and we used that cg? = gcr?. O

Now that we have checked that all the arrows in the the diagram (44) are well-defined, the
fact that it is a commutative diagram is almost immediate; the top (Proposition 3.21) and
left (Proposition 4.13) squares commute simply because all of the maps are locally defined,
and the front square commutes since it is the relative tensor product of the commutative
squares constructed in Theorem 5.11.

From the construction, note that the images of both Trr ®c%: and of @ feT(® €Vsy oo
are contained in the submodule

SQGM(Y) @ | ) Sk (Sf) | © @) Sf@ &) Sk(S)).
feT®@ 0 fET® feT®
Moreover, by Lemma B.6, the gl;-splitting map

ot Sk (V) = | () Sk (S )

feT® 0
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is an isomorphism. Therefore, by replacing the bottom right corner of the commutative
diagram by SQGM,(Y) ® Sk®, (Y), we obtain the first part of Theorem A.

5.3. Naturality with respect to Pachner moves. Here, we show the second part of
Theorem A, that the commutative squares constructed above behave naturally with respect
to 2-3 Pachner moves:

Theorem 5.13. Under a 2-3 Pachner move Ty — T3, we have the following commutative

diagram
SK22 (v S8 (V)
\ %
Skg[l Y'TQ CVT,3
sl aly Trr,; ®id o gly
Sk, (V) @ Sk™ (Y) SQGM, (Y) ® Sk™4 (Y)

FIYTQ ®id /
\ oo3@id

SQGM (V) @ Sk, (Y)

where Yo_,3 and ¢o_.3 are the coordinate change maps given in Propositions 2.24 and 3.1/,
respectively.

Proof. Tt suffices to check that the front right face commutes, since we already know that
all the other faces commute. Thanks to the local nature of our construction, it is enough to
check this for the triangular bipyramid BP where the Pachner move is applied, and since we
know that all the other faces commute, it suffices to show that the stated quantum UV-IR
map Skglz’St(BP) Skg[l’St(BPTQ) is surjective for the bipyramid triangulated into 2 ideal
tetrahedra -

Indeed, by the same argument as in [PPar, Lem. 4.1], Skg[hSt(BPE) is generated by the
empty skein [(] as a SkAlgl"*(D3)®%-SkAlgd™ ™ (D,)®® bimodule, and the desired surjectivity
of Fr, follows, essentially by the same computation as in the proof of Lemma 5.9. O

5.4. Recovering the quantum trace map from the quantum UV-IR map. In this

short subsection, we show Theorem C; that, under a mild assumption on the homology of Y,

it is possible to recover the genuine quantum trace map from the quantum UV-IR map.
From Theorem A, using the quantum UV-IR map, we can compute

Trr([L]) ® [L] € SQGM(Y) ® Sk, (V')

for any unoriented link L C Y, where L is L endowed with an arbitrary orientation. This is
almost as good as having the quantum trace map

Sk (Y) 2 SQGM(Y)
itself, since, as long as [L] € Sk, (V) is not torsion, we can recover Try([L]) from Try([L])®|

®[L]
This is because, if [L] € Sk™.(Y') is not torsion and o € Hl(Y Z) is the homology class of L,
the a-graded part of the gl;-skein module is Sk®% (V). = R[L] = R, and the map

SQGM, — SQGM, ® Sk*, (),
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-

r = [L]

is an isomorphism.

The structure of gl;-skein modules was completely characterized in [Prz98, Thm 2.3] (see
also [Prz06, Thm IX.3.7]) where it is shown that, for a € H;(Y;Z), the a-graded part
Sk L(Y)q of Sk L (Y) is torsion-free (and isomorphic to the base ring R) iff the intersection
pairing (a, 8) € Z is 0 for all 5 € Hy(Y';Z). In particular, we obtain Theorem C as a corollary.

6. EXAMPLES

In this section, we demonstrate the compatibility theorem — Theorem A (and also Theorem
C) — for a skein in the figure-8 knot complement Y = S3\ 4;. Consider the triangulation T
of Y shown in Figure 36. Let us compute the quantum trace of the knot K, C Y from [PPar,

FI1GURE 36. A triangulation of the figure-8 knot complement, as well as the
tangle [?b contained inside of it (shown in blue). The gluing of the tetrahedra
is controlled by the edge markings. The faces of the tetrahedra are labeled
N, S, E, and W, and edges are labeled with their corresponding square-root
quantized shape parameters.

Sec. 6], using the quantum UV-IR map; an oriented version of this knot, I?b, is shown in
blue in Figure 36.

While the image of I?b under the quantum UV-IR map can be computed without any
reference to splitting, we will do our computation locally, by applying the splitting map, to
demonstrate the compatibility in each face suspension and illustrate how our proof works in
practice. Our knot I?b, after splitting into face suspensions, is depicted in Figure 37; only the
face suspensions containing part of K,, are shown. Before iterating through the compatible
states, observe that the components of I?b in the face suspensions above can be written
explicitly as elements of SkAlg§[2’St(D3)®2 and SkAlg2[2’St(D2)®3 acting on the empty skein as
follows:

\

€ AN
2 gy A

= q *Ye,Y-e [Q] YeaZeys
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FIGURE 37. The image of I?b under the splitting map. The face suspension
variables associated to edge cones that will be used in later computations are
labeled with the corresponding shape parameter.

—€

\
7

_a 7
= q 2 22/22761 W)] Zelyél'

There are three nonzero compatible states. In the computations that follow, we will denote
by xs the generator of Sf corresponding to the shape parameter x.

e ¢, =+ and e = —: We compute on each face suspension separately to find
1 >
evoF (q2 ys, Us, [0] ys_ Zﬁqﬁ)

9{ ” o6

) )
:q26V<q o 2 "2 yﬁéyg[@]q m\2172 ¥ />

L(QL9> . 1 (9y~+ey
or\ 72 T2 Lo\ oty
=q ((q

T W
) lysys] ® ygys) (C]B Lg?m\ 2 2 [ys28] T @ yszs/>
1 _ _ —_— ﬁ
= g7 crep [ySys)[yszé] Tt @ yéys yszs

and

2 cr)q

1 7 I — . /
evol’ (q QZQ_ZN_ 0] ZN+ZJ§</+) =4q 2Cr ! CB[ZXrZN] 1[ZN3/§</] ® ZXrZN ZN?/?V'

Combining these,

1 ” > 1
& (ev oF ) (q2 Vo, ys, Wys 25 ®q 225 2n [0] 2w, y?h)
=1

\ \ \ \

2
AP <ygys yszh @ 2an zNy;g) € SQGM(Y) ® R Sk™, (Sf).
=1

On the other hand, we find

\

1 ’ 1 - _ '
(Tesy @1d) o msy (a3 u, ys. 0 ys 24 ) = a* (cxlybys] @ vws) (cs ' fus2] " @ sl

1 _ — ;
=q2crey H[yeys)yszel Tt @ yviys ysze,

7
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and

\ \

_1 1 _ -
(Trsy ®Id) o sy (q 22y 2 [0)] ZN+yXf+> =q 2 cr eplznan] T anyn] © Zhan 2y,
so that
2 AN

1 > 1 7 7
®<(T1"5f ®Id) o 7T3f> <q§y§+y5+ 0] ys_25. ®q 22y_zn_ [0] ZNJ/Xu)
i=1

N 2
— A§"" 1 @ <ygys ys2h ® 22y zNy;Q € SQGM(Y) ® Q) Sk, (Sf),
=1

yielding the same result as above, as expected.
e ¢, = — and ey = +: The computation proceeds almost identically to above; the result
is

\

2 N AN
_1 ? AUt ?
R (evor) (o 2vk_vs. [0ys, 2%, © a3k, 2n, 0] 2y )

i=1

\

= Ay " ® (ygys yszg ® 2y 2N ZNZJ?G)

\ \

2 \
1 4 7
— Q((Trsy@1d) o msr ) (a7 by s” 10]ys., 24, © ab2R, 2n. [0) 2 ).
=1

e ¢ = ¢y = —: First, observe that in Skg[“St(g\Tf),
e ko _ -1 _ S ds
YsYs = = q°* = 4 *YsYsYs Ys-
Then,
l 1 ’ "
ev ol <q 2ys_ys, (0] ys_ ZS,>
1 L(G_y_%") _L(9_+9z")ﬁ
=q2ev<q2“ L ygys 0] TR ysZs’>
1 L(G_y_ey”> 11— _L(@_y_‘r@zu)ﬁ
=q2ev(g™\? ? g ygyaygys [0]q TN yéZé)

0// 9/
SNV S
>[ygys]®y’sys) ((q2 cr) PN 2 2 [ydy] 1®y§ys>

1 (9_y+921/>
(qaa PgPm\2 2 [ys2t] Tt @ yszé)
_ _ _ A/
= c5 ' [Ysys] [yeys]) ys24) ! @ ysys Yeys ys 2

-1 =1 _mn-1 ;7 ///\ /r
=C Ys Zg OYsYsYsYsYszs,
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and
1 7> > N
5 M i -1, nm—1 // 1 "o
evol’ (C]2 22wy (0] 2 ym) =CB Yy ® ZN2N 2N 2N ZNyN

Tensoring these together, we get

\ \

2
l 7 7 l 7
QR (evoF) (a3uk_us. 1 ys % © 3 Fox, 10) 2 of. )

=1

—2 att—1 s11—1 "o
=C Y Z ® (ysys ysys yszs ® zNzN ZNZN zNyN>

N 2
= e (A7 @ (s ysh ® Foaw anvh) € SQGMA(Y) ® Q) SKUL(S ),

where, in the last line, we have used the following relations in Sk% L(Sf):

—— = L —
Ysys ysys = (—A)2ysys

’ "o A)é 7
Znan Znay = (—A)2 252N

On the other hand, easy computations also show that,

AN \

1 ; 10 —N =
(Trgy ®Id) o gy (q2y§_ ys, (0] ys_ ZZ_> =q2 ([y§ 'ys] @ ygys) (CB yszg ' ® ysZg’)

1 —>ﬁ
=cg 'q2A ng 2 @ ybys ys e,
and

7

1 > 1 —_— ﬂ
(Trgy ®Id) o mgs (QQZKLZM [0] ZNJJK/,) =q2 ([zﬁ’v Lan] ® ZNZN> (CE_I[ZNsz]_I ® ZN?J?v)

— ——>
=Cp q2A 23// LN ® 2Ny 2Ny
which after combining yields

\ \

2
1 1 ?
& <(Tf8f ®Id)on Sf) (q 2ys ys, [Wys_zs. @ q22y_an, (0] 2n ?JXL>

i=1

2

A @ <ygys yszh @ 2z zNyj(,> € SQGM ® (X) Sk™, (Sf),
i=1

as expected.

Lastly, since

ysys fl/szs ® zNzN ZNyN = [K] € Sk™,(Y)
under the isomorphism in Lemma B.6, we have

\

PR, oev OFT([?b) (Ay” 2" @ (yg‘ys yszg ® ZXIZ'N ZNy?\//))
X P, (Ag)"_l?:'" ® (ygys yszg ® ZX,zN ZNyE\/,>>

+pg, <cB‘2(—A)?)”‘12”‘1 ® <y§ys Ys2h ® 22N zNyEQ)
AA//A// 1 + AA// 1A// + (—A) CIB_Q gj//_léﬁ_l
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= TI“T(Kb),

confirming Theorem C in this case.?

APPENDIX A. STATED gl,-SKEIN MODULES

We need to first define precisely what we mean by the stated (i.e. relative) version of the
gly,-skein module.

Definition A.1. Let (Y,T) be a boundary marked 3-manifold, and R := Z[q*z2]. The (stated)
gly-skein module of (Y, T), Skng(Y, I') is defined as the R-span of isotopy classes of all framed,
oriented, stated tangles in (Y,I'), modulo usual relations (12)-(16), as well as the following
boundary skein relations:

(45) u} = Suvq® |

14
=
(46) - ¢ ,
pelx) H—
+k +5%—
+ Wk 00 0N | 4k
+R& e
A 0 —(¢g—q¢*) 1 0 e
& 0 1 0 0 -
+ W +
K 0 0 0 ¢! —
e e
+k 1
VN 1 0 0 0 + e
+k +1
) 4 0 glg—q™") ¢ 0| _l—
v 0 q 00 aind B
+ YN +
—'/> 0 0 01 =
_ Y _(_

plus all the skein relations obtained by simultaneous orientation reversal of the tangles in the
skein relations above.

Remark A.2. Note, the boundary height exchange relations (i.e., the ones involving matrices)

correspond exactly to the second part of Lemma 3.26 in [PPar], upon projection to sly-skeins;

30This result for Tr(K}) agrees with that from [PPar, Sec. 6.2.2] after adjusting for the difference in
convention for shape parameters and recalling that cg = (—1)~ 2 in that work.



COMPATIBILITY OF QUANTUM TRACE AND UV-IR MAPS 81

see Proposition 4.2. These are also the R-matrices for the Jones polynomial:®!

A A A A
o+ o+
A A qg O 0 0 A A
«\/A +— | _Joo 1 0 -
\ 4 A |01 g—q¢t O N ’
T 00 0 g T
A A A A
A A A A
- - X o+
A~ A q 0 0 0 A~ A
*\7\ + — B 0 —(g—q') 1 0 + —
14 A A a 0 1 0 0 a4 ’
P N VA
etc., with cups and caps
A A
o+
4 A
11 + =
U( ) = (O qz q 2 O) &4 A )
— +
A A
A A
o+
A A 0
+ — q2
VA 4 A = -1 ( ) ’
L q
0
A A

etc. In particular, as we gradually collide a link with a boundary marking, we obtain the
usual state sum formula for its Jones polynomial.

For convenience, again write
SkAlgl (V(I)*) := (X) SkAlgl?(Dyego),
veV(D)*
where V(I'") and V(I'") denote the sets of sink and source vertices of I', respectively. By an

identical argument to the sly case, we have:

Proposition A.3. The stated skein module Sk32(Y,T') has a natural SkAlg®?(V(I')*)-
SkAlg?I[2 (V(T")7)-bimodule structure.

The stated skein relations above are necessary to obtain a well-defined splitting map for
stated gl,-skein modules.

31t is worth noting that these R-matrices are exactly the matrices we get by applying the quantum UV-IR
map to a positive and a negative crossing.
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Theorem A.4. Let (Y1,T1) and (Y2,T'2) be boundary marked 3-manifolds. Suppose that
Y1 C Y7 and ¥y C Yy, along with their markings, are homeomorphic combinatorial foliated
surfaces (see Definition 5.3) of opposite orientations. Write &2 for the common image of ¥4

and o after gluing, and set Y = Y1 Us Yy and T'= (T'y \ int 37) U (T'y \ int T'y). Let L be a
stated, oriented tangle representing [L } € Sk*2(Y,T'), isotoped so that LNY CT, guaranteeing
that Ly := LNY; and Ly := LN Y, are tangles in (Y1,1'1) and (Y5, 's). Then, there is an
R-module homomorphism,

0% Sk¥2(Y,T) — Sk¥2(Y7, T'y)® Ski2(Ya, I'2)

L= | > (L[],

ee{x)rnL

where the sum is over all functions € : LNy — {j:} asszgmng states to endpoints ofL LE
and LE denote the stated tangles obtained from Ly and Ly by assigning states according to €,
and the relative tensor product Skg[Q(Yl7 N Skg[Q(YQ, I'y) denotes the quotient of the usual
tensor product Skg[Q(Yl, ) ® SkgIQ(YQ, [y) by the following relations:
(1) For each internal edge e of of ¥ adjacent to a sink, we have the following relations
among left actions:

. ptv i v [
the left action of q * . on Ski2(Yy,T)

. _ptv _,U/ v 1
= the left action of ¢~ 4 . on Skj2(Ys,I's),

along with the relations obtained by simultaneous orientation reversal of the tangles in
both figures.

(2) Likewise, for each internal edge e of ¥ adjacent to a source, there are the following
relations among right actions:

ptv M v [
the right action of ¢~ + . on Sk§2(Yy,T)

. . ptv i e I
= the right action of ¢« . on Skj?(Ys,I'y),

along with the relations obtained by simultaneous orientation reversal of the tangles in
both figures.

Proof. As in [PPar, Sec. 3], we need to study how the element

6% (L):= ) [Li]®[L]

ee{£)rnL
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behaves under isotopy of L. The proof is completely analogous to that of [PPar, Thm 3.21].
The only difference lies in the invariance under the height exchange isotopy near a component
of I':

Y )Y
Y Y Yy Y,
T X
> ./
Using the new gl,-stated skein relations and starting from the image of the RHS, we compute,
Yy Ys Y Ys
L " +
2. y/@)/Y — gt &q [’
pvetry AN dd i o
R Sy
+ — —
+ | —(a—q7) + ®
- - -+ +—
Y _)_Yz Ys
>+ + L1 —
+ +(q—q7")
_)_ _ — _)_ + _)_
s S
+ q! ® q
—-
Y Y,
— " g P &% (LHS).
pre{} ==V vi—
The computation is similar for other choices of orientations of the tangles. 0

Reduced stated gl,-skein modules are defined analogously to their sl; counterparts. Bad
arcs in the gl,-skein module are shown below:

+ - + - ) + - ’ + -

< %

Definition A.5. The reduced stated skein module @5[2 (Y, I') is the quotient

— Sk (Y, T
SKI(Y,T) i= [P0\ Ske (Y, T) /17 = e ( )[ :
[b2det SK82 (Y, T) + Sk (Y, T) [bad-—
where "4+ denotes the right ideal of SkAlg2?(V(I')) generated by the bad arcs near the

sinks, and /"%~ denotes the left ideal of SkAlggIQ(V(F)*) generated by the bad arcs near
the sources.
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As before, set
0l A0k
SkAlgy*(V(D)*) = (X)) SkAlg,*(Daego),
veV(I)*
and note that the SkAlg3(V/(I')*)-SkAlg2(V/(I')~)-bimodule structure on Sk3%(Y,T') clearly

descends to a SkAlgE[Q(V(F)*)—SkAlgz[Q(V(F)’)—bimodule structure on @3[2(}/, ).

The following corollary — the 2d splitting map for gl,-skeins — follows from Theorem A.4;
this is because each ideal arc times an interval is homeomorphic to an elementary quadrilateral
and hence admits a natural combinatorial foliation as follows:

e x {1}

1%

exI:E

—

e x {0}

Since the boundary markings involved in the decomposition of an ideally triangulated surface
into the ideal triangles have no vertices, there are no extra relations in the tensor product.

Corollary A.6. Let ¥ = Jac, 2 & be a decomposition of an ideally triangulated surface ¥
into ideal triangles. Then, there is a well-defined splitting map

7% : SkAlg) (%) - (X) SkAlg)*(A),
Ner(2)

L= > @ncelLlil,

ge{i}(ExI)ﬁL

where & € 33 denotes the union of all of the edges of the triangulation, and [ji denotes the

part of Lin A xI after splitting, with states assigned to the newly created boundary points
according to €.

To obtain the gl, splitting map for ideally triangulated 3-manifolds, we first need the
following definition:

Definition A.7. The relative tensor product @Km)s_kg[? (Sf) of the bimodules S_k§[2(5f),
f € T® is defined to be the quotient of the ordinary tensor product (as R-modules)
Qe @3[2(5 f) by the following relations:

e For each vertex cone Cwv, we have the following relations among left actions on

® ey SK2(SS):
o
(49) : Co= g . ee{£},
e
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e

(50) ‘J} )3* + ‘JS {2* - ~ o0,

where each sector in the above diagrams represents one of the three face suspensions
surrounding Cv (viewed from the vertex v), and the markings shown are on the bare
edge cones abutting C'v.

e For each internal edge e € T() we have the following relations among right actions of

=ols
on ey Sky (S f):

(51) Y X =7 , ee{£},

where each sector in the above diagrams represents one of the face suspensions
surrounding e (as many as the number of tetrahedra abutting e), and the markings
shown are on the bare edge cones abutting e.

The splitting map of Theorem A.4 then implies the following important corollary:

Corollary A.8. LetY = UfeT@) Sf be a decomposition of an ideally triangulated 3-manifold
(without boundary except for cusps at infinity) into face suspensions. Then, there is a
well-defined splitting map

— ool Po s Iy
7% : Sky* (V) = Q) Sk, (SS),
feT®@

[L] — Z ®pero[LF]],

cc {i}ufomE
where E? denotes the part ofE in Sf after splitting, with boundary states determined by €.

APPENDIX B. STATED gl,-SKEIN MODULES WITH DEFECTS

In this section of the appendix, we define the stated gl;-skein module, both with and
without sign defects.®? Furthermore, we construct and prove the well-definedness of the
splitting maps for the gl;-skein modules above. The key results are Corollaries B.5 and B.10,
which allow us to split the gl;-skein modules of both an ideally triangulated 3-manifold as
well as its double cover.

Definition B.1. Let (Y,I') be a boundary marked 3-manifold, and let R := Z[¢*!]. The
(stated) gl,-skein module Skgtl(Y, ') of Y is defined as the R-span of isotopy classes of all

32Even though we call it the “stated” gl;-skein module in analogy with the stated sly- or gl,-skein modules,
there is a unique “state” that we can assign to the boundary of a gl;-skein, so there’s no extra data at the
boundary points.
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framed, oriented tangles in (Y,I') modulo the usual gl;-skein relations (17), (18), and (19) in
addition to the following:

(52 > =

(53) « - .

as well as all of the skein relations obtained by simultaneous orientation reversal of the tangles
in the aforementioned relations. _

Let Y be the associated double cover with boundary marking I'. The stated gl;-skein
module with defects Skg[1 (EN/, lN“) is the R-module spanned by isotopy classes of framed oriented
links away from the branch locus modulo the relations above in addition to (20).

These skein modules of course admit natural bimodule structures.

Proposition B.2. The stated gl,-skein modules Skz[l(Sf, I') and Skgll(gf, T)) admit natural
SkAlg®" (V/(I)*)-SkAlgS" (V(T')~) and SkAlgt" (V(T)*)-SkAlgS" (V/(T')~)-bimodule structures,

q
respectively.
In much the same way as Theorem A.4, we have:

Theorem B.3. Let (Y,T) be either a boundary marked 3-manifold or its double cover (Y, T).
We write Skg[1 (Y,T') for the corresponding skein module in each case.
Then, there is an R-module homomorphism,

o™+ SkI (Y, T) — Sk (V;,T1)® Sk8" (Ya, ')
pENAETA

where the relative tensor product Sk3" (Y1, T'1)® Sk81 (Y2, T') denotes the quotient of the usual
tensor product Skg[1 (Y1, ® Skgll(}/g, ['y) by the following relations:

(1) For each internal edge e of of ¥ adjacent to a sink, we have the following relations
among left actions:

O O
the left action of \fz on SkI"(Yy,T1)
® O
, L
= the left action of Y . on Skg[1 (Y2, Ty),

along with the relations obtained by simultaneous orientation reversal of the tangles in
both figures.
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(2) Likewise, for each internal edge e of ¥ adjacent to a source, there are the following
relations among right actions:

O O
the right action of \f/e on Ski"(Y1,T1)
O O
= the right action of \f/e on Skgll(YQ, Iy),

along with the relations obtained by simultaneous orientation reversal of the tangles in
both figures.

For the purpose of comparing the 3d quantum trace map with the 3d quantum UV-IR
map, we are most interested in the special case of splitting an ideally triangulated 3-manifold
Y into face suspensions and the corresponding splitting for the branched double cover (i.e.,

splitting Y into S f’s).

Splitting Y into face suspensions. Here, we use the gl;-skein modules with parameter —A,
since that is the relevant skein module used in our main construction.

Definition B.4. The relative tensor product ®fe”r(2> SK®, (Sf) of the bimodules Sk, (S f)
is the quotient of the naive tensor product @ ;cre Sk®L (S f) by the following relations:

e For each vertex cone Cwv, we have the following relations among left actions on

® ey SK (S F):
-~

(54) & )) = ,

where each sector in the above diagrams represents one of the three face suspensions
surrounding C'v (viewed from the vertex v), in addition to the relation obtained by
simultaneously reversing the orientations of all of the tangles in the figures above.

e For each internal edge e € T we have the following relations among right actions

on @ ey Sk™(S1):

where each sector in the above diagrams represents one of the face suspensions
surrounding e (as many as the number of tetrahedra abutting e), in addition to the
relation obtained by simultaneously reversing the orientations of all of the tangles in
the above figures.
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Corollary B.5. Let Y = Uf€7—<2) Sf be a decomposition of an ideally triangulated 3-manifold
into face suspensions. Then, there is a well-defined splitting map

ot Sk (V) = () Sk (S )
feT®

.

(L]~ |@seremlLy],

where f/f denotes the part ofE i Sf after splitting.

The relative tensor product ®f€T<2> Skg_[lA(S f) is graded by @¢.Z; i.e., for each edge cone
Ce, it has a Z-grading given by the signed count of the end points of a gl;-tangle on that
edge cone. The image of the splitting map lies in the 0-graded part, with respect to this

grading. We denote by <®f€ﬂ2) Sk (S f )) this 0-graded piece.
0

Lemma B.6. The splitting map

Sk () | () SK(SS)
feT®@ 0

s an isomorphism of R-modules.

Proof. The proof is similar to that of Lemma 4.21, except that in this case we have some
relations to check. Firstly, it is easy to see that this map is surjective; (®feT(2) Sk L(Sf ))
has a spanning set given by the form {® ;e [Lz,] | 7iy € Z% ng1 4 --- +ngpg = 0}, where
Lz, € Sk L (Sf) denotes the distinguished gl;-skein (gl;-web) in S f with boundary condition
fig; see Figure 38. Likewise, <®fe’r(2) Sk%h(Sf))o has a spanning set given by the form

3

g

nl,

g

Ficure 38. The gl;-web Lz in Sf; each strand labeled by n € Z denotes the
n-colored strand (equivalent to n parallel strands), and they are all flat on the
leaf space.

® rer [Li,] but with matching boundary conditions along boundary markings that are glued,
which is the image of the corresponding glued gl;-skein in Sk¥ L(Y).
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To show the injectivity of the splitting map, we can construct the inverse of the splitting
map in the following way. There is a map

X Sk (SF) | S Sk (Y)
FeT® 0

which can be defined on the basis elements ® ;.7 [Ls,] (with matching boundary conditions)
by just gluing the skeins. Furthermore, it is easy to see that this map respects the left and
right relations, and thus descends to the quotient to give a map

& Sk (5 | B skt ).
feT®@ 0

By construction, g o o is an identity on Sk” L (Y). Therefore, the splitting map

SKL () | () S (SS)
feT®@ 0

is an isomorphism. O

Splitting Y into branched double covers of face suspensions. Obtaining a splitting map for
Sk (Y, ©) requires a bit more work, due to the presence of the 3-term relations (24) around

the cone points.
Definition B.7. The pre-relative tensor product @;ET@) Skgl1 (5}") of the bimodules Skg[1 (5}")

is the quotient of @) ;7w Skg[1 (:97” ) by the following relations (as well as the ones obtained
by simultaneous orientation reversal of all the tangles):

e For each vertex cone Cwv, we have the following relations among left actions on

®fe7'(2) Skg“ (37)
A

(56) & ;2 = . ie{1,2},

where each sector in the above diagrams represents the projection of one of the three
face suspensions surrounding C'v (viewed from the vertex v), and i denotes the sheet
labels of the tangles.

e For each internal edge e € T we have the following relations among right actions

on ®fe7’(2) Skﬁll(sf)i

(57) S Cie{L2),
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where each sector in the above diagrams represents the projection one of the face
suspensions surrounding e and ¢ labels the sheet of the tangles.

Corollary B.8. Suppose Y is an ideally triangulated 3-manifold with an associated branched
double cover Y. Let Y° denote Y with a small neighborhood of the cone points removed, and
let Skgll(Yo) denote the gl,-skein module of Y°, i.e., with sign defects along the branch locus

but without the 3-term relations at cone points. Then, for the decomposition Ye = UfeT(2> 5’?

of Y° into branched double covers of face suspensions, there is a well-defined splitting map

ot Sk (V) » X) SkI(SS)
feT®

-

L) [@sermlLy].

For each neighborhood of a cone point that is removed from 57, EZO has a boundary
component which is a torus 72 with 4 branch points. It follows that Ski" (Y°) is a module over
X rere SkAlg(%[1 (T?), where T? here means the torus with 4 branch points; see Figure 39 for

an illustration of this boundary torus. While the naive tensor product @ ;er Skg[1 (:9;” ) is no

C

FIGURE 39. The boundary of a tetrahedron has been unraveled; its double
cover is a torus. Vertices A, B,C, and D are lifted to the double cover as
Ay, By, C1, and D; on sheet 1 and as As, By, Cs, and Dy on sheet 2. We also
show a cycle, its image under projection to the boundary, and its appearance
in the double cover.

longer a module over &) ) SkAlgg[1 (T?), the pre-relative tensor product ®;ET<2> Skg[1 (5}" )
recovers this module structure. Indeed, while an isotopy of a link diagram on T? does not
preserve the corresponding element in SkAlgg[l(D3)®4 upon splitting of 77 into 4 hexagons,
the relations (56) around each vertex cone ensures that we have a well-defined splitting

SkAlgt (72) — (X) SkAlgl® (Dy),
feT®@
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where the relative tensor product on the right-hand side is over the 4 face suspensions
around the same barycenter. It follows that @& ;7 Skg[l(Sf) is & @rere SkAIgg[l (T?)-

module. It is also immediate that the splitting map o : Skg[1 (Y°) = @;GT@) Skg[l(g’?) is a
X rere SkAlggll(TQ)—module homomorphism. N
To this end, in order to get a splitting map out of Skgl1 (Y), we simply need to take a

further quotient of the pre-relative tensor product ®;ET(2> Skgll(gf ) by imposing the 3-term
relations (24) using this &7 SkAlgd" (T%)-module structure.

Definition B.9. The relative tensor product ®f67<2> Skgh(:g?) of the bimodules Skgll(é?)
is the quotient of the pre-relative tensor product ®;ET(2> Skgll(g}" ), thought of as a left
X rere SkAlgg[1 (T?)-module, by the 3-term relations (24) among left actions:

The following corollary is immediate:

Corollary B.10. Suppose Y is an ideally triangulated 3-manifold with an associated branched
double cover'Y . Further suppose that'Y is equipped with a generalized angle structure ©. Let
Y = UfeT(z) Sf be the decomposition of Y into branched double covers of face suspensions.
Then, there is a well-defined splitting map

[Bul97]
[BW11]
[BZBJ18]
[CL22]
[CL25]
[C0023]
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ot s SK(Y,0) » (X) SkI(SS)
feT®

=

L) [@sermlLy].
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