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1 Introduction

In 1996, Rozansky and Witten [1] proposed a novel way of constructing 3-manifold invariants,
given a choice of a hyper-Kähler manifold X. As pointed out in its subsequent mathematical
formulations [2, 3], the spaceX only needs to be a holomorphic symplectic manifold. Although
this generalization will not play a major role in this paper, in part because our main examples
of X will come from Coulomb branches of 3d N = 4 theories, it remains true that the
Rozansky-Witten theory provides an intriguing link between geometry and topology, namely
the geometry of hyper-Kähler manifolds and topology of 3-manifolds:

X ←−→ 3d “TQFT” (1.1)

Another intriguing aspect of the Rozansky-Witten theory, responsible for much of our
motivation, is that it is not quite a TQFT in general. This is why we use the quotes on
the right-hand side of (1.1). As pointed out already in [1], when X is non-compact, the
cutting and gluing properties of the resulting topological invariants in general do not obey the
standard axioms of a TQFT, in the sense of Atiyah [4]. On the other hand, Coulomb branches
of non-trivial 3d N = 4 theories are always non-compact! So, how does one reconcile these
facts? Of course, it does not necessarily mean that the Rozansky-Witten invariants do not
exist when X is non-compact, although their definition certainly becomes more subtle. On
the contrary, we wish to illustrate here that more interesting topological invariants of knots
and 3-manifolds are to be found precisely when X is non-compact.

Therefore, in this paper we specifically focus on non-compact examples of X. One of our
main goals is to develop the dictionary between geometry and topology (1.1) for non-compact
X. In other words, we wish to develop practical tools for computing the Rozansky-Witten
invariants ZRW[X](M3) for a fairly general non-compact target space X and for a general
3-manifold M3. As part of this challenge, we need to understand the cutting and gluing
formulae in the Rozansky-Witten theory with non-compact target space X. What makes this
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task non-trivial and interesting is that the space of states in cohomology of the topological
supercharge Q on a genus-g surface is [1]:

H(Σg) =

dimCX⊕
q=0

Hq

∂
(X, (∧∗V )⊗g) =



2n⊕
l=0

H0,l(X) , g = 0 (Σg = S2)

2n⊕
l,m=0

H l,m(X) , g = 1 (Σg = T 2)

...

(1.2)

This space is well-defined when X is compact, but as pointed out earlier Coulomb branches of
3d N = 4 theories are never compact. If X is non-compact, the space H(Σg) becomes infinite-
dimensional and leads to additional difficulties, that range from summing over an infinite set
of states in cutting and gluing formulae to the very definition of H(Σg) itself that requires
extra care and depends on the asymptotic behavior of the metric on X.

Related to this is another puzzle, that persists even when X is compact. The cutting
and gluing relations in a genuine 3d TQFT are encoded [5] in the algebraic data of a modular
tensor category (MTC) that, among other things, includes the data of S and T matrices
which furnish a representation of the modular group SL(2,Z). This category is what a 3d
TQFT should assign to a circle S1. On the other hand, mathematical formulations of the
Rozansky-Witten invariants mentioned earlier suggest that the relevant category is (a variant
of) the derived category of the coherent sheaves on X, see e.g. [6]. While this category fits
in well with the answer for the space of states (1.2) it does not carry, for general X, all the
rich structure of a modular tensor category. A natural question, then, is what plays the role
of MTC in a Rozansky-Witten theory with non-compact target space X.

Question 1 What algebraic structure — that, suggestively, we call MTC[X] — underlies the
cutting and gluing (up to codimension-2) in Rozansky-Witten theory with target X?

There are some hints that the answer to this question may be quite simple and interesting.
The first hint comes from the simplest example of a non-compact hyper-Kähler manifold,
X = C2. This space (or, its ALF version X = Taub-NUT) is the Coulomb branch of 3d
Seiberg-Witten gauge theory [7], so that the Rozansky-Witten invariants in this case are
equal to the Seiberg-Witten invariants of M3. The latter depend on the choice of additional
structure, namely the choice of Spinc structure on M3, which itself has a non-trivial behavior
under cutting and gluing [8]. However, apart from keeping track of this additional structure,
the Reidemeister-Turaev-Milnor torsion of M3 computed by the Seiberg-Witten theory [9, 10]
has a very simple behavior under cutting and gluing: it is basically multiplicative [11, 12]. In
other words, it requires no infinite sums over the states in (1.2) and effectively behaves as if
the Hilbert spaces were one-dimensional.

This somewhat surprising behavior is in good agreement with another hint, that comes
from the study [13, 14] of the Rozansky-Witten invariants for X = MH(G,C), the moduli
space of G-Higgs bundles on a curve C (that has nothing to do with M3). In that class of
models, it was argued that the answer to Question 1 is controlled by the geometry of the fixed
point set under a circle action on X (known as the “Hitchin action” [15] in the literature on
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Higgs bundles):

fixed point set on X ←→ MTC[X] ←→ Bethe vacua (1.3)

Even though X = C2 and X = Taub-NUT cannot be easily realized as moduli spaces of Higgs
bundles, they enjoy a U(1)t symmetry analogous to the Hitchin action that was used in [16]
and will be discussed in more detail below. The fact that this U(1)t symmetry has only one
isolated fixed point on X can be viewed as a reason for the relatively simple multiplicative
behavior of the corresponding Rozansky-Witten invariants mentioned earlier. Similarly, we
will use the same principle (1.3) as a window into cutting and gluing properties of Rozansky-
Witten invariants based on general Coulomb branches of 3d N = 4 gauge theories.

Another motivation for the present work comes from parallel developments in topology,
where various new invariants of knots and 3-manifolds were proposed. Among the first ex-
amples of such invariants are the Akutsu-Deguchi-Ohtsuki (ADO) knot invariants [17] that
can be thought of as quantum group invariants [18] associated with the quantum sl2 at the
2p-th root of unity, q = e

πi
p . The representation theory of this quantum group is governed by

a non-semisimple MTC, in the sense of Lyubashenko [19, 20], and also appears in the study
of logarithmic conformal field theory (log-CFT).1 In part for this reason, the corresponding
invariants are often called logarithmic knot invariants. In recent years, many closely related
and often equivalent constructions of logarithmic invariants were proposed. For example, in-
variants [23] associated with the restricted quantum group Uq(sl2) at the 2p-th root of unity
are related to the so-called (1, p) triplet log-CFT [24]. Similarly, the singlet sector of a triplet
model, naturally called (1, p) singlet model, also gives rise to a non-semisimple MTC. It leads
to logarithmic knot invariants that correspond to the restricted “unrolled” quantum group
UHq (sl2) at the 2p-th root of unity [25–27].

A seemingly different class of new invariants, introduced in [16, 28], associates a q-series
with integer coefficients to a 3-manifold M3 equipped with a choice of an abelian flat connec-
tion (or, more precisely, a choice of Spinc structure [8]). These q-series invariants, denoted
Ẑb(M3), provide a non-perturbative completion to all-loop perturbative expansions [29] in
SL(2,C) Chern-Simons theory that behave well under cutting and gluing (surgery) opera-
tions. As such, they can (and should) be thought of as Uq(sl2) invariants of M3 at generic
values of the parameter |q| < 1. This perspective, in fact, was the original motivation for
constructing Ẑb(M3) invariants, recently substantiated in [30].

To the best of our knowledge, Rozansky-Witten invariants were never mentioned in the
previous work on logarithmic knot invariants. Similarly, neither of these were directly related
to Ẑ-invariants (although connections between Ẑb(M3) and logarithmic vertex algebras were
found in [31]). In this paper, not only do we want to advocate that all of these invariants are

1In comparison, the famous Witten-Reshetikhin-Turaev (WRT) invariants at the same root of unity are
described by a semi-simplification of this non-semisimple modular tensor category. The S and T matrices of
a non-semisimple MTC and its semisimplification have different size, 3p − 1 and p − 1, respectively. See e.g.
[21, 22] for discussions on relations between two representation theories.
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“of the same type,” but we also propose a web of explicit relations among them. Schematically,

Rozansky-Witten
invariants

Ẑ-invariants logarithmic knot
invariants

(1.4)

Indeed, much like Rozansky-Witten invariants based on non-compact targets, Ẑ-invariants
and logarithmic invariants enjoy cutting and gluing relations, but not quite of a traditional
TQFT type. Another aspect they have in common is a presence of extra structures, such as
Spinc structure on M3 mentioned earlier. Thus, one of our proposals is that the extra data
called “coloring” ω in [25] should be viewed as a Spinc structure, as “b” of Ẑb(M3).

The rest of this paper is organized as follows. As a warm-up, in section 2 we present
various ways to compute ZRW[X](M3) for non-compact target spaces X and 3-manifolds of
the formM3 = S1×Σg (or circle bundles over Σg), when 3d “TQFT” reduces to an effective 2d
TQFT. In particular, motivated by Question 1, we focus on the algebraic structure of cutting
and gluing relations, encoded in the “quantum dimensions” qdim(λ) = S0λ and the eigenvalues
of the T -matrix. In section 3, we use these lessons to make a proposal for ZRW[X](M3) on
general 3-manifolds, in the spirit of [14]. Building on these ideas, in section 4 we flesh out the
web of relations (1.4) with some details.

2 Equivariant Verlinde formula for Coulomb branches

In a genuine 3d TQFT that obeys Atiyah’s axioms [4], the invariant (“partition function”)
on M3 = S1 × Σg computes the (super-)trace2 over the space of states H(Σg) that TQFT
assigns to Σg. Moreover, in a 3d TQFT associated with a semisimple modular tensor category,
this graded dimension of H(Σg) can be easily computed using the modular data, namely the
matrix elements of the S-matrix [32]:

Z(S1 × Σg) = sdimH(Σg) =
∑
λ

(S0λ)2−2g (2.1)

We will be interested in a version of this formula for infinite-dimensional spaces H(Σg) that,
nevertheless, can be expressed as a finite sum.

Namely, if the space of states H(Σg) is infinite-dimensional, but comes equipped with
a Z-grading, such that each graded component is finite-dimensional, then the character of
H(Σg) is well defined. We will be interested in a generalization of the Verlinde formula (2.1),∑

n

tnsdimHn(Σg) =
∑
λ

(S0λ)2−2g (2.2)

such that the sum on the right-hand side runs over a finite set of “states” λ, and S0λ are
t-dependent, which for special values3 of t may become S-matrix elements of the familiar

2i.e. the graded dimension
3While in the semisimple setting it is clear that, due to the Ocneanu rigidity, this can only happen at

special values of t, in the non-semisimple case the Ocneanu rigidity can fail, see e.g. [33, 34], and the entire
family may potentially be related to a family of non-semisimple MTCs parametrized by t. (We thank Pavel
Etingof for useful discussions on this point.)
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tensor categories, as it happens in various examples considered in [13, 14, 35, 36]. In general,
such specialization may require a ζ-function regularization of a potentially divergent sum.

In the context of the Rozansky-Witten theory with non-compact target space X this
scenario is naturally realized when X enjoys a holomorphic circle action with compact fixed
point set. The role of this symmetry for ZRW[X](M3) depends on whether it is tri-holomorphic
or merely holomorphic. Let us start with the latter. A prototypical example of such symmetry
is the Hitchin action on X =MH(G,C) mentioned around (1.3). Motivated by this class of
examples we shall denote a symmetry of this type by U(1)t. The corresponding equivariant
parameter, t, is the holonomy of the background U(1)t connection along the S1 in M3 =

S1 × Σg. Following the arguments in [13], it is easy to see that, in the physical 3d N = 4

theory, t is the (exponentiated) mass parameter that preserves only N = 2 subalgebra of the
3d N = 4 supersymmetry algebra. As a result, with a non-trivial background t 6= 1, the
theory can only be defined on 3-manifolds of the form M3 = S1 × Σg or, more generally, on
Seifert 3-manifolds [37].

In contrast, when the symmetry in question is tri-holomorphic, its background is compati-
ble with the topological twist on an arbitrary 3-manifold. To distinguish this type of symmetry
from U(1)t, we denote4 it by U(1)x, with background holonomies x ∈ Mflat

(
U(1)C,M3

)
. To

summarize, we generally follow the notations

U(1)x : tri-holomorphic (2.3)

U(1)t : holomorphic, but not tri-holomorphic

generalizing them in an obvious way when larger symmetry groups are present. On a 3-
manifolds of the formM3 = S1×Σg, either of these symmetries can be used to compute (2.2),
as long as the fixed point set is compact. All we need is to find an explicit expression for S0λ,
as functions of the equivariant parameters t and x. One way to do this is to recall [1] that, on
M3 = S1 × S2, the invariant ZRW[X](M3) computes the index of the Spinc Dirac operator on
X, which in the presence of symmetries can be evaluated using the equivariant localization.
When combined with (2.2), it gives

ZRW[X]

(
S1 × S2

)
=

∫
X
Â(TX) =

∑
λ

(S0λ)2. (2.4)

If X is non-compact, the equivariant localization is one natural way to make sense of this
integral. In what follows, we present more evidence for it by showing that other methods
lead to the same result. The formula (2.4) has a slight generalization to the invariant of Lens
spaces,

ZRW[X] (L(k, 1)) =

∫
X
ekω ∧ Â(TX) =

∑
λ

(S0λ)2 T kλλ (2.5)

where ω is the symplectic form, with respect to which U(1)t is Hamiltonian. We denote by µ
4Our notations differ from [16], where U(1)x was denoted by U(1)q and the corresponding fugacity by q.

Here, q will be reserved to denote the parameter of the quantum group.
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the corresponding moment map. When fixed points are isolated,5 we have

Tλλ = tµ(λ) (2.6)

(S0λ)2 =
K

1/2
X

K-theory Euler class(TλX)

that we illustrate in many examples below. Here K1/2
X is the square root of the canonical

bundle of X. Since X is hyper-Kähler, it is trivial, but not as a U(1)t-bundle.
When extending results to more general 3-manifolds, one may keep the equivariant pa-

rameter(s) x but needs to set t → 1 (or some other special value, cf. [14]), possibly using
ζ-function regularization after summing over λ. Typically, this regularization is not required
in examples with U(1)x symmetry, which will be the majority of our examples here, including
applications to the ADO invariants and Ẑ-invariants. On the other hand, examples with U(1)t
symmetry but no U(1)x symmetry are the ones where most of the connections with familiar
MTCs were found so far [13, 14].

Note, if X is the Coulomb branch of a 3d N = 4 theory, then there is always a “canon-
ical” choice of U(1)t as the anti-diagonal subgroup of SU(2)R × SU(2)N R-symmetry, see
appendix A for details. Moreover, in such situations, there are additional ways to compute
the genus-0 equivariant Verlinde formula (2.4) that will be useful to us in what follows.

The simplest non-compact hyper-Kähler manifold is X = C2. Since it has been discussed
in great detail in [16], here we will be brief and summarize the results. In a given complex
structure on X = C2, there is one tri-holomorphic and one holomorphic circle action, with a
unique fixed point (the origin) and weights (+1,−1) and (+1,+1), respectively. Therefore,
the sum over λ in (2.4) consists of a single terms:

(S00)2 =
t

(1− tx)(1− t/x)
(2.7)

Substituting this into (2.2) we obtain the invariants of M3 = S1 × Σg. On more general
3-manifolds, the invariant ZRW[C2](M3) is equal to the Turaev torsion of M3, refined by x. As
mentioned in the Introduction, this invariant is easily computable, and will be useful to us in
what follows.

Example: X = T ∗CP1

As our second simplest non-compact hyper-Kähler manifold we consider X = T ∗CP1. The
Rozansky-Witten invariants for X = T ∗CP1 do not seem to appear in the literature. There-
fore, this will be our first non-trivial example, where we hope to say something new.

The space X = T ∗CP1 can be realized as a hyper-Kähler quotient

X = T ∗CP1 = H2///U(1) (2.8)

i.e. as the Higgs branch of 3d N = 4 SQED with Nf = 2 charged hypermultiplets. Much
like X = C2, it has two circle actions (2.3), one tri-holomorphic and one holomorphic. The

5We also assume that the Hamiltonian for the U(1)t-action is proper, which guarantees that weights in
H(S2) is nonnegative and weight spaces are finite dimensional. Below we consider several examples where this
assumption fails.
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U(1)x × U(1)t action on X = T ∗CP1 has two fixed points, p1 and p2, with characters

TX|p1 = x+ t/x (2.9)

TX|p2 = x−1 + tx.

Therefore, the equivariant localization formula for the integral of Â-genus has two contribu-
tions, and the sum over λ in (2.4) has two terms:

(S00)2 =
1

(1− x)(1− t/x)
(2.10)

(S01)2 =
1

(1− x−1)(1− tx)
.

Substituting this into the general formula (2.2):

ZRW[X](S
1 × Σg) =

∑
λ

(S0λ)2−2g, (2.11)

we obtain the Rozansky-Witten invariants for X = T ∗CP1 and M3 = S1 ×Σg. For example,
in the genus-0 case we get

ZRW[T ∗CP1](S
1 × S2) =

1 + t

(1− tx)(1− t/x)
. (2.12)

If we restore the overall power of t that comes from K
1/2
X , we get

ZRW[T ∗CP1](S
1 × S2) =

t1/2(1 + t)

(1− tx)(1− t/x)
. (2.13)

Below we present several alternative derivations of these results.
Before we proceed, though, let us point out that the expressions obtained here behave

well in the limit t → 1, which we need to take when working on more general 3-manifolds.
In fact, the two contributions (2.10) from two fixed points on X = T ∗CP1 become equal
in the limit t = 1, both equal to the contribution (2.7) of a single fixed point on X = C2.
This suggests that, on a general 3-manifold M3, the invariant ZRW[T ∗CP1](M3) is simply the
Turaev-Milnor torsion multiplied by 2:

ZRW[T ∗CP1](M3) = 2ZRW[C2](M3) (2.14)

Now, let us return to the results of the equivariant localization (2.10)–(2.12), refined by t,
and reproduce them by other methods. First, we can reproduce them by using a quantum field
theory analogue of the equivariant localization, namely using the supersymmetric localization.
In order to do this, we need to realize X = T ∗CP1 (or its ALF version) as a Coulomb branch
in some 3d N = 4 gauge theory. Since we already know how to realize X as a Higgs branch,
cf. (2.8), we can find the desired theory by applying 3d mirror symmetry [38]. However, 3d
N = 4 SQED with Nf = 2 charged hypermultiplets is self-mirror. Therefore, X = T ∗CP1

can be also realized as the Coulomb branch of the same theory,6 namely U(1) gauge theory
with two charged hypermultiplets.

6More generally, when X is the cotangent bundle of the full flag variety of type A, it arises as the Higgs
and Coulomb branch of a self-mirror 3d N = 4 theory; see e.g. [39] for recent discussion.
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If we introduce fugacity z for the U(1) gauge symmetry and denote by W̃(z) the twisted
superpotential in 3d N = 4 theory with the Coulomb branch X, then the sum over λ in (2.11)
can be interpreted as a sum over Bethe vacua of the gauge theory, i.e. over the critical points
of W̃(z). For the theory we are interested in, the result looks like (cf. [40–42]):

ZRW[X](S
1 × Σg) =

∑
λ

(S0λ)2−2g =
∑

Bethe vacua

(
e−2UW̃ ′′

)g−1
(2.15)

where e−2U = 1 − t is the effective dilaton [43], and the sum on the right-hand side is over
Bethe vacua, i.e. solutions to

1 = exp

(
∂W̃
∂ log z

)
= x

(
1− zt1/2

t1/2 − z

)2

. (2.16)

This equation for z has two solutions, such that the two corresponding terms in (2.15) indeed
reproduce the previous result of the equivariant localization with (2.10). In what follows, we
illustrate in a few more examples the correspondence (1.3) between the “geometric approach”
based on the equivariant localization and the “physical approach” based on the supersymmetric
localization, although the former tends to be easier to carry out in practice.

Note, the right-hand side of (2.15) has the standard form of the partition function in
Landau-Ginzburg A-model with potential W̃(z) on Σg [44, 45]. The only interesting aspect is
that W̃(z) here is a multivalued function and, correspondingly, the equation (2.16) for critical
points is written in the exponentiated form. The multivaluedness of W̃(z), common to all
3d N = 2 theories on a circle, plays an important role in Bethe/Gauge correspondence [46]
and in 3d-3d correspondence [47] where it is associated with the trigonometric nature of the
corresponding integrable systems and with multivaluedness of the Chern-Simons functional,
respectively.

Hilbert space and Hilbert series

Another way to obtain the result (2.12) is to note that X = T ∗CP1 is a resolution of the
Kleinian singularity C2/Z2. Since the Rozansky-Witten invariants should be independent on
resolution (Kähler) parameters, we expect

ZRW[T ∗CP1](S
2 × S1) = ZRW[C2/Z2](S

2 × S1) (2.17)

The right-hand side can be computed using the fact that, on a Kähler manifold X, the index of
the Spinc Dirac operator (2.4) given by the integral of Â-genus counts holomorphic functions
on X. In the case of X = C2/Γ, we have C[C2/Γ] = C[C2]Γ which, in fact, holds true for any
discrete subgroup Γ ⊂ SU(2) of ADE type. We shall return to this generalization shortly,
after going over the details for Γ = Z2.

The space of holomorphic functions on C2 is, of course, infinite-dimensional. However, in
evaluating the trace over this space we can use the equivariant version of the index, equivariant
with respect to the symmetry U(1)q1 × U(1)q2 acting on C× C = C2 in an obvious way,7

Tr C[C2] q
m
1 q

n
2 =

1

(1− q1)(1− q2)
(2.18)

7Each U(1) factor acts on the corresponding copy of C with weight +1.
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If we parametrize C2 with complex coordinates (z1, z2), then a holomorphic function zm1 z
n
2

contributes to this index qm1 qn2 . Keeping only those generators of this ring that are invariant
under Z2 : (z1, z2) 7→ (−z1,−z2), we obtain

1 + q1q2

(1− q2
1)(1− q2

2)
(2.19)

Upon the change of variables

t = q1q2 (2.20)

x =
q1

q2

that relates the symmetry U(1)q1 × U(1)q2 and the corresponding equivariant parameters, q1

and q2, to the ones used earlier, we recover the result of the equivariant localization (2.12).
This method, that one might call an “orbifold approach,” is especially effective when X is (a
resolution of) an orbifold singularity C2N/Γ.

More importantly, this simple example illustrates another useful interpretation of the
index (2.4):

ZRW[X](S
2 × S1) = Hilbert series of X (2.21)

which we can use for any non-compact hyper-Kähler target X. Using the results of the
extensive work on the Hilbert series of Coulomb branches in 3d N = 4 gauge theories, one
can obtain many examples of the Rozansky-Witten invariants ZRW[X](S

2 × S1).
In particular, the mathematical definition of Coulomb branches proposed in [48] makes

use of the algebra structure on the Hilbert space on S2 (given by the operator product of local
operators) and defines X is the Spec of this commutative algebra, i.e.

H(S2) = C[X]. (2.22)

This definition, therefore, is not only consistent with (2.21), but in many cases offers various
ways to compute it, e.g. by the equivariant techniques similar to the ones used in the equiv-
ariant Verlinde formula (2.2) (or its genus-0 version (2.4), to be more precise), an explicit
presentation of X as a hypersurface like the one used below, etc.

In Table 1 we list some examples based on [49–51]. The ALE spaces of type An−1 (a.k.a.
cyclic geometries) admit both a holomorphic symmetry U(1)t and a tri-holomorphic symmetry
U(1)x, just like X = C2 or X = T ∗CP1. Therefore, on a general 3-manifold M3 one needs to
take the limit t → 1 and the resulting Rozansky-Witten invariant ZRW[X](M3) is a function
of x that encodes dependence on Spinc structures:

ZRW[X](M3;x) =
∑

b∈Spinc(M3)

xbZRW[X](M3; b) (2.23)

On the other hand, the geometries of type D or E admit only U(1)t isometry, which is not
tri-holomorphic. Therefore, for these non-compact targets X, the invariants ZRW[X](M3) on
general 3-manifolds are simply numbers, independent of x. Note, Table 1 also illustrates that
taking the limit t→ 1 in such cases often requires regularization.
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X M3 = S1 × S2 M3 = T 3

C2 t
(1−tx)(1−t/x) 1

T ∗CP1 t1/2(1+t)
(1−tx)(1−t/x) 2

An−1 ALE t1/2(1+t+...+tn−1)

(1−tn/2x)(1−tn/2x−1)
n

Dn ALE (n > 2) t1/2(1+tn−1)
(1−t2)(1−tn−2)

n+ 1

E6 ALE t1/2(1−t2+t4)
1−t2−t3+t5

7

E7 ALE t1/2(1−t3+t6)
1−t3−t4+t7

8

E8 ALE t1/2(1+t−t3−t4−t5+t7+t8)
1+t−t3−t4−t5−t6+t8+t9

9

Table 1: Invariants ZRW[X](M3) for simple X and M3.

Example: the Atiyah-Hitchin space

Not included in Table 1 is the Atiyah-Hitchin space X = AH = D0. The reason is that the
formula for general Dn does not apply to n = 0, 1 and 2. However, it is easy to analyze these
special cases directly. Just like other members of the D family, the Atiyah-Hitchin space
has only a holomorphic symmetry U(1)t but no tri-holomorphic symmetry. The result of the
equivariant localization is, in fact, the original equivariant Verlinde formula at k = 0.

Indeed, X = AH is a Coulomb branch of pure 3d N = 4 super-Yang-Mills with gauge
group G = SU(2). Equivalently, this is a 3d N = 2 gauge theory with G = SU(2) and one
adjoint chiral multiplet. Its A-twisted partition function onM3 = S1×Σg has the form (2.15)
with the twisted superpotental and the Bethe ansatz equation given by [13]

1 = exp

(
∂W̃
∂ log z

)
=

(
z2 − t
1− z2t

)2

. (2.24)

This equation has a total of four solutions z = {±1,±i}, two of which should be discarded
and two are related by the Z2 Weyl symmetry of G = SU(2). Hence, there is only one Bethe
vacuum, and we quickly learn that ZRW[AH](T

3) = 1, in agreement with [1]. In particular, the
sum over Bethe vacua in (2.15) or, equivalently, the sum over λ in (2.11) has only one term,
with

(S00)2 = ZRW[AH](S
1 × S2) = − t3/2

(1 + t)(1− t)2
. (2.25)

Substituting this back into (2.11), we learn that ZRW[AH](S
1×Σg) vanishes in the limit t→ 1

when g ≥ 2. This is in agreement with the fact that ZRW[AH](M3) is expected to compute
the Casson-Walker-Lescop invariant of M3 [1], and the Casson-Walker-Lescop invariant of
M3 = S1 × Σg vanishes when g ≥ 2. The case g = 0 is more delicate because (2.11) requires
regularization. If we use the ζ-function regularization,

lim
t→1

1

(1− t)2
= ζ(−1) = − 1

12
(2.26)

we obtain lim
t→1

ZRW[AH](S
1×S2) = 1

24 , which is half of the value of the Casson-Walker-Lescop

invariant for S1 × S2. This suggests that the regularization of the limit t → 1 leads to a
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normalization factor 1
2 . It would be desirable to understand the origin of this factor better.8

Below we present a different computation for X = AH that will lead to the same result (2.25).

Example: SU(2) gauge theories with fundamental matter

Consider the 3d N = 4 gauge theory with gauge group G = SU(2) and n fundamental
hypermultiplets. It is known that its Coulomb branch is the type Dn ALF space. (See e.g. [53,
Lemma 6.9].) It is well-known that the type Dn ALF space is a hypersurface x2 = y2z− zn−1

for n ≥ 1 and x2 = y2z+ y for n = 0. It has a U(1)t action with deg x = n− 1, deg y = n− 2,
deg z = 2. The canonical bundle of X is trivial. But it has a nontrivial U(1)t action with
weight 1. Therefore we multiply the character of the coordinate ring by its square root t1/2.

When n > 2, the theory is good, i.e., degrees of generators are all positive. The Hilbert
series is

t1/2(1− t2(n−1))

(1− t2)(1− tn−2)(1− tn−1)
=

t1/2(1 + tn−1)

(1− t2)(1− tn−2)
. (2.27)

The exponents 2, n− 2, n− 1 in the denominator are degrees of generators, and 2(n− 1) in
the numerator is the degree of the relation. Note that our t here is t2 in [53].

Let us recall the monopole formula [50] in order to produce this answer in a different
way. For a 3d N = 4 gauge theory with gauge group G and hypermultiplets in a quaternionic
representation M, it is given by∑

λ

t2∆(ξ)PG(t; ξ), ∆(ξ) = −
∑
α

|〈α, ξ〉|+ 1

4

∑
µ

|〈µ, ξ〉|,

where ξ runs over cocharacters of G modulo the Weyl group, α over positive roots, and µ over
weights of M counted with multiplicities. The term PG(t; ξ) is the Hilbert series of the ring
of StabG(ξ)-invariant polynomials over the Cartan subalgebra of the Lie algebra of G.

For our example, it is
t1/2

1− t2
+

t1/2

1− t
∑
i>0

ti(n−2).

The first term corresponds to the cocharacter ξ = 0, while the second sum corresponds to
ξ = i > 0. We multiply all terms by t1/2 as above.

If n ≤ 2, the monopole formula is not a well-defined formal power series in t, as it involves
both positive and negative powers. Therefore it is dangerous to compute it formally. If we
nevertheless try and proceed, for n = 0 we get

t1/2(1 + t−1)

(1− t2)(1− t−2)
= − t3/2

(1− t2)(1− t)
. (2.28)

This is equal to (2.25). For n = 1, we get

−2t3/2

(1− t2)(1− t)
. (2.29)

8This behavior at b1(M3) = 1 is similar to the behavior in the Donaldson-Witten theory on a 4-manifold
of the form M4 = S1 ×M3 encountered in [52]. As an effective 3d topological theory on M3, the latter is
expected to be precisely the Rozansky-Witten theory with the target space X = AH [1].
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Note that, up to an extra factor of 2, this answer is equal to that of D0 = AH. In particular,
the t-dependence is identical. This agrees with the fact that D1 is a double cover of D0 (see
e.g. [7]).

Note that the equivariant localization also gives (2.28)–(2.29) formally. For n = 0, we
have a single fixed point (x, y, z) = (0, 0, 0) at which the tangent space has weights −1, 2. For
n = 1, we have two fixed points (x, y, z) = (±

√
−1, 0, 0) with weights −1, 2.

For n = 2, we do not see how to treat 1 − tn−2 in the denominator. Type D2 surface
is x2 = y2z − z with deg x = 2, deg y = 0, deg z = 4. Thus 1

1−t0 is the contribution of
1 + y + y2 + . . . to the Hilbert series. The variable y corresponds to the monopole operator
for the cocharacter ξ = 1, which is clear from the above monopole formula. A fixed point has
(x, z) = (0, 0), but y is arbitrary. Hence the fixed point set is C, non-isolated and noncompact.

Let us return back to the case n = 4 and reproduce (2.27) by the equivariant localization.
The U(1)t action on X = D4 has three isolated fixed points p1, p2, p3 and one-dimensional
fixed component CP1. Tangent spaces at p1, p2, p3 have characters

TX|pi = t−1 + t2.

The conormal bundle to CP1 is OCP1(2), twisted by t. Therefore we have

3t1/2

(1− t−1)(1− t2)
+ t1/2χ(CP1, (1− tOCP1(2))−1).

Expanding (1− tOCP1(2))−1 as 1+ tOCP1(2)+ t2OCP1(4)+ · · · and using χ(CP1,OCP1(k)) =

k + 1, we see that the sum is equal to (2.27) with n = 4.
For genus g = 1, we integrate the altenating sum of exterior powers of the cotangent

bundle T ∗X. The equivariant localization gives

3 + χ(CP1, 1−OCP1(−2)) = 5,

where OCP1(−2) appears as the tangent bundle to CP1.

Example: X = T ∗CPn

So far, we managed to reproduce the answer for X = T ∗CP1 using the “geometric approach,”
the “physics approach,” and the “orbifold approach.” All these methods easily generalize to
the case of X = T ∗CPn, which also admits a famous hyper-Kähler metric constructed by
Calabi [54].

The hyper-Kähler metric on X = T ∗CPn can be constructed as a hyper-Kähler quotient
(see e.g. [55] for a lucid review):

X = T ∗CPn = Hn+1///U(1). (2.30)

This construction is realized on the Higgs branch of 3d N = 4 SQED with Nf = n+1 charged
hypermultiplets:

1 Nf (2.31)

The hyper-Kähler quotient construction also makes manifest the symmetries of X = T ∗CPn.
There is a holomorphic action of U(n + 1)/Zn+1, which contains a U(1) subgroup that acts
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by “stretching the fibers” and SU(n + 1)/Zn+1 that acts tri-holomorphically. Let T be the
maximal torus of this tri-holomorphic symmetry and x = (x1, . . . , xn+1) ∈ TC denote the
corresponding equivariant parameters. As usual, we denote by U(1)t the holomorphic circle
action, which is not tri-holomorphic. Then, there are a total of n+ 1 isolated fixed points pi
on X = T ∗CPn, with

TX|pi =
∑
j 6=i

xi/xj + txj/xi. (2.32)

And, by the equivariant localization formula, the integral of the Â-genus has the form (2.4)
with

(S0λ)2 =
1∏

j 6=i(1− xi/xj)(1− txj/xi)
, λ ≡ i− 1 = 0, . . . , n. (2.33)

Substituting this back into (2.11) we obtain the general answer for M3 = S1 × Σg. Note, in
the case n = 1 this result agrees with the previously obtained formula for X = T ∗CP1. Also
note that, in the limit t → 1 that needs to be taken on a general 3-manifold, each of the
n+ 1 “matrix elements” in (2.33) is a product of n copies of the corresponding expressions for
X = C2, with x = xi/xj , i fixed and j 6= i.

It is straightforward, though more laborious, to reproduce these results via the physics
approach (2.15)–(2.16) based on supersymmetric localization in 3d N = 4 gauge theory with
the Coulomb branch X = T ∗CPn. Such theory, related to (2.31) by 3d mirror symmetry, is
a U(1)n gauge theory with matter content represented by a linear quiver [38]. For example,
for n = 2 (i.e. Nf = 3) we have

1 1 1 1
(2.34)

We also note that the non-compact space X = T ∗CPn is a resolution of the minimal
nilpotent cone, which is also the reduced moduli space of 1-instantons of SU(n) on R4. One
can reproduce (2.33), or rather its sum over λ from the monopole formula. See Section 3.2 of
[50].

Relation to non-semisimple MTCs

Now, after working out a handful of explicit examples, we are ready to start making first
connections to non-semisimple9 MTCs and related “TQFTs” that don’t obey Atiyah’s axioms.
One lesson from connecting such theories to Rozansky-Witten invariants with non-compact
X is that they secretly are based on infinite-dimensional spaces of states (even though it may
not be obvious from the explicit construction based on a non-semisimple MTC with finitely
many projective modules).

Non-semisimple modular categories naturally come from logarithmic vertex algebras, as
their representation categories. For example, one prominent family of log-VOAs, associated
with g = sl2 Lie algebra10 and labeled by p ∈ Z+, is the so-called (1, p) triplet model. It has the

9Inspired by [56], we are tempted to call non-semisimple modular categories “logarithmic MTCs” (or log-
MTCs for short) in order to highlight connections with logarithmic vertex algebras, which we barely touch in
this work but expect to play a major role in the future developments.

10Higher-rank analogues also exist, although they are less studied. They should be related to our discussion
in Section 4.
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central charge c = 13−6p−6p−1 and, via its tensor category, relates to the restricted quantum
group Uq(sl2) at the even primitive root of unity q = e

2πi
2p = eπi/p. The first non-trivial member

of this family, with p = 2, overlaps with another class of log-VOAs and log-MTCs, the family
of so-called symplectic fermions with c = −2N . At this value of p, it leads to topological
invariants of knots and 3-manifolds [17, 23, 25], such that Z(S1×S2) = 1

(1−x)(1−1/x) , in which
we can quickly recognize the Rozansky-Witten invariant for X = C2, cf. (2.7). Although the
corresponding non-semisimple MTC has 3p − 1 = 5 objects, there is only one fixed point on
X = C2. We interpret this as a suggestion for the following11

Conjecture 1 Even when ZRW[X](M3) computes invariants associated with a non-semisimple
MTC, that we denote MTC[X], the sum over λ in the equivariant localization formula (2.11),

ZRW[X](S
1 × Σg) =

∑
λ

(S0λ)2−2g (2.35)

or, equivalently, the sum over Bethe vacua in (2.15) runs over simple modules in the semisim-
plification of MTC[X]. In other words,

{λ} ←−→ simple modules of MTC[X]ss. (2.36)

This identification is also natural from the physics perspective where, even in a larger class of
3d N = 2 theories, there is a relation between twisted partition functions and the category of
line operators [16]. The state-operator correspondence relates line operators in a 3-dimensional
theory to states on T 2. While both sets are huge in a typical theory of interest (with continuous
spectrum in flat space), in a 3d theory on a circle there is a particular set of states associated
with the critical points of W̃. We expect the corresponding line operators to be the simple
objects of MTC[X]ss,

QKU(1)t(X) ∼= K0 (MTC[X]ss) . (2.37)

Here, QKU(1)t(X) is the quantum equivariant K-theory of X, illustrated in appendix B for
X = T ∗CP1.

It would be also of interest to study the relation to modularity and boundary chiral
algebras in 3d theories [31, 58, 59]. We leave this to future work.

3 A general proposal

In the previous section we discussed several methods that allow to compute the analogue of
the Verlinde formula in the Rozansky-Witten theory with a non-compact target X, effectively
reducing it to a sum over a finite set of “states” {λ}. The latter effectively “package” the
original infinite-dimensional state space (1.2) into a finite-dimensional one. Here we take this
interpretation one step further and, following [14], propose to use this structure to evaluate
ZRW[X](M3) on more general 3-manifolds, such as plumbed manifolds or surgeries on knots.

Let us start with plumbed 3-manifolds, that can be conveniently labeled by graphs (pos-
sibly, with loops). And, to avoid clutter, let us assume that X has one tri-holomorphic

11Further evidence and another interpretation of this conjecture was found in a follow-up of this work that
will appear in a separate publication. Another, closely related developments has recently appeared in [57].
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Figure 1: The surgery presentation (Kirby diagram) of a plumbed 3-manifold can be conve-
niently represented by a decorated graph.

symmetry U(1)x. Generalization to larger tri-holomorphic symmetry is straightforward and,
if X happens to admit a larger tri-holomorphic symmetry, then one can pick any U(1) sub-
group for the purposes of the present discussion. In this setup, our first small Lemma is that
on a plumbed manifold the partition function of a Rozansky-Witten theory with |{λ}| = 1,
i.e. with ZRW[X](T

3) = 1, is given by

ZRW[X](M3) =
∑
mi∈Z

∫ ∏
i∈vertices

dxi
2πixi

x
∑
j Q

ijmj
i g(xi)

deg(i)−2xbii (3.1)

where xi ∈ C∗ is associated to the i-th vertex of the plumbing graph, Q is the adjacency
matrix, and

1

g2(x)
= (S00)2 = ZRW[X]

(
S1 × S2

)
. (3.2)

Indeed, as shown in [16], the integral (3.1) is invariant under the Kirby moves for any choice
of the function g(x) and the result depends on the background for U(1)x symmetry or, equiv-
alently, on b ∈ Spinc(M3), cf. (2.23). The choice of g(x) is determined by the choice of X. In
other words, in the present setup the dictionary (1.1) reads

X ←−→ g(x) (3.3)

For example, g2(x) = −x−1(1 − x)2 leads to the Turaev-Milnor torsion ∆(M3), whereas
g2(x) = −x(1 − x)−2 leads to the inverse torsion 1

∆(M3) relevant to [8]. A large class of
examples that produce (3.1) with different g(x) comes from X with one isolated fixed point
p ∈ X, such that TX|p ∼= C2n has weights (w1,−w1, w2,−w2, . . .) under U(1)x action.12 In
this class of examples — which includes the Lee-Weinberg-Yi metrics, the Taubian-Calabi
metrics, and their generalizations [55] — we have

g2(x) =

1
2

dimCX∏
i=1

(1− xwi)(1− x−wi). (3.4)

Note, this applies even to the case dimCX = ∞, something that will be handy to us in
Section 4.

12The weights must come in pairs because the tri-holomorphic symmetry U(1)x must preserve the holomor-
phic symplectic 2-form which, in local coordinates (zi, z

′
i) on TX|p ∼= C2n, looks like Ω =

∑
i dzi ∧ dz′i.
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More generally, if X has multiple isolated fixed points ps with the corresponding weights
{wi(ps)}, like a Nakajima quiver variety, we have

ZRW[X](M3) =
∑
s

1
2

dimCX∏
i=1

∆(M3, x
wi(ps)) (3.5)

which, for b1(M3) = 1, reduces to the result of [60, 61]. For plumbed manifolds, it also
reduces to the previous expression (3.1) or, equivalently, a formula in terms of S and T

matrix elements (see e.g. [14]). The structure on the right-hand side of (3.5) also appears in
the literature on generalized Alexander invariants and can be viewed as a TQFT reason why
such generalizations often end up related to the Alexander polynomial [62–65]. (See, however,
the discussion in Section 4).

Nakajima quiver varieties

Three-dimensional mirror symmetry [38] allows to describe the Coulomb branch of a 3d N = 4

theory as a quiver variety. Given a quiver Q let

X = (T ∗RepQ)///GQ (3.6)

be the corresponding Nakalima quiver variety. The variety X is equipped with a set of
tautological equivariant bundles {Va}, {Wa} with the action of

∏
aGL(Va)×

∏
aGL(Wa)×C∗t

which correspond to gauge, flavor, and the U(1)t symmetry, respectively. For convenience, we
denote the equivariant characters of these bundles by the same letters, Va and Wa. Then, in
terms of gauge and flavor equivariant parameters,

Wa =
∑
i∈N(i)

f

xa,i (3.7)

Va =
∑
i∈N(i)

za,i (3.8)

and the character of a tangent bundle can be written as

TX = M + t−1M∗ − (1 + t−1)
∑
a

VaV
∗
a (3.9)

where
M =

∑
a→b

VaV
∗
b +

∑
a

VaW
∗
a . (3.10)

For example, for the two-node quiver that corresponds to X = T ∗CPn we reproduce (2.32).
Note, the proposal here implies that, on a general 3-manifold, ZRW[T ∗CPn](M3) is simply a
multiple of the Turaev-Milnor torsion when n = 1, but not when n > 1.

4 Affine Grassmannians, Ẑ, and logarithmic knot invariants

In this section, we consider q-series invariants of 3-manifolds, Ẑ(M3), and relate them to the
Rozansky-Witten invariants, on the one hand, and to the Akutsu-Deguchi-Ohtsuki (ADO)
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knot invariants, on the other. In particular, this will require working with target spaces X
which are not only non-compact, but also infinite-dimensional.

For G = SU(2), the q-series invariant Ẑ(M3) provides a q-deformation of the inverse
Turaev-Milnor torsion [66], in the sense that Ẑ(M3)|q→1 = 1

∆(M3) . As such, it has many
properties similar to those of ∆(M3), e.g. dependence on Spinc structure, aspects of cutting
and gluing formulae, etc. Since every 3-manifold can be obtained via surgeries on knots and
links, of particular interest are knot complements, for which

FK(x, q) := Ẑ
(
S3 \K

)
(4.1)

is basically a q-deformation of the inverse Alexander polynomial [8]. Here, the Alexander
variable x encodes the dependence on Spinc structure, cf. (2.23). For example,

F31(x, q) =
q

2

∞∑
m=1

εm(x
m
2 − x−

m
2 ) q

m2−1
24 (4.2)

where

εm =


−1 if m ≡ 1 or 11 (mod 12)

+1 if m ≡ 5 or 7 (mod 12)

0 otherwise.

(4.3)

Note, that Ẑ-invariants, here for G = SU(2), depend on a choice of the group G, the variable q,
a 3-manifoldM3 (possibly, with boundary), and on Spinc structure (or abelian flat connection)
encoded in b or x-dependence, related via (2.23). Since the full notation Ẑb(M3, G, q) or
FGK (x, q) can look a little bulky, we often suppress dependence on some of the data when it is
reasonably clear from the context. The higher-rank versions of Ẑ(M3) and FK are discussed
in [67] and will be useful to us below.

We wish to re-formulate the Ẑ-invariants in the framework of [14], where topological twists
of 4d N = 2 Argyres-Douglas theories on 3-manifolds were studied from the perspective of the
Rozansky-Witten theory with the target space X =MH(G,C), the moduli space of G-Higgs
bundles on a curve C with wild ramification [36].13 These invariants of 3-manifolds can be
understood as twisted partition functions of 6d (0, 2) theory on

M3 × S1 × C (4.4)

which has the same form as the physical setup for the Ẑ-invariants [16, 28], except the latter
requires a particular and somewhat peculiar choice of C = D2. In this special case, C
enjoys the action of an extra rotation symmetry, that we denote U(1)q since it gives rise to
q-dependence of Ẑ-invariants.14 This leads to a natural proposal that Ẑ-invariants of M3

can be equivalently defined as Rozansky-Witten invariants with non-compact and infinite-
dimensional target X =MH(G,D2). The main goal, then, is to understand the geometry of

13This relation between twisted Argyres-Douglas theories and Rozansky-Witten invariants is conceptually
the same as (and builds on) the original relation between Donaldson-Witten theory on 3-manifolds and the
Rozansky-Witten invariants [1] (see also [52, 60]).

14Another special choice of C with the same property is C = CP1; in this case, the corresponding 3-manifold
invariant also depends on q and computes the index of 3d N = 2 theory T [M3]. Examples of such computations
can be found in [28, 68] and will be helpful to us below.
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X =MH(G,D2) and what model of this space leads to the Rozansky-Witten invariants that
match previous computations of Ẑ(M3).

When C is compact, reducing the 6d (0, 2) theory on S1 ×C leads to a 3d N = 4 theory
T [S1 × C] given by a sigma model with targetMH(G,C). There are different mathematical
models for this space. For example, one can identify it with the Hitchin moduli space, the
moduli space of solutions to a system of PDEs known as the Hitchin’s equations [15]. Another
good model is given by the cotangent stack T ∗BunGC(C) to the moduli stack of holomorphic
GC-bundles. In many cases, adopting either models yields identical results, but when the
genus of C is small the latter becomes a better model [69]. We shall see this more explicitly
here as well.

For the particular choice C = D2 relevant to us here, there are also different models for
the space MH(G,D2). Conceptually, this moduli space can be identified with T ∗GrGC , the
cotangent bundle to the affine Grassmannian GrGC . This motivates the following conjecture,
for which we will provide some evidence further below:

Conjecture 2 (Ẑ as Rozansky-Witten invariants)

Ẑ(M3) = ZRW[X](M3) (4.5)

with X =MH(G,D2) = “T ∗GrGC”.

Here, T ∗GrGC appears in quotation marks because, just like when C is a compact Riemann
surface, one needs to choose a suitable mathematical model. There are two natural models
for T ∗GrGC that are supposed to be equivalent. One is the algebraic model15

T := GC(K)×GC(O) gC(O), (4.6)

where GC(K) := GC((z)) and GC(O) = GC[[z]]. The second model for T ∗GrGC is

LGC := Map(S1, GC)/GC. (4.7)

This space appears by considering Hitchin’s equation on the actual diskD2 = {z ∈ C | |z| < 1}
with Dirichlet boundary condition [71]. In particular, it is hyper-Kähler and diffeomorphic to
the moduli space of Higgs bundles over D2.

The former model uses the formal disk D = SpecC[[z]] and might be easier to work with,
as it is a relatively familiar space in geometric representation theory. Many of its properties
are already well known and it is closely related to the construction of Coulomb branches of
3d N = 4 theories [53, 72], which recently attracted a lot of attention. In fact, a crucial
ingredient in this construction of Coulomb branches is the moduli space R of Higgs bundle
on a “raviolo,” two disks glued along a punctured disk. This moduli space can be identified
with a closed subvariety of T , given by16

R = {(g, s) ∈ T |gs ∈ gC(O)}. (4.8)
15This is slightly larger than the usual model, e.g. u in Section 7 of [70]. But the difference is not essential

for many purposes.
16For more details, see e.g. page 6 in [73].
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Similarly, one can construct the Hitchin moduli space associated with any Riemann surface
from T as a quotient. From this point of view, T is the fundamental building block for all
the other Hitchin moduli spaces.

Although T is infinite-dimensional, it has many good properties. For example, it enjoys
a U(1)q × U(1)t action coming from the rolation of D2 and the rotation of the cotangent
fiber. This action has well-understood fixed points,17 which, in principle, enables one to
perform direct computation in many cases via localization. More importantly, it seems to
capture the relevant KK-modes that contribute to the computation of Ẑ-invariants. This
should be contrasted with finite-dimensional moduli spaces of semi-stable Higgs bundles over
a compact Riemann surface, which do not always capture all physical degree of freedom that
can contribute to the partition functions. Once we upgrade these moduli spaces to stacks,
they become more complicated than T . For example, it is no longer clear how to talk about
hyper-Kähler geometry and how to define the Rozansky-Witten theory.

We now provide some evidence for the Conjecture 2 by looking at the simplest 3-manifold,
the three-sphere.

M3 = S3 and generalizations

As we discussed earlier, whenM3 = L(k, 1) one can turn on an additional parameter associated
with the U(1)t symmetry, and the Rozansky-Witten theory partition function can be identified
with the equivariant Verlinde formula [13]. The latter can be interpreted as the equivariant
index of a line bundle over the Hitchin moduli space X =MH(C,G):

ZRW[X](L(k, 1)) = IndexS1(X,Lk; t) . (4.9)

In both models for T ∗GrGC , one can make sense of the line bundle L, and the Conjecture 2
becomes

Ẑ(L(k, 1); q, t) = IndexS1×S1(T ∗GrGC ,L
k; q, t) . (4.10)

For k = 1, that is for M3 = S3, the left-hand side is [28]:

Ẑ(S3; q, t) =

rankG∏
i=1

1

(qditdi ; q)∞
(4.11)

where di denotes the degree of the i-th fundamental invariant of g. The right-hand side of
this formula is exactly what appears in Theorem 11.12 and in equation (12.4) of [74], where a
closely related computation over the affine Grassmannian is performed. It would be interesting
to study this more carefully and to generalize it to k > 1.

This expression also appears as the generating function of the Poincaré polynomials of
the intersection cohomology groups of G-instanton moduli spaces on R4 = C2 when G is of
type ADE (see Th. 7.10 in [75], Section 6 in [76]). Its natural generalization to k > 1 is to
consider G-instanton moduli spaces on C2/(Z/kZ) [76]. The relation between Ẑ and instanton

17For localization computations, it would be convenient to also include the action of the Cartan T ⊂ G.
Then the fixed points under the U(1)q×U(1)t×T action are isolated and labeled by coweights of T . Note, since
T -action is tri-holomorphic, its background can be introduced on an arbitrary 3-manifold M3. This is how the
dependence on x or b in Ẑ-invariants appears from the perspective of the Rozansky-Witten formulation.
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moduli spaces was also noticed in [16]. If we replace T ∗GrGC by the cotangent bundle T ∗X of
the usual finite-dimensional flag variety X = G/T , we have a finer relation between spaces of
sections of line bundles and intersection cohomology groups of singular G-monopole moduli
spaces on R3 (a.k.a. affine Grassmannian slices): one can reconstruct T ∗X as Proj of direct
sum of intersection cohomology groups [77]. This construction can be regarded as a precusor
to the mathematical approach to Coulomb branches of gauge theories. See [78] for more detail.
Therefore the coincidence between (4.10) and the Poincaré polynomial suggests a possibility
of yet another model of T ∗GrGC .

For M3 = L(k, 1) with k > 1, one needs to understand how the dependence of Ẑb(M3)

on Spinc structure b should enter the right-hand side of (4.10). It is likely that the choice
of b ∈ Spinc(M3) corresponds to replacing Lk with a different sheaf Fk,b that depends on b.
It is expected to be equivariant, so that the localization theorem still applies. One way to
understand this better is by gluing two copies of C = D2 in (4.4) to make a CP1, and then
use the fact [28] that the equivariant Verlinde formula for C = CP1 can be written as a sum
of products of Ẑb(M3).

Another generalization that can help to test the Conjecture 2 is to include a line operator
in M3 labeled by a G-representation Rλ; it will also be a line in the solid torus D2 ×q S1

wrapping its core. Then, the right-hand side of (4.10) will be replaced by

IndexS1×S1(T ∗FlGC ,Lk,λ; q, t) (4.12)

where FlGC is the affine flag variety and Lk,λ is a line bundle that become the usual line bundle
Lλ after pulling back to the ordinary, finite-dimensional flag variety. From physics, we expect
that such indices are closely related to the Macdonald polynomials.

On property of T ∗GrGC is that it enjoys a tri-holomorphic G-action, which becomes
a global symmetry of the Rozansky-Witten model. And just like similar tri-holomorphic
symmetries considered previously, one can refine the partition function on any three-manifold
M3 by turning on a flat background field. Restricting to the Cartan T ⊂ G, this is how the
dependence on b ∈ Spinc(M3) naturally appears in (4.5) when G = SU(2).18

The geometry of q

Here, we wish to comment on the q-dependence in (4.5) by considering a similar but simpler
example. This is the example of genus-0 equivariant Verlinde formula, which is known to have
a refinement by q.

The equivariant Verinde formula can be identified with the index

I(C,G; k, t) = Index(M(C,G),Lk ⊗ StTM) (4.13)

where M(C,G) is the moduli stack of G-bundles on C, L is the “determinant line bundle,”
and StTM is the total symmetric power of the tangent sheaf of M. For C = CP1, one can
ask whether the symmetry of CP1 can be used to introduce another parameter q. Physics

18When b1(M3) > 0, This also gives rise to U(1)-valued parameters, which can be complexified to be the
C∗-valued x variables that we have seen before e.g. in (4.1).
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suggests that this is indeed possible, as I(C,G; k, t) can now be identified with a topologically
twisted index of a 3d N = 2 theory, which can be refined by a parameter q. Specifically [28],

I(CP1, SU(2); k = 1, t, q) = (1− tq−2)(1− t)(1− tq2) . (4.14)

On the other hand, we expect that, for k > 2h− 2, there is no dependence on q. This follows
from a result in Section 7 of [69] that claims the contributions from the unstable strata vanish
in this case. Then, only the substack of semi-stable bundlesMss(CP1) = BG contributes to
the index of Lk, but BG does not carry a non-trivial action of the SU(2) symmetry of CP1.

Unstable strata in M(CP1) are labeled by co-characters of G. Given a co-character ξ,
the contribution from the corresponding stratum is [69]

Iξ(t) := |Wξ|−1(−1)#(1− t)rkG · Inv

[∏
α>0

(1− te−α)α(ξ)+1

(1− teα)α(ξ)−1
· e(k+h)〈ξ,·〉−2ρ

∏
α>0

(1− eα)2

]
.

(4.15)

Here “Inv” is the operation of taking the zero mode piece of a function on the Cartan T ⊂ G.19

This is very similar to expressions that show up in supersymmetric localization computations.
In fact, the above expression can be directly compared with the gauge theory computation
leading to (4.14) which naturally incorporates q. Therefore one can attempt to reconstruct
the q-refinement for the above expression. One arrives at

Iξ(q, t) := |Wξ|−1(−1)#(1− t)rkGqρ(ξ)·

Inv

[
e(k+h)〈ξ,·〉 ·

∏
α>0

(1− qα(ξ)eα)(1− qα(ξ)e−α)

(tq1−α(ξ)/2eα; q)α(ξ)−1(q1+α(ξ)/2te−α; q)−α(ξ)−1

]
(4.16)

where we have used the following convention for q-Pochhammers

(z; q)−1
−n = (zq−n; q)n. (4.17)

Now one can try to identify the coherent sheaf whose Euler characteristics is computed
by (4.16). This will shed light on the origin of the q-parameter in the Rozansky-Witten model
interpretation of Ẑ. We hope to return to this in future work.

Another remark is that, while I corresponds to the topologically twisted index in physics,
and there is another quantity known as the superconformal index. The latter should also
have a similar decomposition into a sum over a expression similar to (4.16) but with finite
q-Pochhammers replaced with infinite ones.

Relation to the ADO invariants

As we emphasized in the above, the q-series invariant Ẑ(M3, SU(2), q) can (and should) be
thought of as the quantum group invariants associated with Uq(sl2) at a generic value of the
parameter |q| < 1. Once the dependence on the Spinc structure is removed, viz. summed
over with particular weights, the limit q → e2πi/k is related to the Witten-Reshetikhin-Turaev
(WRT) invariants at (renormalized) level k. Curiously, the weights in this sum are S-matrix

19The (−1)# phase factor here has a precise expression, but we will suppress it to avoid clutter.
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elements of a non-semisimple MTC [16]. Moreover, from the viewpoint of the underlying
representation theory, the relation to WRT invariants is a two-step process (see e.g. [24, 31]
for a review):

1. taking the limit q → e2πi/k leads to a non-semisimple MTC, and then

2. a further semisimplification yields the Verlinde category, which encodes the algebraic
structure of cutting and gluing relations of WRT invariants.

All these clues suggest that, perhaps, even a simpler and more natural relation should involve
Ẑ-invariants at roots of unity and topological invariants associated with non-semisimple MTCs
before taking the second step and before removing the dependence on Spinc structures.

Here, we present some evidence that such relation indeed holds true for knot complements
and leave the study of more general 3-manifolds to future work. The non-semisimple MTC
associated with Uq(sl2) at roots of unity is precisely the one described earlier, also related
to logarithmic CFTs. The corresponding knot invariants were studied by Akutsu-Deguchi-
Ohtsuki [17] and, in a closely related work, by Murakami-Nagatomo [23]. In particular,
Akutsu-Deguchi-Ohtsuki introduced a family of polynomial knot invariants, that we denote
ADOp(x;K), associated with the quantum group Uq(sl2) at the even 2p-th root of unity.
These polynomial knot invariants generalize the Alexander polynomial ∆K(x), in a sense that

p = 2 : ADO2(x;K) = ∆K(x) (4.18)

and, as expected, emerge from the Ẑ-invariants for knot complements (4.1) in the limit q →
ζp ≡ e2πi/p.

Conjecture 3 (ADO from q-series invariants) For any knot K,

FK(x, q)|q=ζp =
ADOp(x/ζp;K)

∆K(xp)
, where ζp = e2πi/p . (4.19)

Combining the recent results from [30] and [79], it is not hard to prove this conjecture for
positive braid knots (as well as other examples considered in [30]). The simplest non-trivial
example of a non-positive braid knot is the figure-8 knot K = 41 that will be one of our
examples below. Further evidence for the Conjecture 3 was found in [80] soon after a preprint
of this paper appeared.

The Conjecture 3 is also motivated from the physics perspective as follows. In the setup
of [16, 28] (see also [81]), setting q to a root of unity effectively compactifies C = D2 replacing
the infinitely-generated chiral ring H∗,∗U(1)q

(MH(G,D2)) with a finitely-generated H∗,∗(Xp),
i.e. replacing the infinite-dimensional space MH(G,D2) by a finite-dimensional space Xp.
Here, Xp is the Coulomb branch of the resulting 3d N = 4 theory, which has the property
that ZRW[X](M3) equal the the invariants computed from a non-semisimple MTC associated
with Uq(sl2) at the 2p-th root of unity. From the discussion in Section 2, we know that Xp has
p− 1 fixed points and MTC[Xp] has S and T matrices of size 3p− 1. For example, X2 = C2

and, in a similar way, one can identify Xp for other roots of unity. We expect Xp’s to be close
cousins of the spaces [82, 83] that appear in the context of the small quantum group. While
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the explicit description of Xp is very desirable (and we hope to report on it in the future),
it will not be necessary for what follows. Indeed, the important point for the purpose of the
present discussion is that D2× S1 as well as q (often written together as D2×q S1) represent
background in the part20 of the 6d space-time (4.4) that does not involve M3. For all choices
of C and all values of q, including roots of unity, it preserves N = 4 supersymmetry in the
remaining three dimensions which, when topologically twisted, leads to a Rozansky-Witten
theory on M3 with target Xp.

One can also motivate Conjecture 3 and MTC[Xp] by interpreting Ẑ-invariants as a
non-perturbative definition of the analytically continued Chern-Simons theory with complex
gauge group GC. In this theory, the infinite-dimensional Hilbert space H(T 2) carries an
action of the modular group MCG(T 2) = SL(2,Z) that plays an important role in surgery
operations [8, 84]. At special values of q = ζp it contains a finite-dimensional subrepresentation
associated with compact submanifolds in the character varietyMflat(GC, T

2). For example, in
the case of G = SU(2), it contains five components: one semisimple and four unipotent [66].
Quantization of the semisimple component, often denoted Mflat(G,C), gives the Verlinde
representation, while incorporating the four unipotent components leads to a non-semisimple
theory. In particular, the five compact cycles (Mflat(G,C) and the four unipotent components)
correspond to the five objects of MTC[X2] when p = 2.

Before we present evidence to Conjecture 3 and test it for simple knots, a few important
remarks are in order. First, it is important to stress that the standard conventions for q used
in FK(x, q) and in ADO invariants are related by q 7→ q2. That is why, in (4.19), FK at
q = e2πi/p corresponds to the ADO invariant for the root of unity eπi/p. Another, equivalent,
explanation of this relation is that the non-semisimple category MTC[Xp] associated to Uq(sl2)

at the 2p-th root of unity via semisimplification gives the Verlinde category at level k = p−1.
Another important comment is that, just like the Jones polynomial or the HOMFLY-PT

polynomial, the knot invariants FK(x, q) and ADOp(x;K) can be normalized or unnormalized.
Therefore, in writing a relation between them one finds four possible normalization choices,
and (4.19) assumes that both are normalized or both are unnormalized. In the literature on
ADO invariants, the normalized version is more popular, though the unnormalized version
can also be found e.g. in [85]. On the other hand, the invariants FK are usually presented in
the unnormalized form, and the normalized version is obtained by dividing by x

1
2 − x−

1
2 ,

F norm
K (x, q) =

FK(x, q)

x1/2 − x−1/2
(4.20)

and similarly for the ADO invariants. Therefore, if we wish to relate the more commonly used
versions, unnormalized FK and normalized ADO, the relation (4.19) should read

FK(x, q)|q=ζp =
ADOp(x/ζp;K)

∆K(xp)
·
(
x1/2 − x−1/2

)
, ζp := e2πi/p. (4.21)

As a general rule of thumb, the normalized versions of FK and ADO invariants are symmetric
under x↔ x−1, whereas the unnormalized ones are anti-symmetric.

Let us illustrate this in some detail for a simple example of the trefoil knot, K = 31,
and then present results of the similar computations for other knots. In all cases that we

20In 3d-3d correspondence, this is the part of the space-time where 3d N = 2 theory T [M3] lives.
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p ADOp(x/ζp;31) = F31(x, q = ζp) ·
∆31 (xp)

x1/2−x−1/2

1 1

2 −x− 1− x−1

3 ζ3x
2 + ζ3x+ (ζ3 − ζ−1

3 ) + ζ3x
−1 + ζ3x

−2

4 ix3 + ix2 + (1 + i)x+ (1 + 2i) + (1 + i)x−1 + ix−2 + ix−3

Table 2: Normalized ADO invariants for the right-handed trefoil knot K = 31, evaluated at
x/ζp as limits of the unnormalized 2-variable series FK(x, q).

checked, Conjecture 3 holds. We are going to use the normalizations as in (4.21), to simplify
comparison with the literature on the ADO side as well as on the FK side. In particular,
starting with the unnormalized version of the 2-variable series F31(x, q) presented in (4.2)
and specializing to q = ζp = −1 that corresponds to p = 2, we get

F31(x, q)|q=−1 = − x
3/2 − x−3/2

x2 − 1 + x−2
. (4.22)

As expected, the denominator of this expression is precisely the Alexander polynomial of
the trefoil knot ∆31(x) = x − 1 + x−1 evaluated at x2. The numerator x3/2 − x−3/2 is the
unnormalized version of the ADO polynomial ADO2(x;31). In order to obtain a more familiar,
normalized version we use (4.21) and divide by x1/2 − x−1/2:

− x3/2 − x−3/2

x1/2 − x−1/2
= −x− 1− x−1 = ADO2(−x;31) = ∆31(−x). (4.23)

Note, the last equality is in perfect agreement with (4.18). Similarly, substituting q = e2πi/p

into (4.2), it is an easy and fun exercise to see how the infinite series collapses into a rational
function of x for other values of p. As expected, the denominator is the Alexander polynomial
evaluated at xp, whereas the numerator gives the p-th ADO polynomial. See Table 2 for the
first few values of p.

The computations for other knots are similar, though details become progressively more
involved. In Tables 3 and 4, we illustrate (4.21) for the hyperbolic knots 41 and 52, respec-
tively.

The physical motivation for Conjecture 3 mentioned earlier has another interesting conse-
quence: it predicts that the ADO invariants can be categorified. Indeed, the setup discussed
here is a close cousin of the one used in the physical realization of the Heegaard Floer homology
and its relation to the holomogy theory categorifying Ẑ-invariants [16]. Similarly, we expect
the homology theory categorifying the ADO invariants to be infinite-dimensional, related to
the homology of knot complements categorifying FK by a spectral sequence compatible with
the collapse of the q-grading Z → Zp. We also expect non-integer coefficients of ADO poly-
nomials to emerge from the Euler characteristic of this infinite-dimensional homology by the
same mechanism as non-integer values of the inverse Turaev-Milnor torsion emerge from limits
of Ẑ-invariants [66].
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p ADOp(x/ζp;41) = F41(x, q = ζp) ·
∆41 (xp)

x1/2−x−1/2

1 1

2 x+ 3 + x−1

3 x2 + 3x+ 5 + 3x−1 + x−2

4 x3 + 3x2 + 6x+ 7 + 6x−1 + 3x−2 + x−3

5 x4 + 3x3 + (6 + ζ5 + ζ−1
5 )x2 + (9 + ζ5 + ζ−1

5 )x+ 10 + . . .

Table 3: Normalized ADO invariants for the figure-8 knot K = 41, evaluated at x/ζp as
limits of the unnormalized 2-variable series FK(x, q).

p ADOp(x/ζp;52) = F52(x, q = ζp) ·
∆52 (xp)

x1/2−x−1/2

1 1

2 −2x− 3− 2x−1

3 −(3 + 2ζ3)x2 − (5 + 4ζ3)x− (7 + 6ζ3)− (5 + 4ζ3)x−1 − (3 + 2ζ3)x−2

4 −(2 + 2i)x3 − (3 + 5i)x2 − (4 + 8i)x− (5 + 10i)− (4 + 8i)x−1 − . . .

Table 4: Normalized ADO invariants for the hyperbolic knot K = 52, evaluated at x/ζp as
limits of the unnormalized 2-variable series FK(x, q).

A-polynomial and ADO polynomials

A simple but interesting corollary of Conjecture 3 is that ADO polynomials should obey
q-difference equations:

Â(p) ADOp(x) = 0. (4.24)

Indeed, quantization of character varieties in Chern-Simons theory leads to the statement [84]
that the partition function on the knot complements should be annihilated by the quantum
A-polynomial, Â Z

(
S3 \K

)
= 0, where Â = Â(x̂, ŷ;K, q) can be explicitly computed from

the all-order perturbative expansion [29]. Similar arguments imply that FK(x, q) also obeys
the same q-difference equation [8]:

Â(x̂, ŷ;K, q)FK(x, q) = 0 (4.25)

which can be also deduced directly from the fivebrane setup (4.4). Taking the limit q → ζp in
both Â(x̂, ŷ;K, q) and in FK(x, q), we obtain (4.24) where

ŷx̂ = ζp x̂ŷ (4.26)
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and Â(p) = Â(p)(x̂, ŷ;K) is obtained from Â(x̂, ŷ;K, q = ζp) by conjugating with the “normal-
ization factor” in (4.21),

Â(p)(x̂, ŷ;K) =
∆K(xp)

(x1/2 − x−1/2)
Â(x̂, ŷ;K, q)

∣∣∣
q=ζp

(x1/2 − x−1/2)

∆K(xp)
. (4.27)

The explicit form of Â(p)(x̂, ŷ;K) for the trefoil knot K = 31 and for the figure-8 knot K = 41
can be found in Tables 5 and 6, respectively.21

p Â(p)(x, y;31)

2 1 + (1− 2x+ 2x2 − x3)y − x3y2

3 1− 1−ζ−1
3 x−x2+ζ3x4+ζ3x5−x6

ζ3(1−ζ3x)(1−ζ−1
3 x2)

y − x3(1−x)(1−x2)

(1−ζ3x)(1−ζ−1
3 x2)

y2

4 (1− ix)(1− ix2) + i(1 + x+ ix2 − ix4 − x5 − x6)y + (1 + ix)(1 + ix2)y2

Table 5: Annihilators (quantum A-polynomials) for the ADO invariants of the trefoil knot
K = 31 for the first few values of p. Even though x and y here obey yx = ζpxy, to avoid
clutter we write x and y in place of x̂ and ŷ.

p Â(p)(x, y;41)

2 1− (x−2 − 3x−1 + 3− 3x+ x2)y − (x−2 + 3x−1 + 3 + 3x+ x2)y2 + y3

3 x2(x+ 1)(1− ζ3x)(1− ζ3x
2)

−ζ2
3 (1− ζ−1

3 x)(1 + ζ−1
3 x)(1− ζ3x

2)(ζ−1
3 x4 − ζ−1

3 (1 + 2ζ3x)x2

+(ζ−1
3 x2 + ζ3x+ 1)x− ζ−1

3 (2 + ζ3x)x+ 1)y

+ζ3(1− x2)2(x4 + ζ3x
3 − 2x3 − ζ3x

2 − ζ−1
3 x2 + x2 + ζ−1

3 x− 2x+ 1)y2

−ζ3x
2(1− ζ3x)(1 + ζ−1

3 x)(1− x2)y3

4 1 +
1−x(x5+(2+i)x4−2ix2+(−2+i))

x2(x+i)2
y − x6−(1+2i)x5−2x3−(1−2i)x+1

ix2(x+i)2
y2 + i(x−1)2

(x+i)2
y3

Table 6: Annihilators (quantum A-polynomials) for the ADO invariants of the figure-8 knot
K = 41 for the first few values of p. Even though x and y here obey yx = ζpxy, to avoid
clutter we write x and y in place of x̂ and ŷ.

New knot invariants and higher-rank quantum groups

To the best of our knowledge, the higher-rank analogues of the ADO invariants have not been
worked out.22 This gives us an opportunity to make new predictions for what they should be,

21After this paper appeared, further evidence for (4.24) was presented in [86].
22Part of the difficulty is that the detailed structure of projective modules was understood only recently

using the tools of geometric representation theory [82, 83], and mostly in the context of the small quantum
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based on the proposed relations (1.4).
In the case of g = slN , the invariants (4.1) depend on q and x ∈ TC, where TC is the

maximal torus23 of GC = SL(N,C). Following the same arguments that led us to Conjec-
ture 3, we expect FSU(N)

K (x, q)
∣∣∣
q=e2πi/p

to be a rational function of x, with the denominator∏
i<j ∆K((xi/xj)

p) given by a product (over i, j = 1, . . . N) of several copies of the Alexander
polynomial. We are more interested, however, in the numerator of this rational function.
Since in the higher-rank version of (4.20) the factor x1/2 − x−1/2 is replaced [67] by a prod-
uct

∏
α∈∆+(xα/2 − x−α/2) over positive roots of g, following (4.21) we define the higher-rank

analogues of the normalized ADO invariants to be

P
SU(N)
K (x, p) = F

SU(N)
K (x, q)

∣∣∣
q=e2πi/p

·
∏
α∈∆+

∆K(xpα)

xα/2 − x−α/2
. (4.28)

We expect PSU(N)
K (x, p) to be Laurent polynomials in x for all K, for all p, and for all N .

Using the explicit computations of FSU(N)
K (x, q) in the recent work [67], one can com-

pute the specializations (4.28) for various knots. It would be interesting to reproduce these
polynomials PSU(N)

K (x, p) by other methods, especially rooted in the representation theory
of Uq(slN ). In Table 7 we present the first few polynomials for the right-handed trefoil knot
K = 31. It is curious to note that PSU(3)

31
(x, 2) = ∆31(−x1) ·∆31(−x2) ·∆31(−x1x2) + 2.

p P
SU(3)
31

(x, p)

1 1

2 1− 2x1 − 2x2 − 2x−1
1 x−1

2 − 2x1x2 − 2x−1
1 − 2x−1

2 − x2
1x2 − x2x

−1
1 − x

−1
1 x−2

2

−x1x
2
2 − x1x

−1
2 − x

−2
1 x−1

2 − x2
1 − x2

2 − x
−2
1 x−2

2 − x2
1x

2
2 − x

−2
1 − x

−2
2

3 −1− 7ζ3 − 4ζ3(x1 + x2 + x−1
1 x−1

2 + x1x2 + x−1
1 + x−1

2 ) + x4
1 + x4

1x
4
2 + x4

2 + x−4
1

+x−4
1 x−4

2 + x−4
2 + (2− 2ζ3)(x2

1x2 + x−1
1 x2 + x−1

1 x−2
2 + x1x

2
2 + x1x

−1
2 + x−2

1 x−1
2 )

+(3− 2ζ3)(x2
1 + x2

2 + x−2
1 x−2

2 + x2
1x

2
2 + x−2

1 + x−2
2 ) + x−1

1 x3
2 + x−3

1 x2 + x−4
1 x−1

2

+(2− ζ3)(x3
1x2 + x3

1x
2
2 + x2

1x
3
2 + x1x

3
2 + x−1

1 x2
2 + x−2

1 x2 + x−3
1 x−1

2 + x−3
1 x−2

2

+x−2
1 x−3

2 + x−1
1 x−3

2 + x1x
−2
2 + x2

1x
−1
2 ) + x4

1x2 + x4
1x

3
2 + x3

1x
4
2 + x1x

4
2 + x−4

1 x−3
2

+2(x3
1 + x3

1x
3
2 + x3

2 + x−3
1 + x−3

1 x−3
2 + x−3

2 ) + x−3
1 x−4

2 + x−1
1 x−4

2 + x1x
−3
2

+(1− ζ3)(x4
1x

2
2 + x2

1x
4
2 + x−2

1 x2
2 + x−4

1 x−2
2 + x−2

1 x−4
2 + x2

1x
−2
2 ) + x3

1x
−1
2

Table 7: Analogues of the normalized ADO invariants for the right-handed trefoil knot and
G = SU(3), produced from the unnormalized 2-variable series F31(x, q) via (4.28).

group U small
q (slN ) at odd root of unity. The restricted quantum group Uq(sl2) at even root of unity is defined

in the same manner, but must be discussed with care. See [22].
23The argument is the same as in the generalized volume conjecture [84], and the resulting invariants can

often be formulated in terms of a “state integral” model a la [29] that involves states labeled by TC-valued
variables [16, 67, 87].
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3-manifolds

Finally, we note that Conjecture 3 has another obvious generalization. Indeed, just like
Conjecture 2, which is expected to hold for link complements as well as closed 3-manifolds
without boundary, the proposed relations (4.19) and (4.21) have an obvious analogue for
closed 3-manifolds. Testing such “Conjecture 3 for closed 3-manifolds” is likely to require a
careful analysis of normalizations and other conventions, as we did in going from the general
statement (4.19) to its version (4.21) written in the most commonly used set of conventions.
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A Topological twists of 3d N = 4 theories

Three-dimensional N = 4 supersymmetry algebra allows a vector multiplet, that contains
1-form gauge field, and two types of matter multiplets that can be used to parametrize Higgs
and Coulomb branches of 3d N = 4 gauge theories. These two types of matter multiplets are
sometimes called hypermultilets and twisted hypermultiplets (where “twisted” has nothing to
do with the topological twist), see e.g. [88].

If, following [1] (and also [60]), we denote the R-symmetry of 3d N = 4 theory by
SU(2)R×SU(2)N , then the two topological twists of 3d N = 4 theories can be characterized
by their action on fields in the supermultiplets. One topological twist, when applied to
3d N = 4 gauge theory, localizes on solutions to 3d Seiberg-Witten equations and their
generalizations:

Vector :

SU(2)E × SU(2)R × SU(2)N → SU(2)′E × SU(2)N
bosons: (3,1,1)⊕ (1,1,3) → (3,1)⊕ (1,3)

fermions: (2,2,2) → (3,2)⊕ (1,2)

Hyper :

SU(2)E × SU(2)R × SU(2)N → SU(2)′E × SU(2)N
bosons: 2(1,2,1) → 2(2,1)

fermions: (2,1,2) → (2,2)
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Twisted
hyper :

SU(2)E × SU(2)R × SU(2)N → SU(2)′E × SU(2)N
bosons: 2(1,1,2) → 2(1,2)

fermions: (2,2,1) → (3,1)⊕ (1,1)

Here, SU(2)′E is the diagonal subgroup of SU(2)E × SU(2)R. The second topological twist,
when applied to gauge theory, localizes on complex flat connections [89] and acts on the fields
as

Vector :

SU(2)E × SU(2)R × SU(2)N → SU(2)′E × SU(2)R
bosons: (3,1,1)⊕ (1,1,3) → (3,1)⊕ (3,1)

fermions: (2,2,2) → (3,2)⊕ (1,2)

Hyper :

SU(2)E × SU(2)R × SU(2)N → SU(2)′E × SU(2)R
bosons: 2(1,2,1) → 2(1,2)

fermions: (2,1,2) → (3,1)⊕ (1,1)

where SU(2)′E is the diagonal subgroup of SU(2)E × SU(2)N . Note, under these two twists
the role of hyper and twisted hyper-multiplets is interchanged, i.e. the first twist applied to
ordinary hypermultiplets leads to the same topological theory as the second twist applied to
twisted hypermultiplets, and vice versa.24

B Quantum equivariant K-theory of T ∗CP1

QKT (T ∗CP1) corresponds to the algebra of line operators and is generated by two elements
I and W , corresponding to Wilson loops of charge 0 and charge 1. These Wilson operators
correspond to the powers of tautological bundle V . There is a natural pairing on a classical
K-theory

ηAB = χ(X,A⊗ B ⊗K−1/2
X ) (B.1)

which is not deformed, and which can be easily computed using localization. Here K1/2 is “the
half” of the canonical bundle in the natural polarization on X, which is necessary in order to
identify the trivial Wilson line I and the structure sheaf. In our case

ηII =

√
x1/x2 +

√
x2/x1

(1− t−1x2/x1)(1− t−1x1/x2)
, (B.2)

ηWI

ηII
=

1 + t−1

x−1
1 + x−1

2

, (B.3)

and
ηWW

ηII
= t−1x1x2. (B.4)

In order to find quantum K-theory ring we can use recursion relations for expectation values
of line operators on an infinite plane using Bethe ansatz equations for vacua. If we set
〈I〉R2×S1 = 1 then 〈W 〉R2×S1 = 1

2

∑
vac zvac and we can get the ring coefficients CABC

I · I = I (B.5)
24One can also label these two twists by “Coulomb” or “Higgs” (or “C” and “H” for short) based on the part

of the R-symmetry which is either used in the topological twist or remains preserved by the twist, cf. [90].
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I ·W = W (B.6)

W ·W =

(
(x1 + x2) (1− qt)

1− qt2

)
W +

(
−(1− q)x1x2

1− qt2

)
I (B.7)

where zvac are solutions of Bethe ansatz equation

q
∏
i=1,2

(
1− tz/xi
1− z/xi

)
= 1. (B.8)

These equations are obtained by requiring that an expectation value 〈·〉R2×S1 with an arbitrary
operator is the same. One can check that these ring coefficients are consistent with the metric
ηBC = CIBC = ηIAC

A
BC .

Now one can use this ring to compute partitions functions on Σ× S1. Note that normal-
ization of such partition functions is different from the normalization above. More precisely
here it is fixed by Z(S2 × S1) = ηII .
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