UUITP-22/25
DIAS-STP-25-19

Quivers and BPS states in 3d and 4d

Piotr Kucharski ©*!, Pietro Longhi ®>34 Dmitry Noshchenko ©*°,
Sunghyuk Park ®%67 and Piotr Sulkowski ®18

! Institute of Mathematics, University of Warsaw, ul. Banacha 2, 02-097 Warsaw, Poland
2 Department of Physics and Astronomy, Uppsala University, Box 516, 751 20 Uppsala, Sweden

3 Department of Mathematics, Uppsala University, Box 480, 751 06 Uppsala, Sweden

4 Centre for Geometry and Physics, Uppsala University, Box 516, 751 20 Uppsala, Sweden

5S8chool of Theoretical Physics, Dublin Institute for Advanced Studies,
10 Burlington Road, Dublin 4, D04 C932, Ireland
S Department of Mathematics, Harvard University, Cambridge, MA 02138, USA
" Center of Mathematical Sciences and Applications, Harvard University, Cambridge, MA 02138, USA

8 Faculty of Physics, University of Warsaw, ul. Pasteura 5, 02-093 Warsaw, Poland

Abstract

We propose a symmetrization relation between BPS quivers encoding 4d N/ = 2 theories and
symmetric quivers associated to 3d N = 2 theories. We analyse in detail the symmetrization of
BPS quivers for a series of A,, Argyres-Douglas theories by engineering 3d-4d systems in geometric
backgrounds involving appropriate 3-manifolds and Riemann surfaces. We discuss properties of these
geometric backgrounds and derive the corresponding quiver partition functions from the perspective
of skein modules, which forms the foundation of the symmetrization map for the minimal chamber.
We also prove that the structure of wall-crossing in 4d A,, Argyres-Douglas theories is isomorphic to
the structure of unlinking of symmetric quivers encoding their partner 3d theories, which allows for
a proper definition of the symmetrization map outside the minimal chamber. Finally, we show that
the Schur indices of 4d theories are captured by symmetric quivers that include symmetrization of
4d BPS quivers.
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1 Introduction and summary

The study of BPS states in field theories with extended supersymmetry has been an active area of
research in the past decades. Apart from deep physical motivations, it makes contact with important
developments in contemporary mathematics. One interesting phenomenon in this context is that of
wall-crossing, which is the statement that the stability of BPS states depends on certain moduli of the
theory under consideration, so that these may form bound states and their spectrum might jump when
values of the moduli cross so-called walls of marginal stability. The pattern of these jumps is governed
by wall-crossing formulae of various kinds [CV93, JS11, KS08], which state that a certain operator
constructed from the data of stable BPS states is invariant upon crossing walls of marginal stability. In
the context of 4d N/ = 2 theories, the relevant operator was introduced by Kontsevich and Soibelman
[KS08, GMN13c, GMN13a], and its trace is known to encode other important observables, such as the
Schur index of the theory and other specializations of the superconformal index [CNV10, CS16, CSVY17].

Properties of BPS states in theories in various dimensions can be encoded by various types of quivers.
For 4d N' = 2 theories, such quivers are referred to as BPS quivers and have been studied extensively
since the seminal works [ACCT13, ACCT14]. Quiver vertices correspond to a certain type of fundamental
BPS states, and arrows encode interactions among them determined by the Dirac pairing. On the other
hand, BPS states of 3d A/ = 2 theories have also been found to admit a quiver description, albeit captured
by symmetric quivers (meaning that for each of their arrows there is an arrow in the opposite direction)
[KRSS17, KRSS19]. In this case, quiver vertices correspond to U(1) factors of the gauge group, while
arrows encode (mixed, effective) Chern-Simons couplings [EKL20b, EKL20a].

In this work, we establish a direct relationship between these two classes of theories and their corre-
sponding BPS quivers. For a certain class of 4d N = 2 theories, we identify corresponding 3d N = 2
theories with a matching set of observables, and whose structure is encoded by symmetric quivers closely
related to the BPS quiver of the corresponding 4d theory. In the simplest settings, the 3d N' = 2 sym-
metric quiver arises as the symmetrization of the 4d A/ = 2 BPS quiver, i.e., by adding an arrow in the
opposite direction to each arrow of the latter. More generally, the structure of a symmetric quiver @
may be more involved and it depends also on a choice of stability conditions in the 4d theory. We thus
define the symmetrization map & between 4d BPS quivers with stability data and 3d symmetric quivers.
Moreover, we also introduce the CPT-doubled symmetrization map G°FT that involves both BPS and
anti-BPS states of the 4d theory, and produces CPT-doubled symmetric quivers Q€7 that contain twice
as many nodes. These maps act as

CcP
(Q4a, stab. data) N Q, (Q4a, stab. data) G%T QerT . (1.1)

and their construction is one of the main goals of this work. We show that appropriately engineered
symmetric quivers, and thus also the 3d A/ = 2 theories they represent, encode information about BPS
states in the partner 4d theories, their wall-crossing, as well as Schur indices.

The combinatorial definition of symmetrization map & in (1.1) that we introduce (see definition in
Section 5) applies to BPS quivers Quq of any 4d N' = 2 Argyres-Douglas theory of type A,, with u
belonging to any BPS chamber of the Coulomb branch. However the general idea behind our definition
and its properties are expected to generalize, and we illustrate this in the case of the Argyres-Douglas Dy
theory. In addition to the combinatorial definition we offer direct geometric and physical constructions
of this map for A,, Argyres-Douglas theories with u in the minimal BPS chamber in Sections 3 and 4.
The geometric construction hinges crucially on the realization of these QFTs as class S theories of type
Az, since these admit a UV description based on ideally triangulated Riemann surfaces [GMN13c|, and
since their BPS spectrum defines a canonical 3-manifold constructed by attaching a tetrahedron for each
stable state [CCV11]. The physical derivation is tied to the geometric data, since the triangulation by
tetrahedra defines the 3d-3d dual QFT for the 3-manifolds defined by BPS states of 4d N' = 2 Argyres-
Douglas theories of type A,, in their minimal chambers. The 3d quiver @ defines an IR description of the
corresponding 3d AV = 2 theory. While in this work we mainly focus on A,, Argyres-Douglas theories,
we stress that the general ideas behind our definition of symmetrization map and behind its geometric
and physical constructions have a broader scope. In particular we foresee a feasible generalization of this
4d-3d relation to any 4d QFT in class .S of type A1, and even to certain theories of higher rank, see Section
7. It would also be interesting to generalize geometric constructions discussed in this work to analogous
4d-3d relation between Kronecker quivers (consiting of two nodes connected by an arbitrary number of



arrows) and symmetric quivers, analysed in a parallel work [BS25] in the context of wild wall-crossing
phenomena.

The relation between 4d AV = 2 and 3d N = 2 QFTs arising in the context of 2d-4d and 3d-
3d correspondences has a long history, starting with [TY11l, DGG14]. Our work establishes a precise
relationship between the above-mentioned classes of models and their BPS spectra. A related discussion
of the relation between 4d BPS states and certain 3d QFTs was recently developed in [GK25], whose work
focuses on SCFTs that admit a supersymmetry enhancement in the infrared, see also [GY18, GKL121,
GKS24, GKPS25]. A connection to our work comes through the CPT-doubled symmetrization map
SCPT  Tts output is a 3d quiver Q¢FT whose motivic DT partition function computes the Schur index
of the 4d QFT, which in turn is related to vacuum characters of vertex operator algebras. Related
construction of these indices from 4d BPS states have been recently explored by [KS25, GJKK25] in a
closely related setting. In recent years the relation between 4d SCFTs and 3d TQFTs (and therefore their
boundary 2d VOAs) has been studied intensively by a number of works [DGN'20, Ded24, AADGL26]
which also consider the Argyres-Douglas theories that we consider in this paper.

Summary of main results

Physics and topology of 3d-4d systems that lead to symmetrization of quivers. Both 3d and
4d N = 2 theories that we study arise from a geometric construction, involving a pair of M5-branes
partially wrapped on a 3-manifold with boundary [TY11, DGG14, CDGS16]. The 4d theories arise from
compactification on the boundary Riemann surfaces, and their BPS quivers are encoded by ideal tri-
angulations of the latter [BS15]. The 3d theories are encoded by the 3-manifolds, and admit effective
Lagrangian descriptions encoded by decompositions of the latter into ideal tetrahedra [DGG14]. While
these properties have been known for some time, we reformulate and present them in terms of skein
modules, which provide a novel, interesting perspective. In particular, in Section 2, we show how skein
modules — for 3-manifolds built from a sequence of flips on an ideal triangulation of a surface — nat-
urally encode Nahm sums and the pentagon relation (1.6); the latter corresponds to the 2-3 Pachner
move and admits a reinterpretation in terms of an unlinking operation. Furthermore, we establish a pre-
cise match between Lagrangian descriptions of 3d N' = 2 theories defined, respectively, by tetrahedron
decompositions [DGG14] and by 3d symmetric quivers [EKL20b]. We identify the origin of this 4d-3d
correspondence in the topological nature of 4d theta-terms in abelian low-energy descriptions of 4d N' = 2
theories, which are directly related to Dirac pairings of 4d BPS particles via Witten’s effect, and whose
restriction to the boundary gives rise to Chern-Simons couplings encoded by the 3d symmetric quiver.

While we expect that relations between 4d and 3d theories and corresponding quivers hold in general,
we analyze various aspects of these relations across different classes of theories. For A,, Argyres-Douglas
theories, we provide an explicit construction (generalizing those in [CCV11]) of a 3-manifold that relates
the chamber with minimal number of BPS states to 3d theory, and we provide geometric and physical
derivations of the corresponding symmetric quiver. For a much larger class of Argyres-Douglas theories,
represented by BPS quivers whose nodes are connected by at most one arrow, we find a representation of
their wall-crossing phenomena in terms of symmetric quivers, based on algebraic considerations. Contin-
uing this analysis, we assign a quantum torus algebra of rank m to any symmetric quiver with m nodes, in
such a way that its motivic generating series can be reproduced as an expectation value of the appropriate
operators. For another, yet larger class of 4d N = 2 theories, we find symmetric quivers whose generating
series reproduce Schur indices upon appropriate specialization. On the other hand, related phenomena
for 4d NV = 2 theories whose BPS quivers include arbitrary Kronecker subquivers (consisting of two
nodes connected by an arbitrary number of arrows, which gives rise to wild wall-crossing [GLM™13])
were independently analysed in a recent parallel work [BS25].

Two constructions of the symmetrization map. The physical and topological considerations sum-
marized above suggest the existence of a symmetrization map between 4d BPS quivers in the minimal
chamber and symmetric quivers corresponding to 3d theories. One of the main novelties of our work
is the generalization of this map beyond the minimal chamber. The key ingredient is the isomorphism
between the wall crossing relations connecting different chambers of the 4d theory (excluding those with
non-trivial superpotential) and unlinking relations connecting dual 3d theories and corresponding sym-
metric quivers. In consequence, the symmetrization map can be understood in terms of two equivalent



constructions (we prove it for A4,, Argyres-Douglas theories and their BPS quivers):

e One starts from assigning () — the symmetrization of Q4q — to the minimal chamber and then
directly uses the isomorphism between wall-crossing and unlinking (see Sections 5.2-5.4).

e The other goes outside the minimal chamber using a path polytope, derived from the oriented
exchange graph of Q4q (this approach is undertaken in Section 5.5).

Quivers and DT invariants. Quiver representation theory of a quiver @) assigns a vector space (of
dimension d;) to each node 7 and a linear map to each arrow. Betti numbers (or their generalizations) of
the moduli space of representations are then captured by the motivic Donaldson-Thomas (DT) invariants
Q4.s, which are indexed by the dimension vector d = (dy,...,dn) € N™ and by the integer s [KSO08,
KS11, Efi12, MR19, FR18]. These invariants can be extracted from the motivic generating series, which
for a symmetric quiver @ with trivial potential takes the form

x? > m " xdi
Po(m,q) =) ()9t o= > (-q)@m Qb [T (1.2)
~ @a*)a S, 1 (@407,

where Q;;(= @Q;;) are components of the adjacency matrix of ) and denote the number of arrows between
nodes i and j. The DT invariants are determined by the product decomposition of this series into quantum
dilogarithms:

s Qa.s Qdy,...odm),s
Po(z,q) = [[=%¢*) = [[ TI1I (1—(x‘fl---m;i,;n)q2’“+3) . (1.3)

d,s deN™\0 s€Z k>0

These invariants are proven to be integers [Efil2], which reflects their physical interpretation as counts
of BPS states. Specifically, one role of this motivic generating series has been found in the context of
the knots-quivers correspondence [KRSS17, KRSS19], where DT invariants determine LMOV invariants
(thus implying their integrality), or equivalently count BPS states in a corresponding 3d N = 2 theory
T[Q] [EKL20b]. Sometimes we consider expressions of the form (1.2) with some specialization of z; in
terms of ¢ and in that case we call them Nahm sums.

Isomorphism between wall-crossing and unlinking. An important property of the motivic
generating series of @ is its invariance under the operation of unlinking U (ij), which produces a quiver
U(ij)Q with one pair of arrows between nodes i and j removed and with one extra node whose pattern
of arrows is given in (5.15-5.16) [EKL20a]. The extra node in U(ij)Q comes with its own generating
parameter, whose specialization to q_lxixj yields the equality

Po(x,q) = Pygjo(x, q_lxixj,q) . (1.4)

For a specific case of a quiver with two nodes connected by a pair of arrows, the unlinking operation
produces a quiver with three nodes (we denote the node obtained from unlinking ¢ and j as (ij)):

e e M ° 12 ° (1.5)
17— 2 1 2

In this case, (1.4) can be regarded as a reinterpretation of the pentagon relation for quantum dilogarithms
U(z) = (qu;¢%) 3! (for details, see Section 5.2):

\Ij(_XOél )\II(_XOQ) = \IJ(_XQ2)\IJ(_XQ1+0¢2 )\II(_XOQ )7 (16)
where the operator arguments form a quantum torus algebra with commutation relations

XOélXOéz = q2<a17a2>Xa2Xa1 (17)



with (a1, as) = 1. On the other hand, such quantum torus algebras are associated to 4d ' = 2 theories,
with «; representing charges of BPS states and («;, ;) their Dirac pairing. From this perspective, the
pentagon identity (1.6) is a prototype example of wall-crossing identity, in this case for the Ay Argyres-
Douglas theory, whose BPS quiver is

o —— e (1.8)

Both sides of (1.6) correspond to the Kontsevich-Soibelman operator, constructed from a number of
quantum dilogarithms in one-to-one correspondence with stable BPS states in two chambers of moduli
space, multiplied in the order of the phases of their BPS central charges. Specifically, (1.6) can be read
as reverting the phase order from arg a; < argas to argas < arg a; and creating a new charge a; + as.
In general (for other 4d N' = 2 theories) Kontsevich-Soibelman operators take the form

')

IT11 #(=g" X0, (1.9)

a s€Z
with « labelling charges of 4d BPS states with degeneracies Qi‘?sl in a given chamber, and s their spin. We
relate pentagon identities such as (1.6) to the unlinking operation (1.4) by finding a 3d-4d homomorphism
between the quantum torus algebra of X, and a quantum torus algebra of twice the rank that is realized
by operators &; and g; that satisfy the relations

gii‘j = q%”fcjg)i. (1.10)

The 3d-4d homomorphism expresses operators X, as certain monomials in £; and §;, so that evaluating
both sides of (1.6) on appropriate ground states yields the g-series identity (1.4). It then also follows that
the resulting symmetric quiver @) is a symmetrization of the 4d BPS quiver encoding the appropriate
Kontsevich-Soibelman operator (1.9). In the specific case of Ay quiver with two nodes connected by one
arrow, corresponding to the Ay Argyres-Douglas theory, symmetrization gives a quiver with two nodes
and a pair of arrows with opposite orientations, thus relating the diagrams (1.5) and (1.8).

Path polytopes. On the other hand, the construction above can be rephrased in pure combinatorial
terms using the notion of oriented exchange graph [Kelll, Kell3, GM17, GM19, PPPP23] which en-
capsulates the structure of the Konstevich-Soibelman operator (see Section 5.5). For As quiver, such
graph is equivalent to two-dimensional associahedron K, where the two paths correspond to the left- and
right-hand side of (1.6), respectively:

a((bc)d) —— a(b(cd))

7 AN

(a(be))d (ab)(cd)

‘\/

((ab)c)d

Therefore, unlinking operator U(12) can be seen as a homotopy between the two paths in the associahe-

dron. In other words, the structure of symmetrization map for A, quiver can be described by the path

U
polytope of K4. In this case, it is simply one unlinking and the path polytope is just * ~(—13)+ *. We also

find that the path polytope of the exchange graph of Az quiver (i.e., a 3d associahedron K5) is a hexagon,
which can be directly interpreted as the unlinking hexagon found in [KLNS23]. This property allows us
to generalize this example to any A,, quiver and even go beyond that. For higher m and other types of
root systems, we also find the corresponding higher-dimensional polytopes — see Figure 1 for an example.
On the other hand, the same structures can be derived solely from the properties of unlinking using the
notion of a connector (see Section 5.3).

1Note that for A,, Argyres-Douglas theories, all BPS degeneracies Q;‘;f}s are equal to 1.
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Figure 1: The path polytopes corresponding to Az, As and A4 quivers with linear orientation. On one
hand, they can be viewed as a set of unlinking operators (where every directed edge is some unlinking
U (ij) and consecutive arrows define composition), and define the symmetrization maps for the respective
4d BPS quivers. On the other hand, they are in a way dual to associahedra K,, K5 and Kg, respectively.

Properties of the symmetrization map. This means that the symmetrization map is based on a
homomorphism between quantum torus algebras that preserves the structure of wall-crossing, mapping
it to symmetric quivers related by unlinking. Thanks to this property, we can define the symmetrization
map & between 4d BPS quivers with stability data and 3d symmetric quivers (1.1) — see Section 5.6.
The full structure of the symmetrization map that includes all possible orientations of the 4d BPS quiver
can be very involved, but there are several universal properties. First, since for the minimal chamber
the quiver @ = &(Q44,min) is just a symmetrization of @44, it remains the same for any orientation of
arrows in (Quq. Second, the arrows connecting targets of different stability data always form two building
blocks — the heragon and the square — which reflect identities satisfied by unlinking (see Section 5.3).
Third, each A,, quiver is a subquiver in a suitably oriented A,,+1. As a result, the symmetrization map
respects this inclusion, and the corresponding polytopes are contained in each other, as we also see in
Figure 1.

Schur index and symmetric quivers. Furthermore, the appearance of Kontsevich-Soibelman oper-
ators, generalizing those on both sides of the identity (1.6), enables us to express Schur indices in terms
of quiver generating series (1.2). Indeed, as shown in [CS16], Schur indices can be expressed as traces
of a version of Kontsevich-Soibelman operators with twice as many quantum dilogarithms, representing
both BPS and anti-BPS states in a given theory

)

I=(q*q")%T[0), Ol = 11 U(—Xa), (1.11)

a: BPS & anti-BPS states

where (¢%;¢?)2, is the contribution from a U(1) vector multiplets, and r is the rank of the Coulomb
branch. Evaluating such traces also leads to expressions that can be written in the form (1.2), from
which we can read off the structure of underlying symmetric quivers Q¢FT. More precisely, these are
CPT-doubled symmetric quivers, which arise from a CPT-doubled symmetrization map &“FT (1.1) —
these quivers include a symmetrization of the BPS quiver of 4d theory, as well as extra nodes and arrows

that arise as a consequence of including anti-BPS states into considerations.

Organization of the paper

Section 2 lays the topological foundation of the symmetrization map, reviewing how skein modules for
sequences of signed flips give rise to symmetric quivers. Section 3 then introduces the relevant physical
3d-4d systems, explains how their low-energy descriptions lead to a natural relation between 3d and
4d quivers, and constructs the symmetrization map in the minimal chamber for A,, Argyres-Douglas
theories. In Section 4, we discuss the relation between line operators in 3d and 4d, formulate it alge-
braically in terms of 3d-4d homomorphism, and work it out for the minimal chamber of A,, quivers.



Section 5 contains our main proposal: the general construction of the symmetrization map, together with
a description of its chamber dependence in terms of unlinking. Section 6 records a further connection,
showing how Schur indices can be encoded in CPT-doubled quivers obtained from the 4d quiver via
the symmetrization framework. Finally, Section 7, discusses avenues for future work and Appendix A
summarizes the notations and conventions used in the paper.

2 Topology of 2d and 3d manifolds and associated quivers

This section provides a review the combinatorial and topological structures that are relevant for the
remainder of the paper. Many are well-known (see, e.g., [CCV11, GMN13b]), but we present them from
the perspective of skein modules, in the spirit of [EKL20b, EKL20a, ES25]. This allows us to explain how
sequences of signed flips of ideal triangulations give rise to symmetric quivers, which encode skein-valued
counts of holomorphic disks arising from the geometry of the associated 3d bordisms. This construction
forms the topological foundation of the symmetrization map &.

2.1 Sequence of signed flips

In this section, we discuss signed flips of ideal triangulations and corresponding elementary bordisms.

Let C be a surface with an ideal triangulation 7. Then, there is an associated branched double cover
3, — C, obtained by putting one branch point at the barycenter of each ideal triangle; see Figure 2.
That is, each ideal triangle has a branched double cover given by an ideal hexagon, and X, is obtained
by gluing those ideal hexagons according to the gluing pattern of 7.

Figure 2: Branch cuts for an ideal triangle

Suppose that 7 is an ideal triangulation of C' obtained from 7 by a flip. Then, we can consider two
bordisms
Ty X, — X

from X, to ¥,/, giving branched double covers of C' x I; see Figure 3, which specifies how the branch
locus evolves along the I-direction in C' x I.

Figure 3: Elementary bordisms corresponding to signed flips.

These elementary bordisms can be thought of as branched double covers of the taut ideal tetrahedron
(i.e., an ideal tetrahedron with dihedral angles 0,0, w) thought of as a bordism from (C,7) to (C,7’). We
call the pair of a flip and a choice of either T or T_ a signed flip. Note that the branched double cover
corresponding to a triangulation of a square is an annulus, so both T and 7_, thought of as bordisms
from the branched double cover for N to that of [, are topologically the annulus times I (i.e., the solid



torus — see Figure 4) which double covers the square times I (i.e., the 3-ball) with branch locus given by
the red tangle shown in Figure 3.2

Figure 4: Solid torus double-covering the 3-ball.

Now, given a sequence of signed flips
7'2705715~~E>Tm:7'/,
we can glue the elementary bordisms together to get a bordism
Y: X, =3,

which is a branched double cover over C' x I.

2.2 Skein module

In this section we recall the definition of the skein module and focus on the case of solid torus; we also
discuss the skein algebra of the boundary torus.

Definition 1. Let Y be a 3-manifold decorated with a branch locus B, an embedded 1-manifold in Y .
Fiz a ring R containing Z[q,q™ "] (e.g., Z[q,q~ ] or C(q)). The gl,-skein module of Y is defined as

R(isotopy classes of framed oriented links in'Y \ B)
(gly -skein relations)

[1 Pp—
SKS' (V) :=

where the gl,-skein relations are given by

R

(2.3)

where the orange line in the last skein relation is part of the branch locus B.
For a surface ¥ (possibly with branch points), the skein module Skgll(Z x I) has a natural algebra
structure given by
[L1] - [L2] := [L - Lo]

2To make it clear whether we are drawing figures in the base 3-manifold or in the branched double cover, we draw the
branch locus on the base 3-manifold in red, and draw the branch locus on the double cover in orange.



for any framed oriented links L1, Lo C X x I, where Ly - Ly denotes the link obtained by stacking L1 above
Lo along the I-direction. We will call the skein module Skg[1 (3 x I), equipped with this algebra structure,

the gl,-skein algebra of ¥ and denote it by SkAlggKl( ).

It is clear from the definition that if ¥ < Y” is an embedding of 3-manifolds, then there is an induced
R-linear map
L I
Sk (Y) — Skg (Y').

Solid torus. The structure of the skein module for the solid torus is well known:

Skg[1 >~ Rlr,27],

7

where 2% € R[x,271] represents the following skein:

€ Skit

where d denotes d parallel strands (and |d| parallel strands in the opposite orientation if d < 0). Vertical
stacking gives an algebra structure on the skein module of the annulus times I, and it is easy to see that
the above isomorphism is an isomorphism of R-algebras:

SkAlgg[1 >~ R,z .

Boundary torus. The skein module of the solid torus is naturally a module over the skein algebra of
the boundary torus. Let & and ¢ be the following elements of the gl;-skein algebra of the torus (with

four branch points):

€ SkAlgl" . (2.4)

A

Then the gl;-skein algebra of the torus (with four branch points) is a quantum torus generated by these
two elements:

N@)

i1>
SkAlgS" e (2.5)
(9% = ?29)
The skein algebra of the torus acts on the skein module of the solid torus in the following way:
iead =29 gt = Pdad, (2.6)
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2.3 Quantum dilogarithm and holomorphic disks
In this section, we recall the definition of the quantum dilogarithm — which is a crucial object in this
work — and discuss some of its properties and interpretations.
U = PU(x) is a distinguished element of (a completion of) the skein module of the solid torus. It is
uniquely characterized by the following g¢-difference equation:
(1 gi — §)¥ =0, (2.7)

with the initial condition that ¥ = 14 ---, where --- € R[[z]]z, and called the quantum dilogarithm.
Explicitly,

T - 1 _ qud
BT TR (2.8)
where .
(a0 = [[A-a*2) and (562 == [](1— 2.
k=0 kS0

Thinking of the skein module of the solid torus as the skein algebra of the annulus, ¥ is invertible, with
inverse
(_1)d quxd

T € R[[z]], (2.9)

U= (q2¢%)0e = Y

d>0
satisfying the g-difference equation:

(1—q¢ e —g Hr !t =0. (2.10)
Now, back to the 3-dimensional bordisms Y : ¥, — Y. constructed out of a sequence of signed

flips, we consider the distinguished element Z of (a completion of) the gl;-skein module @2[1 (Y) of
Y, obtained by inserting the quantum dilogarithm W for each positive elementary bordism 7y and the
inverse quantum dilogarithm U—! for each negative elementary bordism 7. This element, Z, is secretly
a (skein-valued) count of holomorphic curves ending on a certain Lagrangian diffeomorphic to Y inside
T*(C x I), and ¥ (resp. ¥~1) is the count of a holomorphic disk (resp. a holomorphic anti-disk) and its
multiple covers. Pictorially, we will draw these skeins as in Figure 5.

Figure 5: Elementary bordisms and holomorphic (anti) disks.

Quantum cluster transformation. There is a rich story behind this construction: Given a surface
C and a branched double cover Y- induced by an ideal triangulation, there is an algebra homomorphism
called the quantum UV-IR map [NY20]

F, : SkAlgi(C) — SkAlgS" (%)

from the gl,-skein algebra of C' to the gl;-skein algebra of 3; and if 7/ is an ideal triangulation obtained
from 7 by a flip, then

F.U =VF,,, (2.11)
i.e., the two maps F- and F,, are related by conjugation by a quantum dilogarithm, which is also known
as the quantum cluster transformation. See [ELPS25] for its generalization to HOMFLYPT skeins and
the interpretation in terms of holomorphic curves.
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Disk-antidisk cancellation and pentagon relation. It is important to point out two properties of
gl
the distinguished element Z € Skj ' (Y') that we constructed above. First, a flip composed with a flip back

with opposite signs gives the trivial bordism Y = 3, x I, and in this case Z = WU ! =[] € Skg[l(Y);
see Figure 6.

W O
== .
NYANANY

Figure 6: Cancelling a pair of a disk and an anti-disk

Second, but more importantly, the quantum dilogarithm satisfies the pentagon relation:
\I/ab\llbc = ‘I’bc\llac‘l’aby (212)

which in this context becomes the invariance of Z under the 2-3 Pachner move changing the taut ideal
triangulation of C' x I, as illustrated in Figure 7. In the context of symmetric quivers and their geometric
interpretation in terms of holomorphic disks, this is closely related to the operation called unlinking
[EKL20a].3

2.4 Extracting Nahm sums from skeins

This section shows how to obtain Nahm sums from the topological construction we introduced earlier.
Importantly for later considerations, Nahm sums are specializations of the motivic generating series of
symmetric quivers.

gl
In order to get a number out of the skein Z € Skj ' (Y), we will choose an embedding of Y into a bigger
3-manifold Y where all the boundaries of the holomorphic disks appearing in Z become homologically
trivial. Then, the embedding Y <5 Y will induce a linear map

—~gl; . —~gl;, —
Sk (V) 5 Sk ()
Z — 1.(2),

where the image t,(Z) is now a number (in some completion C(g) of our base field C) times the empty

—~gl, —
skein [0] € Skg "(Y). This is because homologically trivial skeins can be made into linear combinations of
unlinks (and, in turn, empty links) using the gl;-skein relations. In this way, we get a “partition function”

3In the language of skein categories, one can summarize this by saying that we have an embedding
Tri(C) — Bimod
7 — SkCat(2;)
(Tt : 7 — 7') = (TF! : SkCat(Z,) ® SkCat(S,/)°P — Vect)

of the 2-category Tri(C) of ideal triangulations of C, signed flips between them, and 2-3 Pachner moves into the 2-category
Bimod of categories (in our case, gl;-skein categories of branched double covers), bimodules between them, and bimodule
homomorphisms.

12



7 <
Vi

Figure 7: Invariance under 2-3 Pachner move from pentagon (unlinking) relation

t+(Z) € C(q). We will be most interested in the case when Y is constructed entirely out of positive flips
T4, in which case ¢.(Z) can be easily computed to be

oo 0, m 1)17 )d7
wW(Z)= Y g Qs H e (2.13)
dyi,...,dm=0 i=1 197 d;

where m is the number of holomorphic disks (i.e., the number of flips), @ is the m x m linking matrix

computed in Y using the embedding Y < Y, and [; € Z/2 is the mod 2 linking number between the
boundary of the i-th holomorphic disk and the branch locus. Note that this ¢-series is a Nahm sum,
which is a specialization of the motivic generating series of the symmetric quiver (1.2) associated to the
linking matrix Q.

Let us describe this procedure more explicitly. One general method to create such Y is by capping off
the in- and out-boundaries of Y appropriately to create an integer homology sphere Y; then the desired
condition that Z is homologically trivial will be automatically satisfied. The two boundaries of Y, .
and Y,/ are surfaces of the same topological type, as the bordism Y : 3, — 3., simply braids the branch
points around. Hence, Y is topologically a mapping cylinder of the homeomorphism ¥, = ¥/ induced
by this braiding of branch points. For simplicity, let us assume that C' is a punctured surface without
any boundary, so that 3, and ¥,/ are topologically both surfaces of genus g with n punctures, for some
g and n; if C had any boundary intervals, we can always attach some more ideal triangles to close up the
boundary. In this setup, we choose a cup bordism

171 Q]HE

which, if we reverse time, can be thought of as a bordism that first fills in all the punctures to get a surface
of genus g and no punctures, and then attaches a genus g handlebody; that is, it contracts g number of
“p-curves”. Likewise, we can choose a set of “v-curves” on X, so that {;,v;}i=1,... ¢ form a symplectic
basis, and use them to get a cap bordism

Your : 20 — 0.
In this way, the composite bordism

ple s Now, Yy
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becomes an integral homology sphere Y after filling in all the punctures. In this way, we get the desired
embedding
Y <& Y.

To get an induced map of gl;-skein modules, however, we have to make sure that the Y carries the
branch locus that is compatible with that of Y. Since we are assuming that C' has no boundary, it has
an even number of branch points, so we can choose the p- and v-curves in such a way that contraction of
each p- and v-curve corresponds to colliding two branch points, annihilating the pair. Then, the branch
locus extends naturally to both the cap and cup bordisms, and we get the desired embedding Y LY
that is compatible with the branch locus. In this way, we get the desired map

aly

(V) % Sk,

ol
Sk,
and the associated Nahm sum ¢, (Z) € C(q).
For some special classes of Y, there are simpler ways to construct Y making Z homologically trivial,
without constructing an integer homology sphere. One such example is given in Figure 8, where Y is
a branched double cover of a pentagon times I given by a sequence of two flips (so Y is topologically the
torus with one boundary component times I), and Y is a bordism from a disk to a disk (each with one
branch point) obtained by connecting some pairs of branch points on the bottom and the top of Y. It is
easy to see that both ¥, and U, are homologically trivial in Y: we can pull ¥,;, down and pull ¥, up.

(),

Figure 8: The two holomorphic disks ¥, and ¥y, in this figure have a well-defined linking number.
This example generalizes to a class of examples called the minimal chamber of A,, Argyres-Douglas

theory (Section 3.3), where a choice of Y can be made by pairing the branch locus in a similar zig-zag
manner as in Figure 9.

b Y )

—

Figure 9: Branch locus pattern for a choice of Y in the minimal chamber of A,, Argyres-Douglas theory
2.5 Left and right modules of the quantum torus algebra

This section provides a topological perspective on the left and right modules of the quantum torus alge-
bra; broader discussion is presented in Section 4.2.
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It is worth noting that the skein module of a 3-manifold obtained by gluing two handlebodies can be
computed by taking the relative tensor product:*

SKIN(Y) 2 SKE" (Your)  ®©  SKE' (Yin). (2.14)
SkAlgd' (%)

Therefore, it is useful to understand Skg[1 (Your) and Skg[1 (Vi) as right and left modules over the quantum

torus algebra SkAlgg[1 ().

Suppose that the handlebody Y;,, is obtained by contracting p-curves p1,-- -, jtg, each surrounding
exactly two branch points which get annihilated in pairs in Y;,. That would mean that, under the
action of corresponding mutually commutative operators Ly, -+, L,, € SkAlggll(E), the empty skein

0] Skg[1 (Yin) remains invariant. Hence, we can view Skgll(YZ- ) as a vector space with the “ground
state”
0, ,0) :== [0] € Sk&" (Vi) (2.15)

and a basis

‘dlv"’ ’d9> = Lging[m ESkgll(}/in), dla"' 7dg €Z. (216)
Hence, when Y is an integer homology sphere so that Skg[1 Y) = @, we can express our partition
function ¢, (Z) in the following form:

—

(0, 0] Wy W1 [0, -+ ,0) € Clg), (2.17)

gl
where ¥; denotes the element of Skz "(Y) corresponding to the i-th flip, and (0, - - - , 0| := [0] € Skg[1 (Yout)-

3 Physics of 3d and 4d BPS states and associated quivers

In this section, we describe in detail a class of 3d-4d systems engineered by a pair of M5-branes wrapping
a 3-manifold with boundary. We discuss the relevant geometries and derive the low-energy descriptions
for both the 3d and 4d theories involved, explaining how each is related to the respective quivers (BPS
quivers for 4d A/ = 2 theories, and symmetric quivers for 3d A/ = 2 theories). Our analysis leads to
a natural relation between 3d and 4d quivers, whose underlying physical origin lies in the Witten effect
for Abelian (effective) gauge theories on a manifold with boundary. One of the main results of this section
is the first instance of the symmetrization map S that relates 4d and 3d quivers, which will be further
extended in later sections.

3.1 3d-4d systems from M-theory

In this section we describe the construction of 3d-4d system that is the environment in which the sym-
metrization map works.

Triangulated 3-manifolds describe BPS sectors of M-theory in the background of T*M x S' x R*
for some smooth 3-manifold M. The worldvolume dynamics of a stack of N = 2 M5 branes wrapping
M x S' x R? is described by a twisted compactification of the 6d (2,0) theory of type g = A;, which
gives rise to a 3d V' = 2 QFT denoted T[M], on S* x R? [DGG14, TY11]. We consider a deformation of
this setup defined by a splitting of M

M =M, UMyUM_, (3.1)

where My ~ C x I for some punctured Riemann surface C, and My are bordisms to/from the empty
set and C. More precisely, we will consider a certain degeneration of the mapping cylinder My ~ C x I,

4For a general skein module, we need to take the invariant part of the relative tensor product of internal skein modules
[GJS23, Thm. 2|, but for gl;-skein modules, the internal skein module coincides with the usual skein module (i.e., it is
already invariant), and we get the simple formula.
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defined by shrinking I — {pt} along the boundary OC. As a result, the boundary components of 3-
manifolds that we consider are

OM_=C, OM,=C, OMy=CuUC, (3.2)

Given any component My € {My, M, M_} of the decomposition, we consider a pair of M5-branes
wrapping a manifold with corners

(Mg x S' x R*) U (0Mp x S' x R* x Ryg) . (3.3)

M5-branes compactified on this background are described at low energies by a 3d-4d system involving a
4d N =2 QFT T|[C] of class S for each component of My, coupled to a 3d N = 2 QFT T[M,]. We
obtain, in this way, the following systems:

e A copy of T[C] on the half-space S* x R? x R+, coupled to either of the boundary QFTs T[M]

e A domain wall QFT T'[Mp] interpolating between two copies of T[C] on half spaces glued to either
side of the wall

We also consider gluing these pieces along the semi-infinite direction of T[C], giving the 3d-4d system
defined by twisted compactification of the 6d A; theory on

[M_U(CxI_)UMyU(Cx I )UM{]xR?xS. (3.4)
The worldvolume description is given by the 3d-4d system summarized in Figure 10, schematically denoted
T[M_} *T[C] T[Mo] *T[C} T[M_,_} (35)

where *7[c) denotes a coupling between two 3d N = 2 QFTs mediated by T[C] on S! x R? x I.. The
two 4d QFTs interact through the domain wall theory T[M;] along S' x R?, and are bounded at the
opposite ends of respective intervals I by T[M] on S x R2.

Note that, since 9M_ = C x {0} and OMy = C x {1} are located at opposite ends of the interval
I_ =[0,1] in a direction transverse to that of the filling of C, the different pieces of the 3-manifold M
do not match up, but instead feature corners. The 3d theory T[M] corresponds to a limit of this 3d-4d
system obtained by shrinking both I+ so that the 4d theories T[C] disappear, and the three manifolds
glue up as in (3.1):

T[M] ~ IihglptT[M_] *T[C] T[Mo] *T[C] T[M+] . (36)
0 0
0 0
T(C] T[c]
T[M_] T[Mo] T[M,]

Figure 10: The internal manifold wrapped by M5 branes (top) and the dual QFTs (bottom).
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3.2 Lagrangian descriptions

In this section we analyse the low-energy behaviour of the 3d-4d system that we introduced above, which
will provide the basis for two quiver descriptions connected by the symmetrization map &.

Triangulation and polarization data Following [DGG14], the 3d N/ = 2 QFT associated to a 3-
manifold M with boundary is uniquely defined by the topology and geometry of M. However, a specific
Lagrangian description T'[My; Tas,, 1] is labeled by additional data: a choice of ideal triangulation 73; by
tetrahedra, and a choice of polarization II for the SL(2,C) character variety of its boundary S = OM.

Since 7js induces a boundary triangulation 7g, there is a natural local parametrization of the character
variety Ps := Maat (S, SL(2,C)) in terms of complexified shear coordinates [NZ85, Foc97, Thu22, FG06].
Each edge F of 75 corresponds to a coordinate =g € C/27iZ, and the Weil-Petersson Poisson structure
on Pg is encoded by incidence relations among edges:

(Ep.Zp}= > +1 € {0,+1,42} (3.7)

shared faces

where the sign is positive if E is counterclockwise from E’ in a shared face, and negative otherwise.’

A polarization II of Pg consists of a choice of Darboux basis, namely a set of coordinates with canonical
Poisson brackets

{K,XJ}:61]7 {X“XJ}:{Y;,Y;}:O, Zvje{]-avd} (38)

The tetrahedron theory The building block of Lagrangian descriptions of 3d N/ = 2 QFTs associated
with ideally triangulated 3-manifolds is the tetrahedron theory

3d M = 2 chiral multiplet coupled to a background U(1) symmetry
Ta= with Chern-Simons level = (3:9)

The negative half-integer level for the Chern-Simons coupling is offset by one-loop corrections at the
quantum level [AHIT97], resulting in an effective zero Chern-Simons level. This theory has a duality
group Sp(2,7Z) x (iwZ)?, where the T-generator acts by shifts of the background Chern-Simons coupling,
while the S-generator acts by gauging the background U(1) symmetry. An important feature of Ta is
that it enjoys a self-triality, in the sense that

ST o Ta ~Ta (3.10)

retains an identical Lagrangian description, but with a different identification of fundamental degrees of
freedom. Here, ST is defined as the affine symplectic transformation corresponding to ST on (X,Y)!
followed by a shift of the position coordinate X — X —im. The geometric origin of triality is the existence
of three equivalent choices of polarization. Let Z,Z’, 2 denote shear coordinates of boundary edges, as in
Figure 11 (opposite edges have identical coordinates). These are linearly dependent through the following
relation:

E+E4+E" =ir. (3.11)

The three natural polarizations of the tetrahedron are then

DIE 5 wih (EE)={z.5={2)=1 (3.12)
H// E// E

On these, ST acts by a cyclic permutation:

ST: M —T" -1 —11. (3.13)

st(2)=(1 3 )0 )02 )05 =(

50ur conventions agree with those of [GMN13c, DGG14].

For example,

m
N———

(3.14)

<
<
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Figure 11: Shear coordinates on edges of a tetrahedron.

Gluing tetrahedra To build T[M; 7y, 0], we begin by fixing a choice of polarization for each of the
individual tetrahedra in 77, denoted {II;,..., I} from one of the three types in (3.12). Thanks to the
triality property, the choice among IT, II’, IT” for each tetrahedron is inessential at this stage. The product
theory @), Ta, is defined as a collection of N free hypermultiplets with a global U(1)" symmetry. This
has a duality group Sp(2N,Z) x (inZ)?* which acts on Darboux coordinates (Xi,..., Xn;Y1,...Yy)
generated by three types of transformations

e shifts of Chern-Simons couplings enacted by “T-type” transformations

- In 0 _ nt
Tg ._< B IN) B=B (3.15)

where Iy is the N x N identity matrix

e gauging of symmetries enacted by “S-type” transformations
([ IN—J —J Ry .

with j, € {0,1} equal to 1 if a labels U(1), C U(1)" to be gauged, and zero otherwise

e general linear transformations acting by field redefinitions

( Ig . ) H e GL(N,C). (3.17)

We then define g € Sp(2N,Z) x (inZ)?" as the unique duality transformation that relates the polarization
of the product theory ), 7a, to the polarization II of the desired Lagrangian description

II=go{IL}. (3.18)

A decomposition of g into generators of the three types described above defines a sequence of operations
on &), Ta, consisting of gaugings, shifts of Chern-Simons couplings, and field redefinitions, which even-
tually produces T'[M;7pr, II]. We will illustrate this shortly with the example of main relevance to our
work. Last, but not least, if the triangulation contains any internal edges, these contribute terms to the
superpotential of the theory

W=> 0 (3.19)
I

where O; = [] eX#: involves a product of edges glued to I from all incident tetrahedra. The role of W is
to enforce a breaking of U(1)" to an appropriate subgroup, completing the definition of the Lagrangian
description associated to II.

3.3 Domain walls for A,, Argyres-Douglas theories and symmetric quivers

We now restrict attention to 4d N/ = 2 Argyres-Douglas theories of type A;,, also known as (A1, Ay,)
theories [GMN13c, CNV10].° We construct BPS domain walls associated with BPS states in the minimal

6The index m labels the 4d theory under discussion, but in fact also coincides with the number of vertices of the
corresponding 4d BPS quiver, as will be recalled below.
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chamber of their Coulomb branch, and show that the worldvolume theory on the domain wall admits
a low-energy Lagrangian description captured by a symmetric quiver @). This relation between the 4d
BPS quiver Q44 and the symmetric quiver ) provides the first example of the symmetrization map &.

The minimal chamber and 4d BPS quiver We now consider the specific case of My with C' ~ C
given by a triangulated (m + 3)-gon, as shown in Figure 13 for m = 6. The corresponding 4d N' = 2
theory T[C] is (a deformation of) the A,, Argyres-Douglas theory, and this specific type of triangulation
arises in a chamber of its Coulomb branch with the minimal BPS spectrum [GMN13c].

In a generic Coulomb vacuum u, the theory T'[C] flows to a U(1)" effective gauge theory withn = [ %3 |.
Edges of the triangulation 7~ are labeled by IR electromagnetic charges o, ..., q,, corresponding to
generators of the electromagnetic and flavour charge lattice. More precisely, if m = 2n the flavour
symmetry is trivial, but when m = 2n + 1 there is a U(1) flavour symmetry with a corresponding

rank-one flavour sublattice generated by ay = Z?Zfl «;. The Dirac pairing on charges is given by

(@i, agig1) = (@i, azi-1) = 1 (3.20)

and zero otherwise. BPS states at a point u in the Coulomb branch are encoded by a BPS quiver
Q14 = Q.. shown in Figure 12. Tt is well known [BS15, ACCT14] that Q.. is dual to the initial
triangulation of C| i.e., the one shown at the bottom of Figure 13.

q Q2 Qon—1 Qanp
° ° ° ° ° °

a1 a9 Qaon—1 (0579 Qaon—1
° ° ° ° ° ° °

Figure 12: 4d BPS quivers Q44 = @+, corresponding to minimal chambers of Ay, and Ag, 11 theories.

We will choose u within the minimal chamber, defined as the region with BPS central charges ordered
as follows:
arg Z2d  <argZ2d . (3.21)

Aodd

The relative ordering among odd (respectively, even) central charges does not matter, since they are
mutually local, and since in this chamber the only stable BPS states are hypermultiplets of charge +q;
for each ¢ € {1,...,m}. The mapping cylinder M, is defined by the BPS spectrum of the minimal
chamber as in Figure 13: by first including tetrahedra associated with BPS states of charge aeyen, and
later tetrahedra associated with BPS states of charge aqq-

Lagrangian description and 3d symmetric quiver Let us denote by U, U/, U/’ the edge coordinates
on the tetrahedron associated with a BPS state of charge aq;, and by V;, V/, V!’ those of the tetrahedron
associated with a BPS state of charge ag;—1. We start with the theory ®Z";1 Ta, with polarizations of
type II” from (3.12), given by positions and momenta:

(I} - {(V{',U{',...7V7;’,U7’1’;V1,U1,...,Vn,Un) (m = 2n) . (3.22)
VoY,V U VL UL Ve Uy) (m=2n041)
We then define a new polarization IT whose positions and momenta
IT: (X1, Xo, o, X1, X 11, Ys, . Y21, Vi) (3.23)
are related to the former by
Xoj1=-Vi=U' ULy Yo =V/ (3.24)

" ! ’
XQiZ*Ui*Vi - 1'/4,_1 YQz:U{
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(673 —0ly

—05 —Qas3

« Q (6]
Qg 5 g ) (D) 1

Figure 13: The ideal triangulation of M. Position coordinates for the polarization II corresponding to
edges of the boundary triangulation are highlighted in blue (X3;—1) and in red (X;).

with the understanding that indices run from 1 to m, and the respective coordinates are set to zero
outside of this range. For later convenience, we also record the inverse relations:

Vi=—Xoi1— Yo — Yo 2 Vi =Yai1

p (3.25)
Ui=—Xoi — Yai—1 — Yaia U =Yy
as well as the relation to boundary shear coordinates for the bottom (C_) and top (C.) surfaces:
{Xwi1 =-V,-U'-U", =X51
Pc_ -
Xag; = —Ui = Xoi + Yoi—1 + Yait1 (3.26)

D Xy =—Vi=Xoio1+ Yo + Yo
C .
B Xeap = -Ui =V =Vl =Xz
Here, a small difference between the cases m = 2n and m = 2n + 1 is worth mentioning. On the one
hand, X;,Y; with ¢ = 1,...,m always come in pairs as Darboux coordinates associated with tetrahedra
(after a change of polarization). On the other hand, dim¢Pe, = m. If m = 2n the map between bulk
and boundary coordinates (3.26) is invertible, but if m = 2n + 1, it is not. The reason is the existence of
a flavour sublattice, since the corresponding coordinate is invariant under flips of the triangulation. Let
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Xia; = Xi(a1++an,) denote the flavour coordinate on P(C1), then”

Xoy =X 0, (3.27)

For illustration, consider the case m = 1 (corresponding to the A; theory). Both Cy are triangulated
4-gons, related by a flip. In fact C+ are half-boundaries of a single tetrahedron with coordinates X; =
V1,Y1 = V/ on the character variety of its boundary. However, in the identification with shear coordinates
of internal edges of Cy, we only have X,, = X; = X_,,, while Y; does not appear at all. The reason

is that Y7 = V{’ is associated with a boundary edge, i.e., an edge that separates C; from C_. The
double-covering of My in this case is a solid torus, and the cycles corresponding to X;, Y; are shown
in (2.4).

As a check, the Poisson structure (3.8) implies

{Xaoi> Xaoy 1} = {Yoi1 +Yoip1, Xoj 1} = 035 + i1,

3.28
{Xaszazj} = {Xa2i—17Xa2j—l} =0, ( )

in agreement with (3.20) for C' = C_. Similarly, we recover the Poisson structure on shear coordinates
on Cy (which has the opposite sign due to orientation reversal):

{Xan, Xoap, o} = {X2i, Yo + Yoj 0} = =65 — bij-1, (3.20)
{X—a21’X—a2j} = {X—Oézi_le—oz2j—1} =0,
and we have that shear coordinates on C_ commute with those on C.:
{Xa27:v X—Ot2j—1} = {X—a’szOtQj—l} = {XOL2717X—C¥2J'} = {X042i—17X—0¢2j—1} =0. (330)

For example, consider the case m = 6 shown in Figure 13. The change of polarization is given in this
case by:

X, 0 -1 -1 vy
X, ~1 0 -1 ~1 4
X, 1 0 -1 1 124
X, -1 0 -1 ~1 Ul
X5 1 0 -1 1 vy
14
f,f' i L 0 L (‘J;’; (3.31)
Y; 1 U,
Y3 1 Va
Yy 1 Uy
Ys 1 V3
Ys 1 Us

Note that the positions X1, ...

, X correspond to a maximal collection of edges of the boundary trian-

gulation 7g that do not share any faces, as highlighted in Figure 13. In fact, as already noted in (3.26),
odd coordinates correspond to alternate edges of the initial triangulation:

X2i71 = Xagi_l 9 (3.32)
while even coordinates correspond to alternate edges of the final triangulation:
X2i = X_Ol2i . (333)

It is straightforward to check that these are indeed Darboux coordinates, i.e., that (3.8) is satisfied,

using (3.12) for each tetrahedron. The change of polarization therefore corresponds to an element of
Sp(2m,Z) given by

g=5 Tg (3.34)

7In this description we are omitting the value of the coordinate along the interval, but it should be clear from context
that the left hand side is evaluated at one end (the bottom) and the right-hand side at the other end (top).
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where S = S, as given in (3.16) with J = I,, (all symmetries gauged), and Ty is given by (3.15), with
Qij = i j+1 + i1 (3.35)

The Chern-Simons-Matter gauge theory description that emerges is as follows. Starting with &), 7a,,
which is a theory of k free chiral multiplets, we first act with T by introducing (effective) mixed Chern-
Simons couplings for the U(1)™ flavour symmetry rotating the free chirals:

Rypeotve = Qg . (3.36)
Following with the action by S, we maximally gauge the global symmetry, thereby passing to a U(1)™
gauge theory with m chiral multiplets, each charged under only one of the U(1) gauge factors.

The theory we just described belongs to the class of theories T[Q] encoded by symmetric quivers Q,
introduced in [EKL20b]. In this case, the quiver adjacency matrix is given by @Q;;, implying that @ is
a symmetrization of the A,, Dynkin quiver (see Figure 14).

| T[Mo; 7o, TT] = T[Q] | (3.37)

X1 Xo Xm—1 Xm
° ° ° ° ° °

Figure 14: The 3d symmetric quiver ) associated with T'[Q)].

3.4 Symmetrization map in the case of minimal chamber

There is a tantalizing similarity between the BPS quiver Quq = @,, shown in Figure 12, and the
symmetric quiver @) encoding mixed Chern-Simons couplings of the 3d theory T[Mp], shown in Figure 14.
The quiver ) obtained in this way is related to the 4d BPS quiver Q4q and to the choice of stability
data, which is denoted by “min” (minimal chamber) and understood to encode both a choice of Coulomb
moduli for the 4d theory as well as a choice of half-plane in the complex plane of central charges. The
quiver @ is obtained simply by doubling all arrows of (Q4q — this is our first example of the symmetrization
map (1.1):

S(Q44, min) = Q. (3.38)

More general definition of this map will be discussed in later sections. The simple relation between Q
and @Q4q encountered here is a special feature of this choice of stability condition. This relation can be
understood both from geometric and physical viewpoints, as follows.

Quivers from triangulations The 4d quiver is dual to the triangulation of C at either end of the
interval. Indeed, M, is defined by gluing a tetrahedron for each BPS particle of T[C], and each induces
a flip of the triangulation of C', which corresponds to a mutation of QQ4q. It follows that the entire
sequence of mutations induced by My takes Q4q back to itself [ACCT14]. Vertices of Q4q are internal
edges of 7¢ and arrows count shared triangles with orientation as in (3.7).

The 3d quiver @, on the other hand, depends on the data of (757,1I). Each vertex corresponds to
an external edge of 7); labelling a position coordinate X; defined by the polarization II. Links among
vertices are in one-to-one correspondence with internal triangles of s shared by these edges.® For
example, consider the link between vertices labeled by X; = =V} — Uy and X5 = —U; — V" — V4 in
Figure 14. The link between them corresponds to the face (Uy, Uy, Uy) ~ (V1,V{, V") shared by the
external edges labeled by a1 and —as in Figure 13.

The geometric data that defines both 3d and 4d quivers is summarized by the following table:

Qua | Q
vertices | internal edges of T¢ X;-edges of (tar,,1I) . (3.39)
arrows | common triangles in 7¢ | common triangles in 7y,

8Since X; are in mutual involution, it follows immediately that they do not share any external faces.
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Bulk and boundary Witten effects: from Dirac pairings to Chern-Simons couplings The
striking similarity between 4d and 3d quivers can also be understood from a physical perspective. First,
recall that vertices of Quq are basic BPS states of T[C], i.e., dyons whose boundstates generate the
entire 4d BPS spectrum through interactions governed by the Dirac pairing (3.20), which is captured by
the arrows between two vertices [Den02]. Conversely, vertices of the symmetric quiver @) correspond to
fundamental BPS vortices of T[Q], whose own interactions are governed by mixed Chern-Simons couplings

w5 which are encoded by the linking matrix of Q through (3.36):

| Quad | Q
vertices | basic BPS dyons of T'[C] | fundamental vortices of T[Q] . (3.40)
arrows Dirac pairing Chern-Simons pairing

A common feature is that in both cases the number of arrows between two vertices of the quiver is directly
related to the orbital spin of their boundstate (respectively in 3 and in 2 space dimensions; see [Col82]
and [GL24, Appendix A]). To understand why the two should be related, let us recall a few facts about
the respective QFTs.

On the Coulomb branch, T[C] flows to an effective U(1)" gauge theory, and BPS dyons arise as
massive particles charged under the IR abelian gauge group. Consider a duality frame in which a stable
BPS dyon of charge « is purely electric (has unit electric charge and is magnetically neutral). In this
duality frame, the dyon can be described by a local field coupled to the low-energy photons F),, as in
standard QED. On the other hand, another dyon with charge o, such that (o, a’) # 0, does not admit
a description in terms of local degrees of freedom in the same duality frame. However, there exists a dual
frame in which o’ is an elementary electric charge, and in which the new dyon is described by local fields
coupling to a dual photon Fj,,.

We thus have two duality frames I, I, in which, respectively, a and o’ correspond to purely electric
charges. However, when viewing « in frame 1, it acquires m units of magnetic charge, where m = («a, o')
is measured by the duality-invariant Dirac pairing. Conversely, the magnetic charge of o’ in II, will be
—m. The duality transformation between the two frames must therefore involve a field redefinition mixing
electric and magnetic field strengths:

F;/w ~{a, ) Fu+ ... (3.41)
At the level of the Lagrangian, such a duality transformation can be implemented by a Legendre transform
combined with a shift of the theta angle by («, @) units:

L ~ {a,d/YF N F. (3.42)

Such a shift adds a total derivative to the Lagrangian, leaving the local equations of motion invariant.
But if the abelian gauge theory is considered on a manifold with boundary, as in our case, a shift of the
theta angle induces a change in the boundary action. In particular, a shift of the theta angle corresponds
to a shift of the appropriate Chern-Simons level for the boundary theory:

! !
M/ FAF:M/ ANdA. (3.43)
8T Js1xR2xRx0 4T Js1xr2x {0}
which leads to the identification
(a,d) =K. (3.44)

This explains the relation between Q4q and @ with structures given by (3.40).

The relation between Dirac pairing and Chern-Simons coupling can also be understood as a relation
between two well-known effects. On the one hand, in 4d abelian gauge theory, the Witten effect [Wit79]
is the observation that a shift of theta angles induces a shift of electric charges by magnetic ones. On the
other hand, it is also well known that the inclusion of a Chern-Simons term in 3d abelian gauge theory
has precisely the same effect: it induces a mixing of electric and magnetic charges. These observations
are related by the topological nature (3.43) of the 4d theta term, i.e., the fact that it is a total derivative
of the Chern-Simons term.
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3.5 Boundary conditions and duality frames for A,, Argyres-Douglas theories

We next explain how the observations above are realized in the case of main interest to us, i.e., the domain
wall theory T'[Mpy] defined by the minimal BPS spectrum of the A,, Argyres-Douglas theory. The descrip-
tion is very similar for both even and odd values of m. For illustration, we give details on the case m = 2n.

We start with the Lagrangian description of the low-energy 4d U(1)™ gauge theory associated with the
initial surface C, corresponding to the triangulated (2n + 3)-gon in Figure 13. In the minimal chamber
of the Coulomb branch, the BPS spectrum includes hypermultiplets with charge o; with ¢ = 1,...,2n.
Charges with odd (respectively, even) labels are mutually local:

<052i—15 0&2]‘_1> =0= <042,‘,042j> i,j =1... ,n. (345)

A Lagrangian description of the IR 4d theory involves a choice of duality frame, which we fix by demanding
that a maximal collection of mutually local dyons are purely electric. Concretely, we may choose BPS
dyons with charge ag; for ¢ = 1,...,n (with corresponding boundary shear coordinates X,,, = U;
with ¢ = 1,...,n), and these would be described by local degrees of freedom of electrically charged 4d
hypermultiplet fields.

The 4d theory T[C] is formulated on S' x R? x Rsq, which has a boundary component at finite
distance with topology S' x R2. The boundary conditions for the 4d theory are described, in the dual
geometry, by a triangulated 3-manifold with a boundary component the triangulated Riemann surface C.
The n tetrahedra glued to C' correspond to a maximal collection of mutually local charges. For example,
for the collection of even charges aw;, the relevant tetrahedra are those in the bottom row (in yellow) in
Figure 13. These tetrahedra define a boundary condition for the corresponding 4d theory T'[C] as follows.

The boundary condition for the bottom (respectively top) copy of T[C] involves a breaking of 4d
N = 2 supersymmetry down to 3d N' = 2, which is parameterized by a phase 9. (respectively, ¥,).
The angle defines a splitting of 4d N = 2 hypermultiplets into two 4d A/ = 1 chiral multiplets (®, ®’)
with opposite flavour and gauge charges, and boundary conditions can be of Dirichlet type for ® and of
Neumann type for @', or vice versa; see [DGG14]. The boundary degrees of freedom of the chiral field
with Neumann conditions are described by a 3d N = 2 chiral multiplet in T'[M)].

In our setup, the choice of phases 9., 9, is defined by the minimal chamber of the 4d Coulomb branch,
if we require that they correspond to phases of BPS central charges:

arg Zg,, = Ve < arg Z, =1,. (3.46)

2i—1
This means, in particular, that tetrahedra glued to the lower boundary of My all correspond to the
same phase a., while all upper tetrahedra have the phase a,. The abelian IR theory corresponding
to the bottom copy of T[C|] features one hypermultiplet with charge «s; for each ¢ = 1,...,n. The
boundary condition defined by 9, (for the bottom boundary) defines a splitting of these hypermultiplets
into AV = 1 chirals. Of these, it is the field with Neumann boundary conditions which gives rise to the 3d
chiral multiplet of the corresponding tetrahedron theory (3.9) with shear coordinates U;; see Figure 13:

Boundary theory for T[Chottom]:  Bbottom := ® Ta,- (3.47)

i even

Similarly, at the top boundary of My, namely the upper copy of the triangulated (2n + 3)-gon in
Figure 13, we have the same low-energy abelian U(1)™ theory, but in a different duality frame where
electrically charged hypermultiplets have charge ag;—1 for each ¢ = 1,...,n. Once again, each of these
includes a N' = 1 chiral with Neumann boundary conditions, whose boundary degrees of freedom give
rise to the 3d chiral multiplet of the tetrahedron theory (3.9) with shear coordinates V;; see Figure 13:

Boundary theory for T[Ciop]:  Brop := ® Ta,- (3.48)
i odd

The full domain wall theory T[My] is obtained by coupling Byottom t0 Biop according to the rules
outlined in Section 3.2. From the viewpoint of the 3d theory, this involves activating 3d Chern-Simons
couplings, as we showed in Section 3.3. On the geometric side, the coupling between boundary theories is
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engineered by gluing along internal triangles, as shown in Figure 13, where we glue the two rows of yellow
tetrahedra. Moreover, each internal triangle connects edges associated with vertices of the 3d quiver @,
respectively on the bottom and top copies of C' (highlighted in blue and in red in Figure 13). This is
consistent with the identification of arrows in () with internal faces shared by edges dual to vertices of @
- see (3.39).

The change of polarization defined in (3.34) encodes precisely the change of duality frame that relates
the bottom and top copies of T[C]. The action of Ts implements a shift (in fact, a mixing) of theta angles
by Q;; units, while the S operation implements the Legendre transform that switches between electric
and magnetic frames. These operations combined take us from the bottom 4d theory, which corresponds
to the electric frame for as;, to the top 4d theory, which corresponds to the electric frame for ag;_1.

To summarize, we define the duality frame of the bottom (respectively, top) copy of T[C] by requiring
that the boundary condition determined by the bottom (respectively, top) row of tetrahedra corresponds
to Dirichlet/Neumann conditions for elementary electric hypermultiplets. The duality transformation
relating these two frames is encoded by gluing relations between the two sets of tetrahedra that define
the respective boundary conditions. The transformation switching between the two frames involves an
appropriate shift of the theta angles, followed by electric-magnetic duality, which are encoded by the
Dirac pairing between as; and as;_1. The topological nature of the 4d theta term implies that it can
be equivalently recast as a 3d Chern-Simons term on the domain wall theory T[M], thus explaining why
the adjacency matrices of 4d and 3d quivers are directly related: recalling that matrix elements of the
(antisymmetric) adjacency matrix of the 4d quiver are (Qud)i; = (o, o;), we have that

(s )| = [(Qaa)ij| = &(Qaa, min);; = Qi (3.49)

3.6 A geometric realization

We now provide a geometric construction of the domain walls described above. For illustration, we focus
on the case m = 2n even, since the case of m = 2n + 1 follows with minor adjustments.

Spectral networks of Argyres-Douglas theories To build a geometric model for My, we consider
a family of quadratic differentials from the minimal chamber of the Argyres-Douglas theory As,, defined

as follows:
2n+1

$2(2) = ] (z = 2) d2® (3.50)
i=1

where z; are chosen on the real axis. For convenience, we fix
zi=1—n—1. (3.51)

The quadratic differential then has zeroes at 2n+1 integer points between z = —n and z = +n (inclusive).
We define the spectral network W(+) as the collection of the horizontal foliation:

Tmy/ €29 gy (e~ 343 2) = 0. (3.52)

Our definition differs slightly from the original one [GMN13c] due to a rotation of the z-plane by 6_%,
which is included to keep the asymptotic behaviour of Stokes lines fixed at infinity. This is necessary for
our construction of My since we wish to glue the boundaries of the bottom and top copies of C. In our
picture, it is the branch points that move instead, as ¥ changes.

The evolution of the network for ¢ € [r/4, 57 /4] is shown in Figure 15 for the case n = 3. We observe
the presence of saddles at phases

ﬁe:g, 9, =, (3.53)

corresponding to periods of central charges Z,,, and Z,,,, ,, respectively. This gives a geometric realiza-
tion of the stability condition (3.46).

By a construction of [GMN13c], each spectral network induces an ideal WKB triangulation of C', which
jumps by flips when saddles of the network appear. In our case, the WKB triangulations correspond
precisely to the initial, middle, and final triangulations of C' shown in Figure 13.
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Figure 15: Spectral networks for a family of quadratic differentials, corresponding to a family of IR 4d
N =2 QFTs. There are two critical phases at which flips of the network occur (top-right and bottom-left
frames). The family of 4d QFTs corresponds to the domain-wall theory described by the 3d-3d dual QFT
to the 3-manifold in Figure 13, whose two rows of tetrahedra correspond to the two collections of flips
featured here.

RS

M2-M5 boundstates and linking A quadratic differential defines a ramified double covering of
Y9 — C inside T*C. Considering a family over ¢ gives a double covering Ly — My, defined in T* M.

As explained in Section 3.3, flips of the triangulation correspond to tetrahedra in a 3d triangulation
of My. The double covering of each tetrahedron is a solid torus S* x R2, and L consists of 2n solid tori
glued together along their boundaries, at the (double covers of) faces of the tetrahedra.

Saddles of the spectral network correspond to the presence of holomorphic disks D; in T*C, at
phases 9. and 9,, whose boundaries have homology classes a; € H1(X,Z). In the M-theory setup Ly
supports a single M5-brane arising from recombination of the stacked pair of M5-branes on M, and each
holomorphic disk supports an M2-brane with boundary on L.

The double covering Ly is a manifold with boundary given by two copies of a double covering of C"

0Ly =Y, UY_. (3.54)



It will be interesting, with later applications in mind, to consider a compactification of Ly defined by
gluing manifolds Ly at the two ends, as described in Section 2.4. To define Ly, let {u;,v;}"; denote
a Darboux basis for Hq(3,Z). Then, Ly are handlebody fillings of ¥4 obtained by filling in, respectively,
the p; cycles for ¥, and the v; cycles for ¥_. The resulting manifold has the topology of a three-sphere

LiUs, LyUs, L_=~5°. (3.55)

Using this fact, we can consider the Gauss linking number of boundaries of holomorphic disks in Lg in
homology classes «;, and we observe that these coincide precisely with the linking matrix of the symmetric
quiver Q:

k(0D;,0D;) = Q;j - (3.56)

4 Algebras of line operators and symmetric quivers

We discuss a relation between line operators of the low-energy effective 4d and 3d theories discussed in
the previous section. We show that their geometric realization naturally gives rise to a bimodule for the
quantum torus algebra associated to the symmetric quiver of the 3d /' = 2 theory, that coincides with
the gl; skein module of the (double-covering L of the) mapping cylinder defined by the Kontsevich-
Soibelman invariant. We also present how algebraic formulation of this relation, which we call 3d-4d
homomorphism, can be generalized to any symmetric quiver of the 3d A/ = 2 theory. Finally, we discuss
the 3d-4d homomorphism and the symmetrization map & for the minimal chamber of As and general
A,, quivers.

4.1 Line operators in 3d and 4d: boundary and domain-wall ideals from
motivic DT series of symmetric quivers

In this section, we discuss the physical origins of the line operators in 3d and 4d theories, which forms
the foundation of the algebraic perspective on the symmetrization map &.

The twisted compactification of the 6d (2,0) theory of type A; on C x S! x R3 gives a 3d N = 4
sigma model with target space Po with complex dimension 2n, a hyperkéhler manifold isomorphic to
the moduli space of SL(2,C) flat connections on C' [SW96, GMN13c].? Recall that n = || here: when
m = 2n + 1 is odd there is a U(1) flavour symmetry that restricts the target from a space of complex
dimension 2n + 1 to a complex-codimension-one subspace.

The emergence of this space can be understood directly from the six-dimensional viewpoint by noting
that flat connections on C arise after reducing the 2-form gauge potential along S'. Conversely, from the
dual viewpoint of the 4d QFT, reducing the 2-form along cycles on C' gives rise to gauge fields of T'[C].
This leads to the identification between holonomies of flat connections on C' and expectation values of
line operators in 7T[C] wrapping S' [DMO09, DGOT10, AGGT10].

Local functions on Pg are provided by the shear coordinates U;, V; and their counterparts defined
earlier. The identification with line operators arises by observing that shear coordinates are labeled by
electromagnetic charges « of the IR effective U(1)" gauge theory description. It was argued in [GMN13c,
GMN13a] that shear coordinates correspond to vacuum expectation values of IR line operators with
corresponding electromagnetic charges'®

To = eXe = (LR, (4.1)

Introducing a half omega-background for the 4d theory on S' x R? x Rxq, defined by twisting R? by a
rotation along S* [MNS00b, MNS00a, Nek03], results in a quantization of the ring of line operators given
by a quantum torus algebra

A Goie = ¢ g0 (4.2)

91In our case, the compactification involves the presence of boundaries for the 4d theory, further breaking supersymmetry
to four supercharges.

10The definition of BPS line operators involves a choice of preserved supercharges parameterized by a phase, which we
suppress here.
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When T[C] is formulated on a manifold with boundary, the boundary conditions for bulk fields induce
relations among the line operators, encoded by a certain ideal Z. As a result, the algebra of line operators
for the boundary 3d QFT takes the structure of a module over the algebra of 4d line operators [DGG14].

In our case, we have two copies of the 4d theory T'[C], taken in distinct duality frames, as discussed
in Section 3.5, and glued together by a domain wall theory T'[Mp]. We can view shear coordinates on
OM as coordinates on Pc X Pc,'! whose quantization gives two copies of the algebra of line operators
of T[C]

PexPo  ~ AF AL, (4.3)

The manifold M, defines a bimodule for this algebra as follows.

Before quantization. At g = 1, each of the boundary shear coordinates corresponds to a certain linear
combination of tetrahedron edge coordinates. Recall that the latter obey a 3-term relation, such as

=/

1—e=—¢5 =0 (4.4)

or, equivalently, an analogue of this equation obtained by a Zsz permutation = — Z' — Z” — = rotating
the three choices of polarization in (3.12). With 2n tetrahedra without internal edges in My, this leaves
exactly 2n independent coordinates. Through the relation between bulk and edge coordinates, this defines

a Lagrangian submanifold of the boundary character variety:
Lyg={1—e V= =0}, N {1-e —e% =0}y C Pox Pe. (4.5)

Geometrically, this construction is known as a Lagrangian correspondence, and in our case it describes
flat connections that extend from one boundary component to the other throughout the bulk of My. The
change of polarization (3.24) allows us to rewrite (4.5) in terms of variables

x; = e yi = eVt (4.6)
adapted to the quiver description T'[Q] ~ T'[My], which reads
Loy = {1 =y — i 1yiyr = 017 (4.7)

The polynomials that define the Lagrangian correspondence coincide exactly with the quiver A-polynomials
introduced in [EKL20b, PS19]

Aizl—yi—xi(—yi)Q“Hyj K i=1,...,2n (4.8)
J#i
with the adjacency matrix given by (3.35) in our case. From the viewpoint of T[Q], the A; determine the
twisted chiral ring of the 3d theory on S! (viewed as a Kaluza-Klein (2,2) QFT).

Deformation quantization. Next, we discuss (4.3) with ¢ = e" # 1. Recall from (4.1) and (4.6)

that z, and x;,y; are related to X, and X;,Y;, and that the latter are related to each other via the

bulk-boundary relations (3.26) at C, preserving the Poisson (symplectic when m = 2n) structure.

Deformation quantization promotes these two sets of coordinates to quantum torus algebra operators.
On the one hand, we have the standard quantization of Darboux coordinates:

Vi, X;} =65 = [Vi,X;] = ho (4.9)
which leads to a quantum torus algebra with generators
Gi=eNi, gi=el (4.10)

obeying relations
ity = 0, [#85] = (5591 =0. (4.11)

1P has the opposite symplectic structure compared to Pg, since the two components of the boundary come with
opposite orientations.
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This is the quantum torus algebra associated with a 3d N = 2 symmetric quiver introduced in [EKIL20a].
Note that it coincides with 2n mutually commuting copies of the quantum torus algebra (2.6).

On the other hand, the Poisson structure (3.28-3.30) leads to the quantum algebra of 4d IR line
operators (4.2). The common origin and compatibility of these algebras play a central role in the 3d-4d
correspondence between theories and related quivers.

In addition to a quantization of the algebra of functions over Pc x P¢, there is also a specific
quantization of the Lagrangian submanifold defined by (4.8), determined by the quiver motivic generating
series (as will be explained shortly), given by [EKL20a]

Av=1—gi—ai(—q)? [[577.  i=1.....2n. (4.12)
J#i

Taken together, these generate an ideal of AL ® AICR’OP that defines the g-difference D-module
19 = A e AP /{A; =0}, (4.13)

The generator of this ideal is the motivic generating series of the symmetric 3d quiver @ [Efi12]

oo omn i
2n Oids !
PQ(xla-u»fEQmQ) = E (7(]) =1 diQijd; I I (2# (4.14)
di,...,d2n=0 i=1 q-;9q d;

This has a physical interpretation as the S' x R? vortex partition function of the domain-wall theory
T[Q] ~ T[M,] [EKL20b]:
PQ(:ED sy T2m, CI) = Zvortex[T[Q]] . (415)

4.2 gl, skein module of Ly, quantum torus algebras, and F; as a wavefunction

In this section, we relate line operators in 3d and 4d theories, which forms the algebraic counterpart of
the symmetrization map &.

Viewing Lo = ¥ x I as a bordism from ¥, to ¥_, a TQFT (functor) defines an operator represented
mathematically by an element of the skein algebra SkAlgg[1 (X) acting on a Hilbert space associated to X.
At the same time, recall from Section 2 that SkAlgg[l(E) is a SkAlggll(EJF)—SkAlgg[l(E,) bimodule in
its own right. This perspective leads to a natural realization of the quantum torus algebra (4.11) of
a symmetric quiver, as we describe next.

As before, we consider A,, Argyres-Douglas theory with m = 2n or m = 2n + 1. Since there
are minimal differences between the two cases we focus on m = 2n here. The Riemann surface X
corresponding to the Seiberg-Witten curve of Ao, Argyres-Douglas theory defines a physical charge
lattice of rank b1 (X) = 2n. It follows that

bi(Lo) = by (S x I) =2n,  by(dLe) = by (D4 US_) = 4n. (4.16)

~

The gl, skein module of Ly = ¥ x I (see Definition 1) is, as an R = Z[q, ¢~ ']-module, isomorphic to
R[H,(%,7Z)]:

Skd" (L) ~ R[z{",... 23], (4.17)
where 1, -+ ,za, are a choice of basis of Hy(X,Z). This carries a natural bimodule structure for the
algebra

SkAlg2" (9Lg) ~ SkAlg?" (£) ® SkAlgl" (2)°P. (4.18)

To describe this, we introduce a basis of operators defined by inserting oriented curves on %, and ¥_.
We shall denote, as in Figure 13,

{a;}2, basis of cycles on ¥_ (the bottom boundary), (4.19)
{—a;}?, basis of cycles on X (the top boundary). .
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Each of these 4n cycles is dual to an internal edge of the triangulations on Cy, and we denote by X, the
corresponding shear coordinates on Po x Pe. Inverting (3.26), we can express the Darboux basis (3.24)
in terms of boundary shear coordinates X,, and X_,;:

n—it+1
Xoim1 = Xag, 4, Yai1 = Z (17" (Xazy — X—asy) s
S (4.20)
Xoi =X, Yo=Y (17T (Xay, s = Xoan,,)-
j=1
Relations (4.9-4.11) give an explicit isomorphism
AL @ AP ~ SkAlgS" () ® SkAlgS" (2)°P, (4.21)

thanks to the identification of X;,Y; as insertions along cycles of X1 given by (3.32-3.33) and (4.20); see
Figure 16 for an example.
Next, we give a concrete description of the (bi-)module structure of Skg[1 (Lo). We define the state

associated with the trivial bordism:
|0,...,0). (4.22)

The Z; act by inserting lines from below (for ¢ odd) or from above (for ¢ even); see Figure 16a. We
generate a basis for Skgl1 (Lo) by their action, defined as
j?i‘d17...,di,...,d2n> = |d17...,di + 17--~7d2n> . (423)

The g; operators correspond to simultaneous insertions both at the top and at the bottom (4.20). Using
the skein algebra (4.11), they act on our basis diagonally, as follows:!?

Gildy, ... diy ... dan) = @Y \dy, .. ds, .. day). (4.24)

5 x> < ] =

T
(a) Boundary curves on Lo. Highlighted in blue and (b) Boundary curves corresponding to generators
red are the generators corresponding to X ... Xay,. of the quiver quantum torus algebra ;, 3.

Figure 16

12Note that we are choosing a certain polarization for the presentation of the skein module. A dual choice could have
been, for instance:

i

~~7J2n> :q72di|d~17~~~7Ji7~~~:d2n>:
..,J2n> :‘dil,.A.,d‘i-i-l,...,CZQn).

Z4ldy, ...,

.

t

ﬁi‘lih-u:

A
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Relation to the motivic generating series of a symmetric quiver The collection of curves
corresponding to boundaries of holomorphic disks in Ly in the minimal chamber (Figure 13) defines the
following element of the skein module:

Q) =W (¢ a1 (~qg) @98 g ) x
ex W (q_lfci(—qﬂi)Q”Q&’f“z}?_ﬁ’;” .. Q2Qn2”> X ... (4.25)
NS} (qflizn_l(7(]@2”_1)@%71,2”71Q2Qn?nflw2n) ] (q71£2n(7qy2n)Q2n,2n) ‘O, o O> .

We consider a representation of the gl; skein module over the field of formal series in 2n variables
T1,...,Ton, defined in our basis by

(1. xonldy, ... doy) = 2 .. a2 (4.26)

The use of normal ordering on the operators ¢;, as discussed in [EKL20a], shows that the skein element
|@Q) is mapped to the motivic Donaldson-Thomas partition function of the quiver @ given by (4.14)

<x17---;x2n|Q>:PQ('rlw"vaTHQ)' (427)

On the other hand, we may also consider capping off Ly by gluing in handlebodies that fill in the cycles
dual to X; — namely, ag;_1 from the bottom surface and ap; from the top one — as discussed in Section 2.4.
This defines an element in the dual vector space:

0,...,0]. (4.28)

After gluing, we are left with an element of Skgll(Sg), which is the Nahm g¢-series (2.13), and which
coincides with (4.14) after setting x; = ¢:'*

Homomorphism between algebras of ranks 2n and 4n Relations (3.26) define embeddings
[ 'Pci — P@Mo ~ Pc X fc (4.30)

by expressing boundary shear coordinates X,, on Pc_ (respectively, X_,, on P¢, ) as functions of X;,Y;.
The quantization defined by (4.9) promotes these to embeddings of the surface skein algebras of X1 (each
of rank 2n, with generators Z4,,) in the quantum torus algebra of the quiver (of rank 4n, with generators

iiagi):

i+ :SkAIgS" (D1) = QAlg i= R(#1, ... a5l 4, .. 030) ) (idy = ¢* 7 ajs). (4.31)
Concretely, we define the quantum uplift of the embeddings as follows:
i+ (Zay,) = —q ' E2i02i-102i41, (4.32)
Z"F("'i‘azi—l) = _q_lj\?%*b
These can be summarized as follows for all i = 1,...,2n:
2n
0 (Fa,) = —q Ld [ a0, (4.33)
j=1
where
z if 2>0,
A+ = { 0 ifz<0. (4.34)
It follows that
by (Ba,)it (Ba,) = @00y (Ra,) 14 (Fa,) (4.35)

13Note that for Az, quivers, I; and Qy; are even, so there are no minus signs in (2.13) and (4.14).
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in agreement with the algebra defined by the quantum torus relations (4.2). Note that the intersection
matrix (3.20)

0 -1
) 1 0 1
(Quaq)ij = (i, 0) = 6(Quq, min);; = (—1)'Qy; = 1 0 -1 (4.36)

coincides with an antisymmetrization of the quiver adjacency matrix (3.35), as predicted on physical
grounds in (3.49).

4.3 Generalization to arbitrary symmetric quivers

In Section 2, we started from an ideally triangulated Riemann surface, discussed skein algebras together
with their modules, and reached (2.13-2.17), the g-series that arises as an evaluation of the motivic
generating series of a symmetric quiver @ with x; = (—1)%¢. In Section 3 we introduced an M-theory
system that provides an interplay between 3d and 4d theories and focused on the case of A,, Argyres-
Douglas theories. We then followed a path from the 4d antisymmetric quiver to the 3d symmetric quiver,
which was expressed in algebraic language in Sections 4.1-4.2. This allowed us to obtain the motivic
generating series (4.27) as well as its evaluation (4.29) from first principles of M-theoretic engineering
of A,, Argyres-Douglas theories. In this section, we will follow this path in reverse, starting from an
arbitrary 3d symmetric quiver and trying to find the most general statements — and to understand the
limitations — of the algebraic language introduced above. At this level of generality, the topological and
geometric interpretations are still unknown, and we consider them to be exciting directions for future
research.

Quantum torus algebras of rank 2m and their modules In Section 4.2, we showed that the
geometric M-theory construction of domain walls for A,, Argyres-Douglas theories provides a quantum
torus algebra (4.21) with an associated module (4.23-4.24), which contains an element |Q), such that
Py(x,q) can be reproduced as an appropriate representation of |@), as in (4.27). Our goal here is to
show that this algebraic construction generalizes in a straightforward way to arbitrary symmetric quivers,
regardless of whether they arise from geometric data or not. The construction proceeds in exactly the
same way, just in reverse, but we sketch the main steps for clarity.

Consider the quantum torus algebra of rank 2m generated by operators {ifl,yfl}i:1,27___7m that
satisfy the commutation relations (4.11). In analogy to (4.23-4.24), we also consider the module spanned
by vectors |dy,ds, ..., dy), d; € Z, for which

Zildy, .. diy oo dy) |d1,...,dz+1,...,zm>, (4.37)

Gildy, ... diy . dy) =% dy, . dyy . dy)

For an arbitrary symmetric quiver @), we define an element of the module given by the adjacency
matrix of the quiver:

Q) =¥ (¢~ (—qin) @ g8 g9 ) x
LoxVU (qilji(—qgi)Qiigg:f“gg:é"“ .. y%m) X ... (4.38)
XU (¢ 1 (= qhme1) O LY U (g B (— @) 9 ) 10, -, 0).

Introducing a wavefunction representation of the module, based on formal power series in variables
(x1,...,2m) as in (4.26), we obtain the motivic generating series as the wavefunction of |Q)

(1, 2m|Q) = Po(z1,. -, Tm, Q) - (4.39)

This statement is formally identical to (4.27), but the construction of the algebra and of the vector |Q)
now applies to arbitrary symmetric quivers.

32



3d-4d homomorphism In analogy to Section 4.2, we can think of operators in (4.38) as an algebra
of rank m. More precisely, we define the 3d-4d homomorphism to be an embedding of quantum torus
algebra of rank m, spanned by X, that satisfy commutation relation

Xoi Xa, = ¢ X, X, (4.40)

governed by pairing (o, o), into the quantum torus algebra of rank 2m, spanned by {@il7 gjiﬂ}i:lyz’m,m

that satisfy (4.11):

1 Qii 1 Qivit1 £ Qg2 AQim

Ti(—qys) s T 0 T (4.41)
The requirement of consistency between commutation rules (4.11) and (4.40) implies that the matrix
(a;, ) is given by

X, — —q~

0 Q12 Q3 - Qim

—Q12 0 Q23 - Q2m

~Qiz Q2 - . (4.42)
: S 0 Qm-1m

*le *QQm e *Qm—l,m 0

If we interpret (o, ;) as the intersection matrix of an antisymmetric quiver,'? then we can see that the
direction of arrows matches the numbering of nodes: for i < j, each positive unit in Q);; corresponds to
an arrow ¢ — j. One can always define alternative embeddings, related to the numbering of nodes in @
in a different way, but for clarity of presentation we will always use (4.41) and change the numbering of
nodes if necessary.

We can see that the 3d-4d homomorphism leads to the symmetrization of (c;,a;) into @Q;;, with the
numbers of loops being the parameters. On the other hand, the antisymmetric quiver can be understood
as a description of how to build the symmetric quiver step by step, using the quantum dilogarithms. We
can also combine € with the knot-quiver correspondence [KRSS17, KRSS19] and assign a quantum torus
algebra of rank m to a given knot.

As, quivers For A,, quivers, the construction discussed above with m = 2n and the one from Section
4.2 are equivalent. The only subtlety comes from the fact that the natural numbering of nodes in Figure
12 does not follow the direction of arrows. If we number nodes ay,as, ..., as,—1 (sources) by 1,2,...,n,
and the nodes ag,ay,...,as, (sinks) by n+ 1,n+ 2,...,2n, we see that embeddings € and i are the
same, and that formulas (4.41-4.42) match perfectly with (4.32-4.36).

4.4 A, quiver

In this section, we illustrate the construction presented in the previous one with the simplest nontrivial
example of the symmetrization of the As quiver.

Let us consider symmetric quiver ) with two nodes and one pair of arrows (shown below), which is
a symmetrization of the 4d BPS quiver Q4q corresponding for the A, theory (see Figure 12):

6(Qua, min) = Q = { ? (1) } o "o (4.43)

where the stability data for the minimal chamber are defined in Section 3.3. In this case, the motivic
generating series is given by

d1 d2
L1 Lo

(¢% %) a, (6% 0%)a,’

Pq(z1,22,q) = Z (*Q)zdldz (4.44)

dy,d2>0

and we would like to reproduce it as an expectation value of appropriate operators. In order to do so,
we introduce a quantum torus algebra of rank 2m = 4 generated by {#7!, 25", 9!, 95!} that satisfy the

following commutation relations:

181 = ¢*&191, Jodo = ¢*Fafs . (4.45)

14Tn this matrix —Q;; refers to the same arrows from ¢ to j as @Q;;, but read as “minus arrows from j to i”.
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The remaining commutation relations are trivial. We also consider the module spanned by vectors |dy, d2),
d; € 7, for which we have

Z1|di,do) = |d1 +1,d2), d2ld1,d2) = |d1,d2+ 1),

) ) (4.46)
Dldy,do) = @M |dy, do),  Goldy,da) = ¢*®|dy, da)
We define a distinguished element of this module:
1 1
Q) =V (¢~ 2132) ¥ (¢~ "22) |0,0) = (—q)*"1 % |1, d2) (4.47)
( ) ( ) dlgzo (20%)a, (0%54%)a,

where we used (2.8). Thanks to the explicit expansion in the basis |d1, d2), it is now obvious that the
wavefunction representation defined by

(x1,22|dy, do) = 2 23? (4.48)
gives the motivic generating series (4.44):

(21, 22|Q) = Pg(x1,72,q) . (4.49)

Inspired by operators in (4.49), we can define an embedding — the 3d-4d homomorphism — of the
quantum torus algebra of rank m = 2 spanned by {X,,, X4, }, satisfying the commutation relation (4.40)
governed by the pairing (o, ), into the quantum torus algebra of rank 4 defined above:

1 1

Xo, —= —q Y10, X, = —q iy (4.50)

By combining (4.50) with (4.45) and (4.40), we see that the pairing is given by

(,00) =0,  (ar,a2) =1, (451)
<042,0¢1> = —1, <0527012> =0. ’

We can interpret (o, o) as the intersection matrix of Ay quiver:
[e5] (6]
Qua = % — %

Comparing this with (4.43), we confirm that @ indeed coincides with its symmetrization.

4.5 A,, quiver

In this section, we generalize the previous one to any A, quiver and its symmetrization. In order to avoid
repetition, we choose the linear orientation of arrows (in contrast to alternating orientation in Figure 12;
note that the construction from Section 4.3 works for any orientation) and reverse the direction of the
reasoning from Sections 4.3 and 4.4: we will begin with the antisymmetric quiver and proceed toward its
symmetrization (which is in line with the direction in Sections 4.1 and 4.2).

Following the plan stated above, our starting point is the A,, quiver in linear orientation:

[e5] [65) [0 297}
. ° e °
In the next step, we consider a quantum torus algebra of rank m spanned by {Xa,, Xass -+ X }s

satisfying the commutation relation (4.40), governed by the pairing (o, a;) given by the intersection
matrix of A,,:

0 1 0 0
-1 0 1 0
0 -1 . T (4.52)
Do 0 1
0 0 -1 0
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Based on (4.41) with Q;; = |(a;, a;)|,'®> we define an embedding (3d-4d homomorphism) into the quantum
torus algebra of rank 2m generated by operators {a%iil, Qfl}i:1,27,,,7m that satisfy (4.11):

_q_li‘i:l)i-‘rla 1=1,2,...,m—1,

Xo, +5 { (4.53)

—q 1y, i =m.

If we consider the module given by (4.37) and the wavefunction representation (4.26), we immediately
obtain the motivic generating series of a quiver from Figure 14, which is the symmetrization of the
initial A,, quiver:

(@1, @V (7 8192) V(0 @283) - U (0 Eim—1Gm) W (g Em) [0,0,...,0) =

d d:
=Y (gt Rt 2 zy' A (4.54)
s S0 (@%@*)a (% 6%)a (0% 6)d,,

5 The symmetrization map

In this section, we introduce our proposal for the symmetrization map (1.1) which takes a 4d BPS quiver
Q4q together with certain stability data u, and returns a 3d symmetric quiver @:

6(Q4d,u) ZQ. (5.1)

In Section 3, we constructed this map in the special case where (Q4q is a inward-outward linear quiver
of an Argyres-Douglas theory of type A,,, and u belongs to the minimal chamber. In that case, the
symmetrization map is very simple: every vertex of (Q4q maps to a vertex of () and every arrow is just
doubled by a partner with opposite orientation.

However, this simplicity hinges on the very specific choice of triangulations for C' and My, which is
directly tied to the choice of a minimal chamber of the Coulomb branch of T[C]. Another limitation
of the correspondence established so far is the implicit choice of a half of the spectrum: while the BPS
spectrum comes in CPT-conjugate pairs, the construction of M, involves assigning a tetrahedron only
to half of the stable BPS states. In this section, we provide a general definition of the symmetrization
map that extends far beyond the cases discussed so far. A key step towards this goal will be to establish
a precise relation between wall-crossing in 4d A" = 2 theories and unlinking of 3d quivers, already hinted
at in [EKL20a].

5.1 4d and 3d quivers across walls of the 1st and 2nd kind

The description of 4d N' = 2 BPS states via quivers involves two kinds of walls [KS08]. Walls of the
“first kind” correspond to walls of marginal stability, i.e., real-codimension-one loci in the moduli space
of a theory (e.g., its Coulomb branch) across which the BPS spectrum jumps. Walls of the “second kind”,
instead, correspond to loci across which the imaginary part of the central charge of some BPS state changes
sign: as this happens, the definition of particles vs. anti-particles changes, and the quiver description
gets modified by a mutation [ACCT13]. While only walls of the first kind seem to play a relevant role in
connection to unlinking operations on 3d symmetric quivers, for completeness we discuss both, focusing
on Argyres-Douglas theories of type A,,.

Walls of the first kind. Moving to a chamber with a different number of BPS states does not change
the 4d quiver (in general) but does change the triangulation 74, thereby inducing a change in the
symmetric quiver Q.

In A,, Argyres-Douglas theories, all wall-crossings are generated by the pentagon relation, which
acts on 7z, by a 2-3 Pachner move. As shown in [DGG14], the Pachner move is directly related to the
SQED/XYZ duality of 3d /' = 2 QFT. In [EKL20b, EKL20a], it was further observed that this duality
is also at play in the unlinking process of symmetric quivers. We therefore conclude that any change in
the triangulation induced by 4d wall-crossing changes the 3d QFT description T[Mp] in a way that is
captured by the unlinking duality for the class of theories T[Q)].

15This implicitly imposes the choice of the number of loops: Q;; = 0, but one could consider other choices as well.
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We can start in the minimal chamber and apply a number of pentagon relations to get to the maximal
chamber. At the level of the quantum torus algebra, the structure of such wall-crossing is well-understood
and is, in fact, captured by the poset structure of the associated root system [Reill, KS14]. Namely,
the charge lattice for the A,, quiver is isomorphic to the root lattice of the A,, root system. On the
other hand, such root systems possess a natural structure of partially ordered sets. We denote ®°(A,,),
®T(A,,) as the sets of simple and positive roots in the root system of the Dynkin quiver of type A,,.
Simple roots «;, which correspond to charges «;, label the vertices of the Dynkin diagram. Elements of
P (A,,)\ P°(A) are of the form a; + 41+ - + @ity | € Zy and correspond to quiver segments (i.e.,
a sequence of nodes connected by arrows)

Qj — Qg1 — - Qg (5.2)

with appropriate orientation of arrows. In order to make our language simpler and more intuitive, instead
of calling them positive non-simple roots, we will refer to them as composite roots.

Definition 2. For any set of positive roots associated with the quiver A,,, we define a partial ordering
= based on the arrows of A, as follows. For positive roots B; = o + g1 + -+ + gy, and B =
aj o1+ o, we write B; X B if and only if, for some k; € {0,1,...,1;} and k; € {0,1,...,1;}
there is an arrow auyr, — iy, in the quiver Ap,.

Definition 3. We call
W, = \Il(—Xail) .. ‘l/(—Xaim)

an initial operator that follows the orientation of arrows in Ay, if cvi,,...a;, € ®°(Ay) and (qi, =y, =
k <1), i.e., if there is an arrow from a;, to «;,, then \I/(—ka) appears before \If(—Xail) inWy .
We say that a sequence of pentagon relations follows the orientation of arrows in A,, if the pentagon
relation
U= U(-Xp)V(—Xp,) - =...U(=Xp,)¥(—Xp,15,)¥(—Xp,) ...

requires B; = B, Bi i Bj-
We call a sequence of pentagon relations that follow the orientation of arrows in A, maximal if
no further pentagon relations are allowed by the ordering =<, i.e., the final form of ¥ does not contain

o U(=Xp, )W (—=Xg,)... for which B; = B; and B; ¥ B;.

Having said the above, the wall-crossing formula can be written as the following identity in A,,, quan-
tum torus algebra (which follows directly from the pentagon relation):

I ¥(-x0) = J] w(-Xp), (5.3)

aed0 Bedt+

where the products are taken over simple and positive roots a; and §; of A, root system, respectively.
The partial ordering of a’s (“~”, i.e., ordered from left to right by decreasing index) and 8’s (“~”, i.e.,
ordered from left to right by increasing index) is fixed by Definition 2.

Remark 4. Note that in A,, Argyres-Douglas theories, (5.3) relates the minimal and maximal BPS
chambers. All intermediate chambers, which are described by an orientation of A,, quiver, are obtained
by applying some number of pentagon relations to the right-hand side of (5.3), where the ordering of «’s
on the right-hand side is only partially reversed. We will discuss this in more detail when we present
specific examples.

Remark 5. More general definition of the partial ordering from Definition 2, which is used, for example
in [Reill], can be described in terms of quiver representation spaces associated to Quq:

ij—>0[i e aijaj

Hom(V(B;), V(i) =0 <= B =20;. (5.4)

Here, Hom(V'(8;),V(5;)) is the vector space of all morphisms from the indecomposable representation

V(B;) to V(;) of the corresponding Dynkin quiver. For example, for the Ay quiver o — &, we have:

V(al):(C—M), V(OQ):O—)(C, V(a1+a2):(C—>(C.
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We can represent morphisms in Hom(V (a1), V(a1 +a2)) and Hom(V (g + az), V(ag)) with the following
commutative diagrams:

C——0 C—C
R &
C—C 0——C

Commutativity implies that the vertical arrows are zero, and therefore as < a1 + as < 1. In turn, this
dictates how the factors on the right-hand side of (5.3) are ordered. As a result, the wall-crossing formula
relating the minimal and maximal chambers of A; quiver is given by the pentagon relation:

\II(_X(M )\I/(_XOQ) = \II(_XOQ)\IJ(_XOM-HM)\I/(_X(M ) (56)

The main question we pose in this section is: what happens on the 3d side of (5.3)?¢ To answer it,
we will map quantum torus algebra operators U(—X,) to their analogues for symmetric quivers using
the 3d-4d homomorphism from (4.41).

Walls of the second kind. The distinction between 4d N' = 2 BPS particles and anti-particles can
be formulated as a choice of a half-plane in the complex plane of BPS central charges. Suppose that we
remain in the strong coupling region but slightly perturb the configuration of central charges away from
the condition (3.46) in a generic way. After resolving in this way, we may consider tilting the choice of
half-plane until the edge crosses the BPS ray corresponding to the charge with highest phase — say, the
ray corresponding to Z,,. The effect of this tilting is well known: it induces a mutation in the quiver Q4q

Qua = fa, ©Qud, (5.7)

while on the triangulation 7¢, it induces a flip of the edge corresponding to ;.

To see how the 3d quiver changes, we need to recall that the 3-manifold M, is built from the spectrum
of BPS particles. Tilting the choice of half-plane changes the BPS spectrum: «; exits the half-plane, but
its CPT conjugate —ay, whose central charge is Z_,, = —Z,,, enters as the state with the lowest phase.
This means that My changes by removing a tetrahedron corresponding to «; at the top, and adding
a tetrahedron corresponding to —«; at the bottom. We define in this way the action of a mutation i,
on My:

My +— Haq © M. (58)

We also wish to ask what happens at the level of @, the 3d quiver. The answer can be deduced
by repeating the analysis that we performed in the construction of the theory T[My], now applied to
T[tte, © Mp]. The resulting 3d theory is described by a new symmetric quiver @', which coincides with
the symmetrization of o, o Mp. In particular, the 3d quiver can again be read off from the general
dictionary in (3.39), with vertices in one-to-one correspondence with tetrahedra and arrows given by
internal triangles shared by X;-edges of the polarization IT'.

We emphasize here that we only consider mutations p,, which do not create a 3-cycle in the 4d
quiver (in other words, they do not introduce a superpotential). Clearly, combining wall-crossing with
mutations of the half-plane can lead to interesting generalizations. In particular, mutations of 4d BPS
quivers in chambers other than the strong coupling chamber can produce quivers with loops that include
superpotentials. It is conceivable that the resulting 3d quiver @ would then also differ in structure,
compared to the A,, quiver that we obtained in the strong coupling chamber. We leave a systematic
exploration of these questions to future work.

5.2 From pentagon relation to unlinking via the 3d-4d homomorphism

In this section we take our first step towards a generalization of the symmetrization map & outside the
minimal chamber by analysing the pentagon relation. We show how, for antisymmetric quivers in which
different nodes are connected by at most one arrow (i.e., (o, ;) < 1), the 3d-4d homomorphism defined
in (4.41) maps the pentagon relation to the unlinking operation of [EKL20a] on the same pair of nodes

16The exact same question is studied for wild Kronecker quivers in [BS25].
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in the symmetrized quiver.!”

Let us consider a quantum torus algebra of rank m with commutation relation (4.40). If (o, ;) = 0,
then
\II(_XOH)\II(_XO&]‘) = \II(_XOéj)\II(_Xai)v (59)

whereas for (;, a;) = 1, we have the pentagon relation:'®

\Ij(_Xai)\Il(_Xaj) = \Il(_Xaj)\II(_XOéi+a_7)\Il(_Xai)' (510)

The image of (5.9) under ¢ is trivial, but for (5.10), we have:

(U= Xa))¥(=Xa,)) = ¥ (e(~Xa)) ¥ ((~Xo,)) (5.11)
=W (¢ 2i(—qg) P g T I R ) W (0 (e G i)
and
e(fo(fXa].)xp(fxaﬁaj)xp(fxm)) = W (e(~Xa,)) ¥ (e (~4“ X0, Xa, ) ) ¥ (e~ Xa,))
=V (e(—Xa,)) U (=9 e (—Xa,) € (—Xa,)) ¥ (e(—Xa,)) (5.12)

= (g & (—qiy) Vg 07 )

=24 A A~ \Qii Qi N i Qi Qi j—1 2 Qi j+1TQj j+1 ~Qi,j+21Qj,; AQim+Qjm
x\I/(—qQ] 2$il’j(_qyi)Q Y, J(—qyj)Q“yiJrlﬂ---ij ' j+1J+1 ”Hyﬁzﬁz L fr?z +9s, )
—14 0 i1, Qii+1 5 Qi n&i,m
X‘I’(q 1%‘(_(]%)@ yi+1+1yi+2+2"' 72 )

If we consider the following new variables:

-1

and use the fact that Q;; = (o, ;) =1, then

)

—1 ~ ~ . .. ~ i1 ~ i"f/\l ig i,J jyJ ~ i,m j,m
(o)) = B (07 5 a0 0 g g s

which looks like an operator generating a new node n. As a consequence, the equality between (5.11)
and (5.12), considered in the presence of other unchanged operators inside (4.38), corresponds to the
invariance of motivic generating series (1.2) under an operation called unlinking:

Pqo(z,q) = Pygjq(x, q_1$i$j7Q) . (5.14)

Unlinking U (ij) removes one pair of arrows between nodes i and j and increases the size of the quiver

by one node. More precisely, for an arbitrary quiver'®
[ Q1 - Qu - Qi - Qum ]
Qi -+ Qi - Qim
Q= S ] (5.15)
ij Ce Qjm
L Qmm

17This includes quivers beyond the class of A,, Argyres-Douglas theories — in particular, one can consider other 4d quivers
of finite mutation type coming from a triangulated surface. We also recall that for the Ag, quivers e = {4 defined in (4.32).

18Following the notation from (4.38), we assume that i < j, which means that € ({(o;, ;) = Q5

19Since matrices in (5.15-5.16) are symmetric and pretty big, for compactness and clarity of the presentation we write
only the upper-triangular part.
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we have:

FQn - Qu o Qu o Qim Qui + Q1
| Q” o Qz‘j:— Lo Q;m Qii + Qu -1
U(ij)Q = : Qj o Q;m ot éjj B : (5.16)
| Qr:mn Qim + Qjm
L Qii +Qjj +2Q; — 1

and the generating parameter of the new node equals ¢~ 'x;z;. Unlinking (as well as its partner operation,

linking) was introduced in [EKL20a], together with an interesting interpretation in terms of multi-cover
skein relations and 3d N = 2 theories discussed earlier in [EKL20b, ES25].

Remark 6. We briefly comment on the generalization to symmetric quivers featuring pairs of nodes
connected by more than one (pair of) arrows. The relation between the pentagon relation and unlinking
can be generalized to any symmetric quiver, but in that version it is much less natural and direct. First

of all, we have to alter the embedding e(ql(—Xaj)> in a way that depends on e(lll(—Xai)):

e(lll(—Xai)\Il(—Xaj)) -

(5.17)
1. NQus ~Qiir1 ~Qii Qi m 1. NQi ~Qij—1 Qi1 Q5 Qi m
=¥ (g Vi (—qg) Qg T st g ) ¥ (q Vi (—qu) g T g gt g ).

)) in (4.38), the addition of QiQ”_l does not
change the resulting generating series. Another alteration dependent on @);; is required in the definition
of new variables:

Note that since there is no &; appearing after e(\Il(—Xa.

i

&y, = q &y, (5.18)

introducing a mismatch with the expression for generating parameters: =/, = q_lscixj. If we perform those
modifications, we can match the pentagon relation with unlinking of nodes ¢, j connected by arbitrary
number of arrows @;;. However, if we want to unlink once more, we have to define a new embedding e
that is consistent with the new order of quantum dilogarithms and new number of arrows connecting
nodes ¢ and j, i.e., @;; — 1. Note that for ;; = 1, all those alterations are trivial, and further unlinking
is not possible.??

5.3 Connectors and their properties

Aiming for the proper definition of the symmetrization map & for A,, quivers, we need to generalize the
relation between wall-crossing in 4d and unlinking in 3d discussed in the previous section. In order to
achieve this, we have to understand the conditions under which the 3d-4d homomorphism is well-behaved
under wall-crossing and unlinking on the respective sides of the embedding. In other words, we have to
relate the structure of unlinking to pentagon relations in the quantum torus algebra of rank m, for the A,,
quivers. It is a non-trivial correspondence, since any given symmetric quiver admits as many unlinking
operations as the number of pairings of its nodes (which can then be iterated any number of times), while
pentagon relations which realize mutations of a 4d quiver are very restricted. In consequence, we need
some tools to help select proper sequences of unlinkings.

Unlinking equivalences. To start with, we recall the relations satisfied by unlinking operators [KLNS23]
and define an equivalence relation among such operators. For any symmetric quiver ) containing distinct
nodes 1, j, k, I we have the following commutation relation:

Uk)U (i§)Q = U(i§)U (k) Q. (5.19)

20We can continue unlinking if we introduce negative arrows; see [JKL 23], but even in this generalized case, it is more
natural to unlink positive arrows and link negative arrows, ending with fully unlinked nodes.
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At the operator level, we can write this as an equivalence relation, which we call a square:
U(K)U (ig) ~ U(if)U (k). (5.20)
If two unlinkings share an index, we can swap their order using either of the following relations:

UGR)U((ig)k)U (i5)Q = U (i) U (i(k))U (1K) Q,
U((i)k)U(GR)U (i5)Q = U (i(jk))U (if)U (jF)Q-

Here, Q' = U(jk)U((ij)k)U(ij)Q and Q" = U((ij)k)U (jk)U(ij)Q differ by one transposition of a pair
of arrows, i.e., they can be unlinked once to the same quiver. Likewise, we can write

(5.21)

UGR)U((ig)k)U (i) ~ U(i3)U (i(jK))U (Gk), (5.22a)
U((i)k)U (jk)U (i) ~ U (i(jk)U (i3)U (jk). (5.22b)

We call these relations hexagons (a) and (b), respectively. More generally, we declare
U~U +— UQ=UQ (5.23)

for any symmetric quiver @ that contains arrows that are deleted by U and U’. (We will call such quiver
compatible with U and U’.) Note that according to the Completeness Theorem [KLNS23], U differs from
U’ by a finite number of transpositions of unlinkings, realized by applications of the square move (5.20),
as well as associative replacement U((ij)k) < U(i(jk)) following (5.22a) or (5.22b). We will also use the
following notation for an equivalence class of operators: [U] := {U’'|U ~ U'}.

Connector. One of the main ingredients in our construction is the connector of two sequences of
unlinking, introduced in [KLNS23]:

Definition 7. Given two sequences of unlinking
U(i3) = U(ingn) ---Uliog2)U(i1j1), U(Kl) = U(kmly) .. Ul(kela)U(k1ly), (5.24)
a pair
U§) = Ulifydhe) - UGDU L), URY) = U l) . UGIU L) (5.25)
is called the connector of U(ij) and U (kl) if for any compatible quiver Q
U3 U(i5)Q = U(K'1")U (kl)Q. (5.26)

Note that there are generally infinitely many pairs (U (¢'5’), U(k’l’)) that satisfy (5.26) for a given
(U(i7),U(kl)). However, the simplest such pairs contain the initial unlinkings, as well as all their
associativity unlinkings only — we call such pairs optimal®'. Note also that for each repeated index (;Jk),
we have a choice between hexagons (a) and (b). We can store the information about these choices in a set
H, whose elements are of the form: h = ((3},),a) corresponding to (5.22a), and h = ((3,), b) corresponding

to (5.22b). Combining these remarks allows us to define an equivalence class of optimal pairs with respect
to (5.23):

Definition 8. For two given sequences of unlinkings U (i3), U (kl) and a set H (which specifies the type
of the hexagon for each repeated index in U(ig) and U (kl)), the connector class (U (35), U (kl); H) is

an equivalence class of optimal pairs constructed via the following steps:

1. Consider an optimal pair (U (i'3"), U(K'l")) satisfying (5.26), so that U(¢'j")U(ig) is related to
U(K'I")U (kL) by a sequence of square moves, as well as hexagon moves specified by H.
2. Compute the equivalence class [U (i'3)U (i3)] = [U(K'1)U (k)] = (U(ij),U(kl); H).??

21To see this, look at the Connector Algorithm in [KLNS23].
22The independence of (U (i5), U (kl); H) from the choice of the optimal pair is guaranteed by the Completeness Theorem
[KLNS23].

40



A concrete realization of (5.26) and step 1. in the above definition is provided by the Connector
Algorithm [KLNS23]. We stress that Q' = (U,U’; H)Q is defined unambiguously, since it produces the
same Q' for any element of (U,U’; H) — in what follows, we will abuse the notation and denote the
operator and its equivalence class by the same symbol. For example,

(U(12),U(34);0) := [U(34)U(12)] = {U(34)U(12),U(12)U(34)}. (5.27)
Applying this to a particular quiver gives
Q' = (U(12),U(34))Q =U(12)U(34)Q = U(34)U(12)Q. (5.28)
In another example we have
(U(12),U(23);{((33),2)}) = [U((12)3)U(23)U (12)] (5.29)
= {U((12)3)U(23)U(12),U(1(23))U(12)U(23)}.
We will also use the following shorthand notations: (U,U’) for (U,U’; H), where H is considered

arbitrary; (U,U’;a) or (U,U’;b) for (U,U’;H), where H consists of only type (a) or type (b)
hexagons, respectively.
Proposition 9. For any sequences of unlinking U,U’, U", the connector class satisfies the following

identities:
(U, U= (U',U), ( (U, uH,u"y= (U, U, U")). (5.30)

Proof. Commutativity follows from “mirror reflecting” the corresponding unlinking diagram:

<>

U U’ U’ U

To confirm associativity, note that (U’,U") c ( (U,U’),U") as a set. This allows us to replace
the second argument U” and write ( (U,U"),U") = ( (U,U’), (U',U")). Likewise, (U,U’) C
(U, (U, U")gives (U, (U, U")= ( (UU"), U, U")). O

Associativity can also be confirmed diagrammatically:

Joint connector. We now introduce a slightly more general version of a connector for an ordered set
of sequences of unlinkings.

Definition 10. Given an l-tuple of sequences of unlinking
(U (4171),---,U(4151)) (5.31)

and sets Hy encoding the information about the choice of hexagon, an l-tuple of sequences of unlinking
(U(4131),---,U(413;])) is called a joint connector for (5.31) and H =, Hy if

U(i,5,)U (i141) = - = U (543})U (i) = (5.32)
= (... ( (U(i141),U(i2j2); Hu2)), U(23gs); H12)3))s - - - U(gn); H12)... yn))-
We call the equivalence class given by the above equality the joint connector class and denote it by

(U(i1d1),- -, Uigi); H). (5.33)
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Note that associativity implies that Hy = Hj. if k’ differs from k by some change in the bracket order.
Below, we prove the invariance under permutations.

Lemma 11. For any permutation o € S,
(U(i1g1),--- Ulag) ) = (o[U(E1gr),- -, Ulag))).- (5.34)

Proof. (By induction.) The case [ = 2 is the commutativity relation; see Proposition 9. Assume that the
invariance holds for some n > 2, and append one sequence to the argument:

(U(i171)s -, U(ingn), U(int1dn41) ). (5.35)
Using the invariance for n arguments, we can write:
(U(i1J1), -, U(injn), U(int1In41) )
( (U(i141),- -, U(indn)), U(int1dnt1))
" ( (Ulioydor): - Uliondon))s Uling1dn1)) (5.36)
(UligiJor): (Uliosdos)s - Uliondon) Uling1int1))
( Uliosdos)s - Uligndon), Ulint1dn+1)), Ulic,Joy) )

One can then repeat all steps in (5.36) for some other permutation ¢’. Iterating over all permutations,
we confirm the invariance for n + 1, completing the proof. O

Ezample. Permutation invariance for (U(12),U(23),U(34)). Note that it suffices to show that
( (U(12),U(23)),U(34)) = ( (U(12),U(34)),U(23)) = ( (U(23),U(34)),U(12)), (5.37)

as the remaining three permutations follow from applying commutativity. Let us compare the first
iteration with o = (12) with the second iteration with o = Id:

(U(12),U(23),U(34)) (U(12),U(23),U(34))

O ((U(12),U(23)),U(34)) ((U(12),U(23)),U(34))

T ((U(23),U(12)), U(34)) T ((U(12),U(23)), U(34)) (5.38)
& (U(23), (U(12),U(34))) L (U(12), (U(23),U(34)))

& ((U(12),U(34)),U(23)). S ((U(23),U(34)),U(12)).

When all hexagons are of type (b), the resulting connector is shown in Figure 17.

5.4 Wall-crossing and connectors

After introducing connectors (formed by unlinking operators acting on symmetric quivers corresponding
to 3d theories) and showing their crucial properties, we are ready to establish their relation to the
structure of wall-crossing for any A,,, Argyres-Douglas 4d theories.

Connectors and root systems. We start with a key observation which relates a certain type of
connectors to root systems.

Proposition 12. Each unlinking in any sequence U € [U(12),...,U(m — 1,m)] (with any choice of
hezxagons) corresponds bijectively to an element in ®(A,,) \ ®°(A,,), i.e., to some composite root.

Proof. We fix U € [U(12),...,U(m — 1,m)| and define the canonical bijection ¢ : U — ®T(A,,) \
®°(A,,) in the following steps. First, we map the initial unlinkings to their corresponding composite
roots:

UGiyi+1) 2 a; + ipr,  i=1,...,m—1. (5.39)
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Figure 17: Joint connector (U(12),U(23),U(34); b) is an equivalence class of unlinking operators (rep-
resented by arrows) modulo square and hexagon moves. The composition of two operators is represented
by a pair of consecutive arrows. Each such operator starts from a source node, whose outgoing edges
(U(12), U(23), U(34)) are shown in red, and follows a path until it reaches the sink, whose outgoing
edges are shown in blue, here in six steps.

The other unlinkings may only arise from hexagons. Since for every element U((ij)k) in the joint connector
there must also be U(i(jk)) by associativity, unlinkings of the form U((ij)k) or U(i(jk)) occur only for
j=1i+1and k = j+ 1, the requirement for U(ij) and U(kl) to be initial. Moreover, the application
of [KLNS23, Lemma 3.10] to the definition of [U(12),...,U(m — 1,m)] guarantees that, for any i €
{1,...,m — 2}, exactly one bracketing — either U((¢,¢ + 1),i 4+ 2) or U(i, (i + 1,7 4+ 2)) — appears in U.
We define ¢ to map those unlinkings to positive roots a; + a;41 + 440 for e =1,...,m — 2.

A simple generalization of this argument to unlinkings of the nodes that are produced from previous
unlinkings implies that every unlinking in U is of the form Ui, i+1, . .., i+!] — with appropriate bracketing
— for some positive integers 4, such that i + 1 < m. Moreover, the application of [KLNS23, Lemma 3.10]
guarantees that, for such ¢ and [, there is exactly one bracketing of U[i,i+1,...,i+1] that appears in U.
We define ¢ to map those unlinkings to positive roots o; + ;41 + - -+ + @441, and the aforementioned
argument guarantees its injectivity.

Since the definition of [U(12),...,U(m—1,m)] is based on optimal pairs, every sequence of unlinkings
in this class contains initial unlinkings U(12),...,U(m— 1, m) and all their associativity unlinkings. This
means that ¢ is surjective: for every positive root a;; + i1+ -+ in @T(4,,)\ ®°(A,,), there exists
an unlinking Ui, + 1,...,7+ ] (with appropriate bracketing) that appears in U.

The injectivity and surjectivity discussed above imply that ¢ is a bijection.? O

Encoding orientation of arrows in the connector. In order to formulate the relation between
unlinking and wall-crossing, we first define what it means to follow the orientation of arrows of a given
Dynkin quiver from the perspective of hexagons and quantum torus algebra.

Definition 13. For any Dynkin quiver Ay, let B; = a; + iy1 + -+ iy, Bj = aj + a1+ +ayp,,
and B = o + apt1 + -+ + o+, be a triple of composite roots such that the corresponding segments
(5.2) in A,, are connected:**

where connectivity requires j = i+1;+1 and k = j+1;41, with the appropriate orientation of arrows. We
say that the set H follows the orientation of A,, if for the repeated index (;jk) corresponding to Bi, B, Bk,
we assign hexagon (a) if the arrow from oy, to a; and the arrow from ajyy, to oy are co-oriented;
otherwise, we assign hexagon (b). We denote such a set by Ha

m*

23The set H was always suppressed in the statement and the proof because the proposition is true for any choice of
hexagons.
24Note that all hexagons in  arise from such a configuration, which follows from Proposition 12.
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Remark 14. Note that by specifying all hexagons in the joint connector in this way, we can say that for
any operator U € , any three unlinkings U (i5), U(jk),U((ij)k) € U (even if they are separated by some
other unlinkings) will follow the pattern of arrows of A,,:

U=..U(k)...U(i)k)...U@j) ... (5.40)
whenever the corresponding arrows are co-oriented, and
U=...U(ij)k))...UGk)...U®j)... (5.41)

otherwise. It follows from the fact that by applying some sequence of square and hexagon moves which
do not alter the order of the three unlinkings above, (5.40) can be brought to a form corresponding to
(5.22a):

U=...U@Gk)U((i))k)U(ij) ..., (5.42)

whereas (5.41) can be transformed into
U=...0(iy)k)U@k)U(3F)..., (5.43)

which corresponds to (5.22b).

Connector computes wall-crossing. Our main result is that the joint connector computes the wall-
crossing formulae (5.3) of the quantum torus algebra. This can be seen as a direct, yet non-trivial
generalization of the relation between the pentagon relation and unlinking from Section 5.2. Namely,
by leveraging the 3d-4d homomorphism (4.41), all combinatorics associated with wall-crossing (i.e., the
structure of all possible compositions of pentagon relations) can be expressed at the level of the symmetric
quiver using the language of unlinking operators, as stated below.

Theorem 15. For any Dynkin quiver A, the joint connector class (U(12),...,U(m — 1,m); Ha,,)
s in bijection with the set of all mazimal sequences of pentagon relations applied to the initial operator
W 4, that follow the orientation of arrows in A,.

Proof. We will construct the bijection in two stages: the first will be a definition for one maximal sequence
of pentagon relations, and the second will propagate it across the whole set. After that, we will show the
surjectivity and injectivity of the constructed map.

Let us start by fixing the Dynkin quiver A,, and the corresponding initial operator ¥ 4 . Then, we
perform an iterative construction in which we pick a pair of neighboring®® operators ¥(—Xg,), ¥(—X 5;)
labeled by roots satisfying 8; < 3;,8; # B; and apply the pentagon relation, which produces a descendant
operator W(—Xg,;4,) labeled by the root 8; + 8; € ®*(Ay,) \ ®°(A,,). The inverse of the bijection ¢
from Proposition 12 maps this root to the unlinking operator U (ij).2® We repeat these steps until we
obtain a maximal sequence of pentagon relations labeled by all positive non-simple roots. We combine the
assignments following ¢! into a map between maximal sequences of pentagon relations and sequences
of unlinkings:

(...\If(—Xgil)\Il(—ngl)... — ...\IJ(—ngl)\If(—Xgil_,_gh)\IJ(—X@h)...) }90_73 Ul(irj1)

(o U(=Xp,)U(—Xp,) ... = ... U(=Xp, )U(—Xp,, +5,)V(-Xp,,)...) = Ulizjo)
(5.44)

(WX )O(=Xp, ) e = W(= X, V(=X 45, )W (=Xp, ) o0) 7= Ulisds)-
We still need to show that the target sequence of unlinkings U(isjs) ... U(i2j2)U(i151) = U belongs to

the joint connector [U(12),...,U(m — 1,m);Hy, ]. Since every maximal sequence of pentagon rela-
tions creates operators W(f) labeled by all 8, € ®(A,,) \ ®°(4,,), Proposition 12 guarantees that

25In this reasoning we assume that all necessary transpositions of commuting operators are done without specific mention.
In the first iteration ; and B; are simple roots, in the next they may be composite.

261ndices i and j may be composite and in that case the bracketing in U(ij) directly follows from the order of previous
unlinkings.
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U(i1j1),Ul(i2j2), ..., U(isjs) do appear in any element of [U(12),...,U(m — 1,m)] — we only need to
make sure that the arrangement of unlinkings in U is compatible with the structure of hexagons H,4,,
following the orientation of A,,.2” In order to show this, let us pick from U any pair of unlinkings that
share an index and the corresponding associativity unlinking and denote them U (ij), U(jk), U((ij)k) —
this choice implicitly assumes that U(ij) appears before U(jk) in U, we can change the labels if this is
not the case. Depending on the orientation of arrows in A,,, we are in one of the following two situations:

1. If the arrows from i to j and from j to k are co-oriented, then the pentagon relation corresponding
to U(ij) produces an operator containing one of the following ordered products:

. \II(_Xﬁj)\Il(_XﬁiJrﬁj)\Ij(_Xﬁi) s \II(_XBk) s

or ...\Il(fng)...\I/(fXBi)\II(—XBi_’_Bj)\I;(,Xﬁj)“' ' (5.45)

Note that ¥(—Xg,) and U(—Xg, ) commute — the existence of j between ¢ and k means that they
cannot be connected by an arrow in A,,. Since U((ij)k) is also in U, at some stage after applying
other pentagon relations to (5.45), we must encounter ¥(—Xg,) right next to ¥(—Xg, ):

o W= X, )W (=X, 4, ) U (=X, )W (=X, ) - -
or ...‘I’(*Xﬂk)\y(fXg )\If(fth_,_gj)\I/(*ng)... .

i

(5.46)

After permuting W(—Xp,) with W(—Xjp, ), we see that the latter will be adjacent to W(—Xpg,y4;)
before W(—Xpg,). It means that

U=...UGk).. . U(ik)...U@)..., (5.47)

which is equivalent (modulo hexagon and square moves used to make the above unlinking adjacent
— see also Remark 14) to one side of hexagon (5.22a) that is assigned to co-oriented arrows in
Definition 13.

2. If the arrows from 7 to j and from j to k have opposite orientations, then the pentagon relation
corresponding to U(ij) produces an operator containing one of the following ordered products:

s \I/(—ng) s \II(_X,Bj)\I](_XﬂiJF,Bj)\I](_Xﬂi) s
or ...\I/(—Xg )\I/(—XgiJrf;j)\I/(—ng)...\I’(—ng)... .

i

(5.48)

Repeating the above reasoning, we see that this time W(—Xp, ) will be adjacent to W(—X3,) before
W(—Xpg,45;)- It means that

U=..U((ijk)...UGk)...U(ij)... (5.49)

which is equivalent to one side of hexagon (5.22b) that is assigned to oppositely oriented arrows in
Definition 13.

Note that these steps apply as well in the case of composite nodes, where we consider the arrows that
connect the outermost initial nodes, according to Definition 13. In each situation, the arrangement of
unlinkings in U is compatible with the structure of hexagons Ha, ,soU € [U(12),...,U(m—1,m);Ha,,|
indeed.

The joint connector class [U(12),...,U(m — 1,m); Ha, ], by definition, is closed under square and
hexagon moves following the orientation of A,, encoded in H4, . Therefore, knowing one sequence U as
above, we can generate all other elements in by simply iterating all such moves starting from U. On the
other hand, all maximal sequences of pentagon relations arise from the maximal sequence from (5.44) by
changing the arrangement of the pentagon relations. Every square move exchanges two unlinkings that
do not share an index. Flipping their order can also be understood as creating a new maximal sequence of

2"We also have to take the bracketing of U(i1j1), U (i2j2), ..., U(isjs) into account, but it automatically follows from
their arrangement in U.
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pentagon relations which is mapped to the sequence of unlinkings created by the square move, following
o~ 1. In other words, the following diagram commutes:

o \IJ(_Xﬁi)\II(_Xﬁj)\IJ(_Xﬂk)\II(_XBl) T

cW(=Xp, ) W(= X, )W (=X, )V (=X, 4.6)U(=Xp,) - - - U(i)U (kD) - -
(=X, )W (=X 45, )V (=X, )W (=X )W (=X, 4.6,) V(= Xp,) -
\: i
W= Xp, )W (=X, ) U(—Xp, )U(—Xp,) -
(=X, ) U (=X 48,) W (=X, )W (=X, )W (—Xp, ) -+ - - URDU(ig) -
(=X, ) (=X 48, ) W (=X, )W (=X, ) U (=X, 15, )W (=X, ) - -

Similarly, every hexagon move changes the arrangement of three unlinkings — two that share an index,
and one associativity unlinking — following the orientation of A,, encoded in Hy4, . Changing the ar-
rangement of pentagon relations between three operators labeled by roots that are ordered by =< follows
the orientation of A,, in a completely analogous way (as discussed in the previous part of the proof),
creating a new maximal sequence which is mapped to the sequence of unlinkings created by the hexagon
move, following ¢~ 1.

Since for all square and hexagon moves that create all elements of [U(12),...,U(m —1,m); Ha, ]
from U there exist corresponding rearrangements of pentagon relations which lead to maximal sequences
that are assigned to the respective sequences of unlinkings, we know that such a map is surjective. On
the other hand, the arrangement of pentagon relations matches exactly the arrangement of unlinkings,
following ¢~!'. In other words, any two distinct maximal sequences of pentagons will correspond to
distinct sequences of unlinkings in  — the map is also injective, which completes the proof. O

5.5 Connectors as path polytopes

In this section, we provide an alternative language to describe combinatorics of unlinkings that encode
wall-crossing and make Theorem 15 more intuitive.

It is well known that for 4d BPS quivers, the wall-crossing of the first kind is encoded in the com-
binatorial object called oriented exchange graph [Kell3, GM17, GM19], denoted E@(QM). Its two-
dimensional faces are squares and pentagons, representing the commutation and pentagon relations for
the quantum dilogarithm, respectively. If QQ4q is a finite mutation type, EG(Q4q) is an oriented com-
binatorial polytope of finite volume. In particular, EG(A,,) = K42, the m-dimensional associahedron
[Kelll, GMN13c, PPPP23]. Note that different orientations of A,, quiver yield K, o oriented in a
different, non-equivalent way.

We can now use this to reformulate Theorem 15 in terms of such graphs and make the connector
theory more intuitive. To this end, we need the notion of a path polytope. This point of view is
especially attractive due to its fully combinatorial nature and broader generality — in fact, it suggests
a far-reaching generalization of Theorem 15 for any 4d quiver, provided its oriented exchange graph is
known.

Recall that each edge of the diagram in Figure 17 represents a pentagon relation, i.e., its is dual to
a pentagon face in the associahedron Kg. It is not a coincidence that our diagrams appear like a dual
representation of those, but they apply to 3d quivers instead of 4d ones (with pentagon relations corre-
sponding to unlinkings). In the simplest case of Ay and the pentagon relation considered in Section 5.2,
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we can represent the unlinking U(12) as a homotopy between two paths in the associahedron Kjy:

a((bc)d) ——— a(b(ed))

7 AN

(a(be))d v(12) (ab)(cd) -

‘\/

((ab)c)d

Analogous interpretations also hold for higher-dimensional polytopes arising from the joint connectors.
We now provide a simpler description of the joint connector using the notion of a path polytope.2®

Definition 16. Let P be a polytope equipped with an orientation of its edges, such that there is a unique
source and a sink vertex. Define the path polytope A(P) of P as a polytope whose vertices correspond to
paths in P from the source to the sink, and whose edges correspond to simple homotopies®® between these
paths.

Ezample. Let P be an m-dimensional oriented hypercube, with sink and source vertices separated by the
longest diagonal. Then, A(P) = II,,_;, an m-dimensional permutohedron.

Definition 17. Let ﬁ(QM) be the oriented exchange graph of Quq. Define A(E@(Q;;@) as the polytope

obtained from A(EG(Q4q)) by identifying those vertices which represent paths related by a square move
on the exchange graph.

Now Theorem 15 implies the following.

Corollary 18. For A,, quivers, the joint connector class [U(12),...,U(m —1,m); Hy ] is identified
with the path polytope A(EG(A,)).

In other words, given a 4d BPS quiver Q4q, we can use its exchange graph to define the path poly-
tope which, according to Theorem 15, is equivalent to the joint connector and thus should contain all
information about the symmetrization map (which we will define in full generality below). For example,
the case of A3 is shown in Figure 18. Here, the exchange graph is the associahedron K5; we can view the
connector (hexagon) given by either of the relations (5.22b) and (5.22a) as the path polytope A(K5) of
the three-dimensional associahedron Kj5. It would be interesting to investigate these polytopes further,
and, if possible, relate them to higher-categorical analogues of associahedra [BBP24].

5.6 Definition of symmetrization map

Having formulated the bijection between the wall-crossing of the first kind and unlinking, we are now
ready to provide a proper definition of the symmetrization map .

The domain and codomain of the symmetrization map are given by 4d quivers with stability data and
3d symmetric quivers, respectively:

(Q4a, stab. data) N Q.

The idea for the definition is to start from the minimal chamber discussed in the previous sections and
then use Theorem 15 to define symmetric quivers corresponding to any choice of stability data for a fixed
4d quiver.

Definition 19. The symmetrization map for a Dynkin quiver A,, and stability data u is given by
S(Apm,u) =Ul,Q, (5.50)

where @ is the symmetrization of A, and Ul, is a sequence of unlinkings in joint connector class
[U12),...,U(m — 1,m); Ha, | assigned by canonical bijection to the sequence of pentagon relations
which transform the minimal chamber of A, into the chamber described by wu.

28The notion we define here is a particular instance of a monotonic path polytope, defined in [BS92].
29Here, by simple homotopies, we mean those which act along one face of P.
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Figure 18: The path polytope A(K5) is a hexagon. Its vertices correspond to paths (shown in blue) on
the oriented exchange graph K5 for the Quq = Asz quiver. Its edges correspond to simple homotopies
of a path in K5 along some pentagonal face, while all homotopies along quadrilateral faces are modded
out. As a result, we have a hexagon equivalent to either of the unlinking hexagons (U(12),U(23); H)
(5.22b)—(5.22a). Oriented arrows of the path polytope connect chambers with different numbers of stable
BPS states in 4d: at the bottom is the minimal chamber with 3 BPS states (a unique sequence with 3
blue arrows), while at the top is the maximal chamber with 6 BPS states (sequences with 6 blue arrows).

For example, if w corresponds to the minimal chamber with m BPS states, then the joint connector
consists of the identity operator: = {Id} and we get:

S(A,,, min) = Q, (5.51)

which agrees with the previous considerations in Section 3.
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Corollary 20. Theorem 15 ensures that the structure of wall-crossing of the first kind for the Dynkin
quiver A,, (excluding the chambers described by quivers with superpotential) is isomorphic to the structure
of unlinkings encoded in the joint connector class [U(12),...,U(m — 1,m); Ha,]. It implies that for
a fixed choice of stability data different unlinking operators produce symmetric quivers related by a trivial
relabelling of the nodes, which means that the symmetrization map & is well defined.

Generalization of Theorem 15 (and following isomorphism between wall-crossing and unlinking) to
arbitrary 4d quivers Q4q of finite mutation type, including ADFE quivers as well as quivers coming from
general triangulated surfaces, is an interesting direction for future research. Without it, one can still use
the canonical bijection to assign sequences of unlinkings to sequences of wall-crossing relations, but in
case of different paths leading to the same chamber the question whether the resulting symmetric quivers
are the same remains open. In case of the negative answer, one can still consider the following extension
of the Definition 19:

S(Qua,u) = {UuQluec wa2),..Um—1,m)Hqg,,]: (5.52)

where we assume that |Qq| = m.

Note that the symmetrization map & (as well as its extension) can also be understood in terms
of (a suitable composition of) homotopies between paths in the oriented exchange graph of Quq — see
Corollary 18. In other words, we can view the joint connector as a path polytope A(Q4q), and the sym-
metrization map can be defined via paths on A(Q4q). For A,, quivers, where oriented exchange graphs
are well-known associahedra, this interpretation is especially effective — see Figure 18.

In the remainder of this section, we investigate several examples that illustrate the isomorphism
between wall-crossing and unlinking given by the map &.

5.7 A, quiver

Let us start with the simplest non-trivial example which is Q49 = A2 = e — e. There are two choices
of stability data L; and Lo, corresponding to the minimal and maximal BPS chambers of As Argyres-
Douglas theory, respectively (Table 1). Here, the joint connector (U(12); Ha,(u) = @) is a one-element

H Chamber \ Stability data \ # of BPS States H
Ly Qg >y 2
L2 dl > 6[12 > 5[2 3

Table 1: The BPS chambers of the Ay Argyres-Douglas theory, characterized by the partial ordering of
the phases of BPS states. We use the notation &; = arg o; and &;; = arg(a; + o).

set {U(12)}, so only one unlinking is required. By definition, symmetrization in the minimal chamber
agrees with the one considered earlier in Section 3, and we obtain:

Goe—>eL)=1dQ = e “e

Q . (5.53)
S(e — e, Ly) = U(12)Q

As we shall see later, in more complicated cases the structure of symmetric quivers in higher chambers
is more involved and is given by a rather intricate pattern of unlinkings.

5.8 Az quiver

Our next example is (Q4q = Asz. There are three different orientations of the Az quiver — linear, inward
and outward — which we denote as A%, Al and AS, respectively:

A%: o0 — o
AL e e e (5.54)
Ag: ei— 9o — o
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H Chamber Stability data \ # of BPS States ‘

Ly Qg > g > g 3
Lo Ao smallest, and &y, &g > dqa 4
L3 Qg largest, and doz > @1, a3 4
Ly Q1 > Qg > Gz > Qo 5
Ls Qo > G > Qiog > Q3 5
Lg Q1 > Gg > ag 6
0, (v smallest 3
0 Ao intermediate 4
03 iy largest, and &g < (343 or (3(23 < & 5
Oy Qo largest, and &y > &g and diag > G 6
I Qg largest 3
I Qo intermediate 4
I3 ) smallest, and a3 < Q1o Or G < 6&23 5
n Gp smallest, and Gz > &2 and &y > Gag 6
(&5 not cyclically ordered e.g. o > &1 > a3 4
Cy cyclically ordered e.g. &1 > a9 > a3 5

Table 2: The BPS chambers of the A3 Argyres-Douglas theory, characterised by the partial ordering of
phases of BPS states.

These three quivers can be associated with the minimal chambers of the A3 Argyres-Douglas theory,
denoted as Lq, I;, and Oq, respectively. The general structure of BPS chambers and their stability data
is shown in Table 2 (see [ACCT14, Section 2.3.2] for the detailed discussion).

Note that the wall-crossing formula (5.3) relates a minimal 4d chamber with 3 BPS states labeled by
simple roots a1, as, a3, to the corresponding maximal chamber with 6 BPS states labeled by all positive
roots

ay, g, (3, ] + g, (g + (g, 1 + Qg + Qg .

For all three orientations, we get the same symmetric quiver via the symmetrization map (5.50), consistent
with Section 3:

S(Af, L) =6(A5, 1) =6(AF,01)= e 2 e . (5.55)

Let L;, I;, O; be quivers with stability data given in Table 2, which are obtained by applying certain pen-
tagon relations on the initial operators Ly, I, O;. Note that in our consideration we exclude chambers C;,
since they correspond to a 4d quiver with a superpotential:

e— e —— e

\_/

which is not an A3 quiver, but is related to it by a mutation operation. As a result, the corresponding
wall-crossing operators cannot be obtained from the initial operators by applying pentagon relations, and
our analysis simply does not apply.>°

In order to relate L;, I;, O; to 3d symmetric quivers and unlinking, we need to apply Theorem 15 to
every choice of orientation. That is, we need to compute the corresponding joint connector which follows
the orientation of arrows in the 4d quiver. In each case, we need only to connect U(12) with U(23), hence
to apply one of the hexagon moves (5.21) — most importantly, the type of hexagon will depend on the
orientation of the 4d quiver.

Let us start with L, where we can fix the labelling by oy — as — a3. Following Definition 13, we
see that the hexagon type is defined by arrows a; — g and as — ag. Since they are co-oriented, we
set Ha, = {(33),a}, i.e., we use hexagon (a). In the other cases, the respective arrows have opposite
orientation, so for both I and O we assign Ha, = {(33),b}. Now the joint connector class in all cases is
the simply application of the corresponding hexagon move, following the choice of Hy4,. The combined
picture of the joint connector classes together with 4d BPS chambers for all orientations is shown in
Figure 19.

30Tt would be interesting to understand what symmetric quiver corresponds to a 4d quiver with a superpotential.
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Figure 19: The complete structure of the symmetrization map & for different orientations of A3 quiver
and their stability data; note how different stability data are sometimes mapped to the same 3d quiver.
Uunlinking U(ij) is represented by an oriented edge with subscript ij. Each of the two hexagons on this
diagram is equivalent to the path polytope A(K5) shown in Figure 18. That is, a choice of orientation
of As fixes the orientation (and thus the path structure) of ﬁ(Ag) = K35, whereas unlinkings U (ij)
correspond to homotopies between those paths in K.

Let us illustrate in greater detail one path in Figure 19 which connects the stability chambers corre-
sponding to A%:

(12)3

S(AL, L) 2 Ak, L) Y25 &AL, L) 2 &(AL, Le). (5.56)

We will trace the unlinking and pentagon relations simultaneously for the operators corresponding to
the 4d quiver. We start with the minimal chamber L;, where the corresponding symmetric quiver
Q = &(A%, L) is simply the symmetrization of A3 (note that this also corresponds to the shortest path
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in K5, Figure 18):
‘IILI = \I](_Xal)q}(_Xa2)\Ij(_XOt3) I — 5 §

Applying unlinking U(12) to @ and the pentagon relation to ¥(—X,,)¥(—X,,) gives

- - —Aa 12
E\P(_Xaz)‘I’(_Xa1+a2)\1}(_Xa3)\I/(_Xa1) I EX §

(Here we could swap ¥(—X,,) with ¥(—X,,) since they commute — the nodes 1 and 3 are disconnected
in the corresponding symmetric quiver.) Comparing with Figure 18, this corresponds to two paths in
K5 of length four which differ along a quadrilateral face. To reach the chamber with five BPS states, we
need to apply U((12)3) to U(12)Q and the pentagon relation to ¥(—Xg, +a,)¥(—Xa,):

‘IlLAL = \Ij(fXO@)\Ij(fXas)\Il(fXOél-ﬁ-OéQ-i-Ots)\I/(iXa1+oz2)\Ij(7XOz1) 1.2
: 3 = 3

Lastly, we apply U(23) to U((12)3)U(12)Q and the pentagon relation ¥(—X,,)¥(—X,,) to reach the
maximal chamber with six BPS states, which also corresponds to the longest path in Kj:

®)

TN
‘IILG - \IJ(*X%)\Il(*Xa1+a2)\I/(*Xa2)‘ 5 £
\Ij(_Xal+a2+a3)\Il(_XOé1+a2)\Ij(_Xal)
1 3 3

Note that symmetric quivers corresponding to higher chambers have a non-trivial structure due to un-
linking. Their quiver generating series are encoded by quantum dilogarithm operators via the 3d-4d
homomorphism and the application of the normal ordering. The two symmetric quivers corresponding to
maximal chambers — one to I and Oy, the other to Lg — can be unlinked once to a single universal quiver,
which is guaranteed by the Connector Theorem from [KLNS23]. It would be interesting to see if it has
a 4d interpretation. Note also that quiver mutation is understood in 3d as a structural change in the joint
connector class . For example, mutating the first node for L gives the O orientation, and this alters the
choice of hexagon and reorders the unlinking operations correspondingly. Some mutations, however, do
not change the unlinking operator — for example, the mutation between the I and O chambers.

5.9 A, quiver

Here we consider one more example of the symmetrization map (5.50), which corresponds to Q4q = A4.
We have the following possibilities for the orientation, which we denote as linear, linear-inward, outward-
linear, and inward-outward (all other orientations can be obtained by a trivial automorphism, given by
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relabelling of the nodes):

LL: Q] — Qp — Qa3 — Q4
LI Q] —> Qg —> Q3 — Qq
OL : Qa1 — g —> a3 —> Qg (5:57)
10 : a1 —> Qg — Q3 —> Qy

For each of them, the wall-crossing formula (5.3) relates a minimal 4d chamber with 4 BPS states
labeled by simple roots aq, ag, as, @y to the corresponding maximal chamber with 10 BPS states labeled
by all positive roots. Denote the minimal chambers with 4 BPS states as LL;,LI;,0OL1,101. The
symmetrization map applied to all of them produces the same symmetric quiver, as expected:

S(AYY LLy) = S(AY' L)) = S(AQ",0L1) = S(A°,10)) = e~ e ~ e “e. (558)

Theorem 15 assigns the joint connector class to every orientation of arrows in the 4d quiver. In each
case, we need to connect U(12) with U(23) as well as U(34), so the number of required operations (as
well as the number of hexagons) is now larger than in previous examples. The type of each hexagon
depends on the orientation of the corresponding pair of arrows in the 4d quiver (5.57). Let us illustrate
this with the LL orientation. Following Definition 13, we see that the hexagons are defined by pairs of
arrows: a3 — as and as — ag, as — a3 and asz — g, etc. Since all pairs are co-oriented, we use only
hexagon (a). For other orientations, mixed types of hexagons can appear. The resulting joint connectors

(U(12),U(23),U(34); Ha,) are shown in Figure 20.3!

Note that in this case, the joint connector forms a 3d polytope, which partially resembles the per-
mutohedron. We stress again that these polytopes capture the entire structure of stability chambers
of A4 Argyres-Douglas theories, excluding the chambers described by a quiver with a superpotential.
Following Section 5.5, it is suggestive that such a polytope is a particular example of a three-dimensional
2-associahedron [BBP24]. The cases LL, LI, OL yield the same polytope, but oriented in different, non-
equivalent ways. The case 1O gives another polytope. One can then say that quiver mutations in 4d act
on the set of symmetric quivers by changing the orientations of the joint connector in 3d, affecting the
shape of the corresponding connector polytope. Moreover, one can also combine all the above pictures,
similar to the case of a pair of hexagons glued together in the A3 case (Figure 19). The resulting structure
is shown at the bottom of Figure 20, and it captures all symmetric quivers for all chambers of Ay Argyres-
Douglas theories, apart from the chambers with superpotential or, isomorphically, joint connector classes
for all choices of hexagons in Hy4,. Similarly to the Az case, symmetric quivers corresponding to the
maximal chambers in all orientations can be unlinked to the same universal quiver (it is guaranteed by
the Connector Theorem from [KLNS23]), but this time more than one unlinking is required.

5.10 D, quiver

We finish our case studies by going beyond the A,, case and considering the most symmetric Dynkin
diagram, which is D,4. Its positive roots are

Qly, ..., Q4,01 T2, 02 03, ag +0aq,01 + 02+ a3, a1 + oz + g, (5.59)

Qo+ as + aq, a1 + as + ag + aq, a1 + 200 + ag + ay.
We fix the orientation and labelling as follows:

Qg
L]

T (5.60)

aq [eD) a3

¢ —— o — 9.
Although Theorem 15 does not apply in this case, we can still construct the joint connector whose
hexagons follow the pattern of arrows in the above 4d quiver. Namely, we apply the extension of Defini-
tion 13 to every As-type subquiver given by triples (a1, asg, as), (a4, as, as) and (a1, as, ay). In particular,

31Unlike in Figure 19, we decided that before combining them into a single picture we present them separately for better
visual clarity.
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ST A R

Figure 20: Top: the four joint connectors (U(12),U(23),U(34); Ha,) for different orientations of Ay

. LL LI - . . . .
quiver: ( OL I O)' Initial symmetric quivers/minimal chambers are represented by a source with three

initial unlinkings shown in red, while the final quivers/maximal chambers are given by a sink with three
final unlinkings shown in blue. Bottom: the bouquet of the four above polytopes, glued along the common
vertex (initial symmetric quiver), as well as along U (12), U (23),U(34), and some other edges. This graph
gives the complete structure of the symmetrization map for Ay.

one path in this connector is given by the following sequence of unlinkings:

U(((12)3)4)U((12)4)U((12)3)U ((23)4)U (24)U (23)U (12). (5.61)
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Note, however, that the joint connector in this case computes only the partial wall-crossing formula —
one more step is required to reach the maximal chamber with 12 BPS states. This requires appending
one more unlinking to (5.61), which is U(12,(23)4). This unlinking introduces the BPS bound state
corresponding to the last remaining positive root a1 + 2a2 + a3 + a4. This manual insertion was not
needed in the case of A,,, because their roots do not come with multiplicities. (It would be very interesting
to find a general description that avoids manual additions to joint connector class.) After including this
extra step, we get the unlinking graph which encodes the complete wall-crossing formula (Figure 21). We
can then apply the extension of Definition 19 to derive all symmetric quivers corresponding to various
chambers of D4y Argyres-Douglas theory, by applying unlinking operators represented by paths on this
diagram to @ — the initial symmetrization of Q4q.

Figure 21: The unlinking graph which encodes the wall-crossing for D4 quiver. Initial symmetric
quiver/minimal chambers are represented by a source with three initial unlinkings shown in red, while
the final quiver/maximal chambers are given by a sink with six final unlinkings shown in blue. It takes 8
operations to reach the sink from the source, which simultaneously corresponds to the wall-crossings in
4d and unlinking in 3d. Interestingly, much like in A4 case, the resulting graph is planar.

6 Schur index and CPT-doubled symmetric quivers

In previous sections, we considered the relations between Coulomb branches of 4d A/ = 2 theories and 3d
N = 2 theories, as well as the relations between corresponding quivers. We focused on the spectrum of
BPS states of the 4d theory in a given chamber and discussed the corresponding geometry and manifesta-
tion of wall-crossing in 3d. In this section, we focus on a related quantity, which is chamber-independent
and thus can also be associated to the superconformal point in the moduli space of 4d theory under
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consideration. This quantity is the trace of the Kontsevich-Soibelman operator O(q) from (1.11), with
contributions from all particle and anti-particle states.

In [CS16], it was observed in many examples that, up to a simple factor, such a trace is equal to
the Schur index [KMMRO07, GRRY11], and a proof for class S theories of type A; was given in [FL19].
The contributions to O(g) in question are quantum dilogarithms assigned to stable BPS states in a
given chamber, analogously to (1.9). However, it is now crucial to include all particle and anti-particle
contributions in this trace, in order to avoid the ambiguity in their definition (related to the choice of
the half-plane in which their central charges take values). More precisely, the claim in [CS16] is that the
Schur index is equal to

)

I=(¢%q¢)%T[0)], O = 11 U(—Xa), (6.1)
a: BPS & anti-BPS states

where (g, q)% is a contribution from a U(1) vector multiplets, and r is the rank of the Coulomb branch.

In this section, we show that the trace of the Kontsevich-Soibelman operator, and thus also the Schur
index (6.1), can be written as a motivic generating series (1.2) for a certain symmetric quiver ). More
precisely, as a consequence of introducing anti-BPS states into the game, it is a CPT-doubled symmetric
quiver arising from a 4d BPS quiver. The operation that produces such a quiver is the CPT-doubled
symmetrization map (1.1)

CPT
(Qaa, stab. data) T QErT. (6.2)

The stability data that we consider in this context are those that produce the minimal number of stable
BPS states in the 4d theory, i.e., only those that correspond to the nodes of the 4d BPS quiver. In this
case, the CPT-doubled quivers that we find have the following properties:

e They contain a subquiver which is a symmetrization of the 4d BPS quiver, i.e., for each arrow in
the BPS quiver, there is an arrow in the opposite direction, analogously to the quivers we found in
other sections.

e They contain a second set of nodes, corresponding to anti-BPS states.
e They contain extra arrows and loops, which arise from the trace operation in (6.1).

The parameters of the quiver generating series of CPT-doubled quivers are identified with specific powers
of ¢ and combinations of fugacities in a given theory. We identify such symmetric quivers for a larger class
of theories: various ADE-type Argyres-Douglas theories, the SU(2) theory with and without matter, and
others.

In the rest of this section, we show that the Schur indices (6.1) can be written in the form of the
motivic generating series of symmetric quivers (1.2). While this could be shown by applying in (6.1) the
homomorphism between the quantum torus algebra of X, and that of (Z;,7;), and then computing an
appropriately defined trace, we instead take advantage of the results derived already in [CS16]. Using
then the following identities for the ¢g-Pochhammer

e (_1)qu(k+1)

(@000 =Y 5 (6.3)
= (%)
1 _ (q2(n+1)7q2)oo _ 1 i (_1)qu(k_1)q2(n+l)k (64)
(@ a*)n (4%:¢%) 0 (4%:6%) o (a% a®)x ’

k=0

and some basic manipulations of g-series, we identify quivers encoding Schur indices of various theories
considered in [CS16], as presented in the rest of this section. It is clear from our examples that a few other
indices determined in [CS16] can also be presented in the form of quiver generating series. Similar relations
between the Schur index and the 3d half-index (which is related to symmetric quiver partition functions
through the work of [EKL20b]) have been independently observed in recent works [Pro24, GK25].
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6.1 Basic examples
As a warm-up, let us find quivers encoding the indices in the simplest examples of a single vector multiplet,

a free hypermultiplet, and QED. The quivers we find are shown in Figure 22.

U(1) vector multiplet. The contribution to the index of a single U(1) vector multiplet is just (¢%; ¢*)2,

Using (6.3), we thus get
> +l2qk+l
7= Z 4 (6.5)

o ( K@% a0

This has the form of a quiver generating series for a quiver with two nodes, each with one loop and no

other arrows:
1 0
QCPT |:0 1:| (66)

Free hypermultiplet. The index for a free hypermultiplet with fugacity z is [CS16]:

oy 0 gty
I = (929" (42~ => —) (6.7)
k,1=0 (a9
This has the form of a quiver generating series for a quiver with two nodes and no arrows:
0 0
CPT _
-l
QED. The index for QED reads [CS16]:
o0 21 > k2+2kl k+21
q (I
I=(¢%4¢"% (@) Y 95— (6.9)
; ()] ,;::0 @ a°)

Apart from (¢%;¢%)s prefactor, this has the form of a quiver generating series for a quiver with two
nodes, one with a loop, and one pair of arrows between the two nodes:

QErT = [(1) ﬂ . (6.10)

In fact, using (6.3), the prefactor (¢%;¢?)s can be reinterpreted as an extra (third) node in the quiver
(with one loop and disconnected with other nodes).

Ce @) o o OCOO

Figure 22: Symmetric quivers encoding the Schur indices for a U(1) vector multiplet (left), a free hyper-
multiplet (middle), and QED (right).

6.2 SU(2) theory with and without matter

In turn, let us discuss the SU(2) theory with various numbers of flavours and corresponding fugacities
denoted by z;, also taking advantage of the results derived in [CS16].
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Pure SU(2). The Schur index for the pure SU(2) theory takes the form

9 9.9 o q2l1+2l2+411l2

T=(¢%)% Y, =
’ 0011,12:0 (q2;q2)121 (q25q2)122

_ i (_q)k§+k§+4lll2+211k1+212k2

l1,l2,k1,k2=0

(6.11)

2012l +k1+k2
(2% ¢%)1, (025 ¢%)1, (625 ¢y (025 ¢y

where we used (6.4) twice and introduced summations over k; and k. The result has the form of a
quiver generating series for a quiver with four nodes, which contains a subquiver (shown in red, with
nodes corresponding to summations over /; and l5) that is a symmetrized version of 4d quiver. Labelling
the rows/columns respectively by Iy, la, k1, ka, we get

QYT = (6.12)

O =N O
= O O N
O = O
= O = O

The BPS quiver for this theory and corresponding symmetric quiver are shown in Figure 23.

[ ) [ J
=

e W
Ce D

——
o__.0

Figure 23: BPS quiver for the pure SU(2) theory (left), and a symmetric quiver encoding the Schur index
of this theory (right). A subquiver of the symmetric quiver that involves a symmetrization of the BPS
quiver is shown in red.

SU(2) with Ny =1. For the SU(2) theory with Ny = 1 flavour, the index reads

s -1 Z?Zl(kﬁ-li)qE?:l(ki+lz')—(kB—53)2+2(11+53)k2+211k3
T=(0"d")% > S T x
11,2 05, k1, ko k=0 Hi:l(q 3 q )kl(q 4 )li (613)

X 223Gttt Ok ksl s
From delta function constraints, we fix
lh =k + ks — s, lo = ko + kg — 3. (614)

We then rewrite terms (qQ;qQ)l_l1 = (q2;q2),;11+k3_l3 and (q2;q2)l_21 = (q2;q2),;21+,€3_l3 using (6.4), intro-
ducing new summations respectively over m and n, which leads to

o0 (7q)f(ki,l3,m,n)

4k1+4ko+6k3 —21 2(ks—1
T — 1+4k2+6ks —2l3+m+n  2(ks—l3) (6.15)

k1 ka2, ks,ls,m,n=0 (¢% q2)13 (% ®)m(d* 4% )n H?:l (g% qz)ki
where
fkiylz,m,n) = k2 — 13 +m? +n? + 2k ko + 2k k3 + 2koks + 2m(ky + ks — I3) + 2n (kg + k3 — I3). (6.16)

Thus, we get a quiver generating series for a quiver with six nodes, which contains a subquiver (shown
in red, with nodes corresponding to summations over k;) that is a symmetrized version of 4d quiver
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(ignoring an extra loop at node k3). Labelling the rows/columns respectively by ki, ks, k3, I3, m,n, we
get

011 0 1 0
101 0 o0 1

cpr |1 11 0 1 1

Q=10 0 0 -1 -1 -1 (6.17)
101 -1 1 0
011 -1 0 1

The BPS quiver for this theory and corresponding symmetric quiver are shown in Figure 24.

. NS
VA

Figure 24: BPS quiver for SU(2) theory with Ny = 1 flavour (left), and symmetric quiver encoding the
Schur index of this theory (right). A subquiver of the symmetric quiver that involves a symmetrization
of the BPS quiver is shown in red. Dashed arrows represent entries in the quiver matrix (6.17) with
negative values —1.

SU(2) with Ny =2. For the SU(2) theory with Ny = 2 flavours, the index reads

o0
I (q2; q2)go Z q2(l;+...+l4)+2(l1+12)(13+l4) y
Liyeslaktyen k=0 Hi:l(q2;q2)ki (q2§q2)l7~, (6.18)

2(l1—k 2(ls—k
le(l 1)Z2(3 3

)
6}€1+k2,11+l2 : 5k3+k4,l3+l4~

From delta function constraints, we fix
lh =k + ko — o, l3 = ks + kg — 4. (619)

We then rewrite terms (qQ;qz)l’l1 = (q2;q2)1;1+k2—l2 and (q2;q2)l’31 = (q2;q2)];1+k4_l4 using (6.4), intro-
ducing new summations respectively over m and n, which leads to

o (_q)f(k‘i,lg,l4,’ITL,TL)q2(k‘1+...+k4)+m+’n

SR>

4 2
kv ks o daimm=0 (@5 @)1 (0% )1 (03 6%)m (@2 @ )n [ i1 (6% 0P,

1

(6.20)

where
f(k’l, lo,lg,m, n) = m2 + 712 + 2(k1k3 + k1ky + koks + 12k4) + 2m(k1 + ko — lg) + 2’/1(]{33 + ky — l4) (6.21)

Thus we get a quiver generating series for a quiver with eight nodes, which contains a subquiver (shown
in red, with nodes corresponding to summations over k;) that is a symmetrized version of 4d quiver.
Labelling the rows/columns respectively by ki, ka, ks, k4, l2, 14, m, n we get

0011 0 0 1 0
0011 0 0 1 0
1100 0 0 0 1

cpr |1 100 0 0 0 1

@ =loo000 0 0 -1 0 (6.22)
0000 0 0 0 -1
1100 -1 0 1 0
0011 0 -1 0 1
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SU(2) with Ny =3. For the SU(2) theory with Ny = 3 flavours, the index takes form

oo 2y l5) 4201 (lo ot l5)
y VT o - D S
1ol ke ks =0 Hi:1(q yq )ki(q ' q )li (6.23)

ko—l2)+(ls—k lo—ko)+(ks—1 l3—ks)+(ka—1
ng 2—l2)+(ls S)Zéz 2)+ (k3 3)Z§3 3)+(ka 4)5k1,ll'5k2+...+k5,l2+...+15-

From delta function constraints, we fix

k1 =14, ko = lz+...+l5)—(k3+k4—|—k5). (6.24)

We then rewrite terms (q2;q2)’;11 = (q2;q2)l_11 and (q2;q2)};21 = (923q2)(_521+...+15)—(k3+k4+k5) using (6.4),

introducing new summations respectively over m and n, which leads to

> (_q)f(l,i,k3,k4,k5,m,n)qZ(ll +...4+1l5)+m+n

I= X
5
loods s k=0 (@3 @) ks (@23 @) ke (0% 6%)is (0% ) m (0% 02)n [ 121 (023 6%, (6.25)

% Zi3+l4+215*k3*k4*2k5 Z;2l37l4fl5+2k3+k4+k5 Z§13*k3)+(k4*l4)
where
f(l“ ks, k4, k5,m,n) =m? + n? + 2l1(l2 + ...+ l5) + 2mly + 277,([2 + ...+l — k3 —ky — k‘5) (626)

Thus we get a quiver generating series for a quiver with ten nodes, which contains a subquiver (shown
in red, with nodes corresponding to summations over /;) that is a symmetrized version of 4d quiver.

Labelling the rows/columns respectively by l1, ..., 15, k3, k4, k5, m, n, we get
(0 1 1.1 1 0 0 0 1 07
10000 O O 0 0 1
100 00 O O 0 0 1
10000 O O 0 0 1
CPT 10000 O O 0 0 1
@ ~ {00000 0O O 0 0 -1 (6.27)
00 00O O O O 0 -1
00 00O O O O 0 -1
10000 O O 0 1 O
o 1111 -1 -1 -1 0 1]

6.3 Type A theories

As another class of examples, we consider the A,, Argyres-Douglas theories with even m. Examples with
odd m can be worked out analogously.

Ay theory. Following analogous manipulations as above, the index for A theory can be rewritten as

o0
To (B Y Ay =
I1,l2=0 (% ¢*)i, (6% ¢,

s (_q)m2+n2+2mll+2nl2+2lll2 (6.28)

= 2 (@ 4 (4% 4212 (6% ) m (4% ¢%)n

l1,l2,m,n=0

2011 4+2ls+m+n

where we used (6.4) twice and introduced summations over m and n. The result has the form of a quiver
generating series for a quiver with four nodes, which contains a subquiver (shown in red, with nodes
corresponding to summations over /; and ly) that is a symmetrized version of 4d quiver. Labelling the
rows/columns respectively by I, s, m,n, we get

01 10

cpr |1 0 0 1

@T=11 01 0 (6.29)
010 1

The BPS quiver for this theory and corresponding symmetric quiver are shown in Figure 25.
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o—0

Figure 25: BPS quiver for Ay Argyres-Douglas theory (left), and symmetric quiver encoding the Schur
index of this theory (right). A subquiver of the symmetric quiver that involves a symmetrization of the
BPS quiver is shown in red.

A, theory. For A4 Argyres-Douglas theory, we obtain

0 2(l1+lo+l3+1a)+2l la+21213+21314
— (o2 o2)4 q .
Z=(q:9)
- q 9 q o0 =

L (@ a7 (65 P, (6% 677 (05 67,

N o ) (6.30)
_ Z (—g) Vommn . q2(11+l2+l3+l4)+m+n+r+s
ltaids damms—o (@23 @) m (€% a*)n(@?36%)r (0% 6%)s [ 1121 (65 02,
where
flli,mym,r, ) = m? 4+ n? + 12 4 82 + 241y + 2lal3 + 21314 + 2mly + 2nly + 2rl3 + 2sly. (6.31)

The result has the form of a quiver generating series for a quiver with eight nodes, which contains a
subquiver (shown in red, with nodes corresponding to summations over ly,...,l4) that is a symmetrized
version of 4d quiver. Labelling the rows/columns respectively by l,la, 13,14, m,n,7, s we get

01 0071000
10100100
01 0100T10

cpr |00 1 000 0 1

=11 000100 0 (6.32)
01 000100
001000TLODO
0 001 00 0 1]

The BPS quiver for this theory and corresponding symmetric quiver are shown in Figure 26.

T XN —

e T

o O O O

Figure 26: BPS quiver for Ay Argyres-Douglas theory (left), and symmetric quiver encoding the Schur
index of this theory (right). A subquiver of the symmetric quiver that involves a symmetrization of the
BPS quiver is shown in red.

As, theory. The index for Ay, with arbitrary n takes the form

00 2522l g 4252
2. 212 q i=1 v i=1"%
IT=()2 ),

2
I, d2n=0 121 (4% a7,

(6.33)
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Applying (6.4) for each I;, i.e.,

1 1 o~ (—DkighikimD)
2..2), (o202 Z( )2. 2 gk, (6.34)
(q 7 q )li (q 7 q )OO P (q 3 q )kl
we get
o0 (kP 2liks)+ 3000 Ll
I Z (—q) 2. ( )+l +1q 2 (2ithi) (6.35)

2
U, lon k1, k2 =0 Hi:1 (a% a®),(q% @)k,

The result has the form of a quiver generating series for a quiver with 4n nodes, whose matrix takes form of

a straightforward generalization of (6.32), with rows/columns labeled respectively by l1, ..., lapn, k1, . . ., kan.
It contains a subquiver (with nodes corresponding to summations over Iy, ..., ls,) that is a symmetrized

version of 4d quiver.

6.4 Type E theories

Finally, we consider two examples of Argyres-Douglas theories of type E.

FEg theory. The index of Eg theory takes the form

e 328 o biglili 42300 b
q 2J
T=(¢%q)% > - (6.36)
l1,...,lg=0 [Ti=: (e qz)i

where b;; = —C’gﬁ +26;; and CF¢ is Eg Cartan matrix. This is analogous to As, case in (6.33), so that

applying (6.34) to each [;, we get
i )i (RE 420k ) 4300 iy bl
T = Z ( q) qu:l(QliJrki). (637)

6
I, 0.kt kg=0 Hi:1(‘12§ )1, (4% 4k,

The result has the form of a quiver generating series for a quiver with 12 nodes, which contains a subquiver
(with nodes corresponding to summations over Iy, ..., lg) that is a symmetrized version of Eg BPS quiver.

FEg theory. The index of Eg theory takes the form

0 § bl 42305 L
q2ig=1 "1t i=1

T=(%)% D, 5 , (6.38)

l1,....ls=0 Hi:l(q2;q2>12i
where b;; = —6’58 + 26;; and CPs is By Cartan matrix. This is completely analogous to Eg case and

applying (6.34) to each [;, we get

= 8 (RZ42Uk:)+308 _ bislily

I Z (_q) iz ( )+ j=1Yij qule(Qli“rki)' (6.39)

8
U1,dg ki, kg =0 Hi:l(q2§ q2)li (q2§ q2)k’i
The result has the form of a quiver generating series for a quiver with 16 nodes, which contains a subquiver
(with nodes corresponding to summations over Iy, .. .,lg) that is a symmetrized version of Eg BPS quiver.
7 Directions for future work

Our work reveals an intriguing unifying role of symmetric quivers and the 3d A = 2 theories T[Q] they
encode. We showed that symmetric quivers capture wall-crossing phenomena and various observables of
4d N = 2 theories. While most of our analysis focused on (some classes of) Argyres-Douglas theories, we
believe that this relation is more general and opens an interesting direction of research.
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First, it is important to generalize the topological and physical interpretation of the symmetrization
map between 3d and 4d quivers, that we provide for A,, Argyres-Douglas theories, to other classes of
such theories, for which we have stated these relations only at the algebraic or combinatorial level.

In particular, we expect our construction of 3d N' = 2 QFTs from 4d BPS states to directly generalize
to all class S theories with a finite BPS chamber. That is, we expect that the resulting 3d QFT admits
a symmetric quiver description T[Q], although in general the relation between the 3d quiver @ and the
originating 4d BPS Q44 may be more involved.

Another interesting generalization concerns higher rank class S theories, inparticular the K-lifts of
Ay theories defined in [GMN14]. For these the corresponding 3d QFTs and 3-manifolds should be
provided by the work of [DGG16], see also [GLPY17, GLY19] for the related BPS quivers and mutations.
Similarly, the isomorphism between the structure of wall-crossing and the structure of unlinkings could
be generalized to other classes of theories — in particular to 4d quivers with superpotentials and to a study
of mutations in this context. Of particular interest are also wild wall-crossing phenomena. Specifically,
their description for Kronecker quivers and corresponding symmetric quivers has been recently found in
[BS25]; an interesting challenge is to understand other classes of wild wall-crossing phenomena and to
generalize geometric constructions presented in this work also in this context.

On the other hand, it is known that the Schur indices can be also identified as characters of 2d
conformal field theories. This implies a connection between such 2d models and 3d T'[Q)] theories, which
also deserves better understanding, potential generalization to a broader family of conformal theories,
and possibly making contact with other recently found connections between 3d and 4d theories and vertex
operator algebras [CCFT24, Ded24].

Our results may have impact on other lines of research too, both in mathematis and physics. Among
others, they add up to the developments in the knots-quivers correspondence, which relates symmetric
quivers to observables in Chern-Simons theory via the geometric transition [KRSS17, KRSS19, EKL20b],
and to analogous connections of symmetric quivers to topological strings [PS19, KPSS21, CS21], and Z
and F invariants of knot complements via 3d-3d correspondence [Kuc20, EGGT22, CCF*24, Chu24).

Another relation that may emerge from our results connects the above mentioned systems and a vast
reasearch area of topological recursion. It was shown in [LNPS20] that asymptotic expansion of a quiver
generating series can be reproduced by the topological recursion. Our results should then imply that
topological recursion captures analogous expansions of observables in 4d N = 2 theories, characters of 2d
conformal field theories, and other systems that we relate to 3d theories encoded in symmetric quivers.

From yet another perspective, our work may lead to new results or viewpoints on holography. Typ-
ically, holographic considerations involve theories of higher rank, or with some other dependence on an
appropriate (large) parameter N. In the context of Argyres-Douglas theories, the quiver form of Schur
indices that we analyzed in section 6 can be found also for related theories considered [CS16], in particular
for Argyres-Douglas theories of type (An, Ax). On the other hand, holographic duals of such theories
have been found e.g. in [BBMN21]. The structure of quivers that arise for such Argyres-Douglas theories
and properties of associated integral Donaldson-Thomas invariants thus might encode certain features
of their holographic dual geometries. Similarly, it turns out [PS] that a quiver structure arises also for
Schur indices of gauge theories whose holographic duals admit giant graviton expansion [MST00, Mur23].
Therefore symmetric quivers and associated 3d A" = 2 theories may play an interesting role in the realm
of holography and AdS/CFT correspondence too.

We believe there should be a deeper reason for the role of symmetric quivers in all the contexts
mentioned above, which deserves further investigation.
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Poland.

A Notations and conventions

C -
S, -
I —
)

)/;7L7 Yout -

|d1, -+ dg) =

TIQ] -

E —

Alye oy Oy —
Qaa —
lk(,) _

iy i —
PQ({B,q) -

e
o0 T —

Ha; —
U(ij) -

(U, U H) -
6(Qua,0) =

BG(Qua) -
A(C) -

T —

a Riemann surface
the branched double cover of C associated with ideal triangulation 7
the unit interval [0, 1]

the gl -skein module of a 3-manifold Y decorated with a branch locus (Definition 1)

action completion of the gl;-skein module
the skein module Sk&' (X x I), with the natural algebra structure
the elements of the gl;-skein algebra of the torus with four branch points (2.4). They generate
quantum torus and satisfy §& = ¢>&g
"ol —aq"), (a;9)oc = [1,50(1 — ag"), g-Pochhammer symbols

= (gz;¢*) ™', the quantum dilogarithm

{Zn>N anq” : an € C,N € Z}7 the field of formal Laurent series with coefficients in C

the gl,-skein-valued partition function constructed via sequence of flips; the distinguished element of
Sk (V).

symmetric quiver encoded by a symmetric integer matrix Q@ = (Qi;); Qs; counts arrows between
i # j and Qy; counts loops

the cup/cap bordisms. Y, : 0 — 2, Yout : X,v — 0. Here Y : ¥, — X,/ is viewed as a bordism as
well

L. -ng [0] € SK3" (Yin), di,--- ,d, € Z the basis of states for Sk (Y;,,) viewed as a vector space
(similarly, (di,--- ,dg4]| for Skgl1 (Yout))

3d N = 2 theory associated to a 3-manifold M via the 3d-3d correspondence. In our work we consider
splitting M = My U My U M_

4d N = 2 theory of class S associated to a Riemann surface C. We take OM_ = C, OM, = C,
OMy = C' U C where C is orientation reversal of C.

3d N = 2 theory associated to a symmetric quiver @

Mias (S, SL(2,C)) the character variety of flat SL(2,C) connections on S = OM

€ C/2miZ sheer coordinate corresponding to an edge of triangulation F in 7g, triangulated boundary
of M

the Darboux basis corresponding to a choice of polarisation of Pg, i.e. a set of coordinates with
canonical Poisson brackets (3.8)

the tetrahedron theory (3.9). For a triangulated 3-manifold, we write the product theory as ®;7a,
superpotential of T[M]

IR electromagnetic charges of T[C] = A, theory with Dirac pairing (aa;, azit1) = (@i, a2i—1) =1
4d BPS quiver corresponding to the minimal chamber of T'[C]

Gauss linking number. In case of the double covering manifold Lo with 0Lo = ¥4 U X_, this linking
number between (the boundaries of) holomorphic discs dD; coincides with Qs

generators of quantum tori associated to a symmetric quiver @, see the discussion around (4.11)
motivic generating series of a symmetric quiver @ (4.14). Here we denote = (z1,...,2|g,|) Where
Qo is the set of nodes of Q.

the 3d-4d homomorphism which embeds the quantum torus of rank m generated by {X.,} into the
quantum torus algebra of rank 2m generated by {:i"zi, g]zi} (4.41)

the sets of simple and positive roots of A, root system. Here we use the same notation for roots a;
as for BPS charges

mutation operator at node a; of Qaa

unlinking operator between nodes i and j (i # j). It acts on symmetric quivers: U(ij)Q, (5.16). We
also denote composition of unlinkings U = U (injn) ... U(41J1)

connector class of U, U’ with hexagon specification H, Definition 8

Q the symmetrization map applied to Q44 with T[C] BPS chamber ©, Definition 19. By definition,
different choice of a chamber produces different symmetric quivers for the same Q44

the oriented exchange graph of Q44

the path polytope of oriented graph 8 In particular, A(E—(>;'(Q4d)) gives a combinatorial description
of the symmetrization map (Definition 17)

Schur index of a 4d N = 2 theory
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