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Skeins, q-series, and modularity
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Abstract. We study BPS q-series associated to 3-manifolds decorated by a
line defect along an embedded link. We prove that these q-series depend only

on the class of the link in the skein module, thereby defining a homomorphism
from the skein module to the space of q-series. The image of this homomor-

phism is conjectured to be holomorphically quantum modular, which suggests

a new approach to Langlands duality for skein modules through q-series.
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0. Introduction

A notable recent advance in quantum topology is the emergence of new con-
nections between 3-manifolds and (quantum) modular forms. The BPS q-series

(a.k.a. Ẑ-invariants or homological blocks), introduced by Gukov-Pei-Putrov-Vafa
[12] and further developed by Gukov-Manolescu [11], play a defining role in this
development, motivated by the program of categorifying quantum 3-manifold in-
variants.

Quantum modularity, in its holomorphic form [9], is a generalization of mod-
ularity exhibited by certain holomorphic functions on the upper and lower half-
planes. Roughly speaking, we say that a matrix of holomorphic functions on the
upper and lower half-planes is a matrix-valued holomorphic quantum modular form,
if its failure to be modular under γ =

(
a b
c d

)
∈ SL2(Z) (i.e., the associated cocycle)
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can be holomorphically extended from C \ R to the cut plane Cγ := C \ 1
cR≤−d

if c ̸= 0. Guided by existing examples [3] and structural properties of the BPS
q-series, one expects that for a fixed 3-manifold, the collection of BPS q-series ob-
tained by inserting all possible line defects should, after choosing an appropriate
basis of defects, extend into such a matrix-valued holomorphic quantum modular
form.

Langlands duality for skein modules [14], on the other hand, predicts a corre-
spondence between skein modules associated to a reductive group G and those for
its Langlands dual group LG. At the most basic level, it conjectures that, for any
closed 3-manifold Y , its G- and LG-skein modules have the same dimension. At a
deeper level, one expects a C-linear isomorphism

SkGq (Y ) ∼= Sk
LG
Lq (Y )

between the two skein modules that varies holomorphically in τ ∈ C \ R, where
q = e2πiτ and Lq = e

−2πi 1
nGτ , with nG ∈ {1, 2, 3} the lacing number of G. As

discussed in [14], the skein modules are expected to describe the state spaces of
Kapustin-Witten 4d TQFT [15], and, in that context, the Langlands duality for
skein modules arises from the S-duality on the Kapustin-Witten theory applied to
state spaces.

Motivated by these ideas, the purpose of this article is twofold:

(1) To extend the BPS q-series to skein modules, by allowing insertion of
arbitrary line defects.

(2) To connect the Langlands duality for skein modules to quantum modu-
larity of the BPS q-series.

By doing so, we hope to shed light on the study of Langlands duality for skein
modules, beyond the numerical comparison of dimensions.

Summary of main results. Let K ⊂ S3 be a Seifert-framed knot and L ⊂
S3 \ K be a framed link in the complement of K. We color K by Vn, the n-
dimensional irreducible representation of Uq(sl2), and each component Li of L by
Vmi

, for some fixed mi ≥ 1. Let J(K,n),(L,m⃗)(q) denote the (unnormalized) colored
Jones polynomial of the framed, colored link K ⊔ L. Then we have the following
analog of the Melvin-Morton-Rozansky (MMR) expansion for K in the presence of
the line defect L ⊂ S3 \K:

Theorem A. In the large-color asymptotic where ℏ → 0, n → ∞ while u := nℏ
is fixed,

1

[n]
J(K,n),(L,m⃗)(q)

∣∣∣∣
q=eℏ

ℏ→0
n→∞

nℏ=u fixed∼
∏

i χmi(x
lk(Li,K))

∆K(x)
+
∑
d≥1

Pd(x)

∆K(x)2d+1
ℏd,

where x := eu, χm(z) := z
m
2 −z−m

2

z
1
2 −z− 1

2
, ∆K(x) denotes the Alexander polynomial of K,

and Pd(x) ∈ Q[x± 1
2 ] are some polynomials determined by K and L.1

1The right-hand side should be understood as a power series in Q[[u]][[ℏ]] or in x•Q[x±1][[1−
x]][[ℏ]], where • ∈ 1

2
Z/Z is 0 (resp., 1

2
) if lk(L,K) is even (resp., odd).
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Remark 0.1. Concretely, the “large-color asymptotic” above means the fol-
lowing. Consider the ℏ-expansion of the colored Jones polynomials

1

[n]
J(K,n),(L,m⃗)(q)

∣∣∣∣
q=eℏ

=
∑
d≥0

ad(n) ℏd.

Then, part of the claim is that, for each d, the coefficient ad(n) is actually a poly-
nomial in n of degree ≤ d (at least for large enough n),

ad(n) =
∑

0≤j≤d

ad,jn
j , ad,j ∈ Q,

so that we can rewrite the above ℏ-series into a double series in ℏ and u := nℏ∑
0≤j≤d

ad,jn
jℏd =

∑
d′≥0

∑
j≥0

ad′+j,ju
j

ℏd
′
.

The rest of the claim is that the coefficient of ℏd′
given by the u-series∑

j≥0

ad′+j,ju
j ∈ Q[[u]]

is actually the power series expansion of∏
i χmi(x

lk(Li,K))

∆K(x)

∣∣∣∣
x=eu

when d′ = 0, and more generally for any d′, some rational function in x (uniquely
determined by its u-expansion) whose denominator is a power of the Alexander
polynomial. When L is the empty link, this is nothing but the standard MMR
expansion [21].

Since the colored Jones polynomials J(K,n),(L,m⃗)(q) depend only on the class of

the colored link (L, m⃗) in the skein module SkSL2
q (S3 \K), the same is true for the

MMR expansion on the right-hand side of Theorem A. Hence, as a corollary, we
obtain a linear map

MMR : SkSL2
q (S3 \K)

∣∣∣∣
q=eℏ

→ Q[x± 1
2 ,

1

∆K(x)
][[ℏ]].

When K is braid-homogeneous (i.e., can be presented as a closure of a homogeneous
braid), or more generally “nice” in the sense of [20], we show that the MMR
expansion can be resummed into a power series in q and x with integer coefficients
in a canonical way:

Theorem B. Let K be a nice knot. For any colored link (L, m⃗) ⊂ S3 \ K,

the BPS q-series ẐS3\K,(L,m⃗)(x, q) is an isotopy invariant of the link L in S3 \K.

Moreover, it factors through the skein module to give a Z[q± 1
4 ]-linear map

Ẑ : SkSL2
q (S3 \K) → Z[q±

1
4 ]((x

1
2 )).

Remark 0.2 (Grading). The map Ẑ in Theorem B respects the natural grad-

ing on the skein module. Recall that the G-skein module SkGq (Y ) is graded by

H1(Y ;Z(G)∨), so SkSL2
q (S3 \K) is graded by H1(S

3 \K;Z/2) ∼= Z/2; the 0-(resp.,

1-)graded part is called “even” (resp., “odd”). The map Ẑ maps the even part to

x
1
2Z[q± 1

4 ]((x)) and the odd part to Z[q± 1
4 ]((x)). More generally, for any connected
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and simply connected complex semisimple Lie group G of rank r, there should be
a map2

ẐG : SkGq (S
3 \K) → Z[q±

1
2N ]((x

1
N
1 , · · · , x

1
N
r )),

which maps the β ∈ H1(S
3 \K;Z(G)∨) ∼= Z(G)∨ ∼= P/Q-graded part of the skein

module to ∏
1≤i≤r

x
(ρ+β,ωi)
i Z[q±

1
2N ]((x1, · · · , xr)).

Furthermore, we show that the linear map Ẑ constructed in Theorem B is
compatible with the Laplace transform surgery formula:

Theorem C. Let p ∈ Z be a surgery slope for which the Laplace transform on

ẐS3\K(x, q) converges.3 Then, for any choice of grading α ∈ H1(S
3
p(K);Z/2)4 and

an α-twisted spinc structure s ∈ Spinc(S3
p(K), α) (see Section 3.1), the map Ẑ in

Theorem B, composed with the Laplace transform, factors through SkSL2
q (S3

p(K))α

to give a Z[q± 1
4 ]-linear map

Ẑs : Sk
SL2
q (S3

p(K))α → q∆sZ[q±
1
4 ][[q]],

where ∆s ∈ Q.

Since the skein modules of closed 3-manifolds are finite-dimensional over Q(q
1
4 )

[13], after tensoring with Q(q
1
4 ), the image of the map defined in Theorem C is a

finite-dimensional vector space of q-series. We conjecture that this image can be
extended to a matrix-valued holomorphic quantum modular form. We have verified
this in the following example:

Theorem D. For Y = ±Σ(2, 3, 7), the image of the map defined in Theorem
C extends to a matrix-valued holomorphic quantum modular form.

The matrix-valued cocycle appearing in this holomorphic quantum modularity
provides a natural candidate for the Langlands duality map for skein modules [14];
see Section 4.3.

Organization of the paper. This paper is organized as follows. In Section 1,
we show Theorem A on the MMR expansion with a line defect. Building upon that,

in Section 2, we prove Theorem B, constructing a linear map Ẑ from skein modules
of complements of nice knots to (x, q)-series. Then, in Section 3, we show that

our map Ẑ is compatible with the Laplace transform surgery formula (Theorem
C). Finally, in Section 4, we show Theorem D and present some conjectures and
speculations on quantum modularity and Langlands duality of skein modules.

2Here, N is the exponent of P/Q where Q and P are the root and weight lattices, ρ is

the Weyl vector, ωi is the i-th fundamental weight, and (, ) is the invariant bilinear form on h∗R
normalized so that (α, α) = 2 for short roots α.

3This assumption means precisely the following: Consider the power series expansion

ẐS3\K(x, q) =
∑

n≥0 fK,n(q)x
1
2
+n. The coefficients fK,n(q) ∈ Z[q, q−1] will have the minimal

q-degree that grows quadratically:

min degq fK,n(q) = cKn2 +O(n),

for some unique cK ∈ Q. Then, the Laplace transform converges if − 1
p
> −cK .

4This is a non-trivial choice only when p is even, in which case α ∈ Z/2.
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Notation. Here we collect the notation and convention we use throughout the
paper.

• [n], without any subscript, denotes the “balanced” version of “quantum
n” defined by

[n] :=
q

n
2 − q−

n
2

q
1
2 − q−

1
2

∈ Z[q±
1
2 ].

We will also sometimes use “unbalanced” versions of quantum integers
and quantum binomials, and they will be written with a subscript:

[n]q :=
1− qn

1− q
,

[
n
k

]
q

:=
[n]q[n− 1]q · · · [n− k + 1]q

[k]q[k − 1]q · · · [1]q
∈ Z[q±1].

• For each n ≥ 1, Vn denotes the n-dimensional irreducible representation
of Uq(sl2). Explicitly, it is spanned by basis vectors {vi}0≤i≤n−1, on which
E,F,K±1 act by

Evi = [i]vi−1, Fvi = [n− 1− i]vi+1, K±1vi = q±
n−1−2i

2 vi.

• V∞(x) denotes the Verma module with highest weight λx := logq x − 1.

Explicitly, it is spanned by basis vectors {vi}i≥0, on which E,F,K±1 act
by

Evi = [i]vi−1, Fvi = [λx − i]vi+1, K±1vi = q±
λx−2i

2 vi.

• JK,n(q) denotes the usual framing-dependent, unnormalized colored Jones
polynomial where increasing a framing of an n-colored component by 1

gives an extra factor of q
n2−1

4 . In particular, when everything is Seifert-
framed, the 2-colored (i.e. ordinary) Jones polynomial satisfies the usual
skein relations:

qJK+
(q)− q−1JK−(q) = (q

1
2 − q−

1
2 )JK=

(q),

JO(q) = [2].

In our convention, the Hopf linkH (in either orientation) with color (m,n)
has the colored Jones polynomial

JH,m,n(q) = [mn].

While this colored Jones polynomial is insensitive to overall change of
orientation, in general, it depends on the orientation of individual com-
ponents.

Acknowledgements. I would like to thank Miranda Cheng, Dan Freed, Sergei
Gukov, David Jordan, Ahsan Khan, and Campbell Wheeler for inspiring conversa-
tions. I also thank the organizers of 2024 Richmond Geometry Meeting – Marco
Aldi, Allison Moore, and Nicola Tarasca – for their hospitality, and for the oppor-
tunity to prepare these notes.

This work was supported in part by Simons Foundation through Simons Col-
laboration on Global Categorical Symmetries.
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L

K

Figure 1. K ⊔ L as a colored (1, 1)-tangle

1. Melvin-Morton-Rozansky with skeins

1.1. Brief review of the finite state sum model. In this subsection, we
briefly review how the colored Jones polynomials 1

[n]J(K,n),(L,m⃗)(q) can be realized

as a finite state sum, mainly to set up some notation and terminology.
Pick a base point on K and place it at the point at infinity in S3 to draw the

link K ⊔ L as a (1, 1)-tangle diagram D; see Figure 1 for an example. The image
of this colored tangle under the Reshetikhin-Turaev functor is

1

[n]
J(K,n),(L,m⃗)(q) · 1Vn

.

Hence, 1
[n]J(K,n),(L,m⃗)(q) is equal to the standard state sum on D, with the state

on the external arcs fixed, say, to the highest weight vector v0 ∈ Vn. To describe
this explicitly, let us set up some notations and terminologies:

• An arc is an edge of the tangle diagram, viewed as a planar graph. An arc
is called external if it corresponds to one of the open ends of the tangle,
and internal if it is not. Let A denote the set of all internal arcs. We will
also write A = AL ⊔AK , where AL denotes the set of arcs of L, and AK

the set of internal arcs of K.
• A state s is a map s : A → N. For each arc a ∈ A, we call s(a) ∈ N
the spin on a. A state s is called admissible if, whenever a ∈ A is an
arc colored by Vk, the corresponding spin is 0 ≤ s(a) ≤ k − 1, so that
it determines a vector vs(a) ∈ Vk. Let S denote the set of all admissible
states.

• For each admissible state s ∈ S, let ⟨D(K,Vn),{(Li,Vmi
)}; s⟩ denote the

weight of the state s, given by the product of the corresponding finite-
dimensional R-matrices, cups and caps; these are summarized in the
fourth row of Table 1 and the last column of Table 2.
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i j

i′ j′

V∞(x) V∞(x)

q
1
4R(x, x, q)i

′,j′

i,j i j

i′ j′

V∞(x) V∞(x)

q−
1
4R−1(x, x, q)i

′,j′

i,j

i j

i′ j′

V∞(x) Vm

x
m
4 R(x, qm, q)i

′,j′

i,j i j

i′ j′

V∞(x) Vm

x−m
4 R−1(x, qm, q)i

′,j′

i,j

i j

i′ j′

Vm V∞(x)

x
m
4 R(qm, x, q)i

′,j′

i,j i j

i′ j′

Vm V∞(x)

x−m
4 R−1(qm, x, q)i

′,j′

i,j

i j

i′ j′

Vm1 Vm2

q
m1m2

4 R(qm1 , qm2 , q)i
′,j′

i,j i j

i′ j′

Vm1 Vm2

q−
m1m2

4 R−1(qm1 , qm2 , q)i
′,j′

i,j

R(x1, x2, q)
i′,j′

i,j := δi+j,i′+j′x
− i−j′

4 − j
2−

1
4

1 x
i−j′

4 − j′
2 − 1

4
2 q(j+

1
2 )(j

′+ 1
2 )

[
i
j′

]
q

(qj+1x−1
2 ; q)i−j′ ,

R−1(x1, x2, q)
i′,j′

i,j := R(x−1
2 , x−1

1 , q−1)j
′,i′

j,i .

Table 1. R-matrices; note that the exponential prefactor

e
log x1 log x2

4 log q is omitted from R(x1, x2, q).

i
V∞(x)

x
1
4 q−

1
4−

i
2 i

Vm
q

m−1
4 − i

2

i
V∞(x)

x
1
4 q−

1
4−

i
2

i
Vm

q
m−1

4 − i
2

i
V∞(x)

x− 1
4 q

1
4+

i
2 i

Vm
q−

m−1
4 + i

2

i
V∞(x)

x− 1
4 q

1
4+

i
2

i
Vm

q−
m−1

4 + i
2

Table 2. Cups and caps

In summary, the colored Jones polynomial can be computed as the state sum:

1

[n]
J(K,n),(L,m⃗)(q) =

∑
s

⟨D(K,Vn),{(Li,Vmi
)}; s⟩.

This is a finite sum, since each component of the linkK⊔L is colored by some finite-
dimensional representation. In the next subsection, we will consider an extension
of this state sum model, where K is colored by a Verma module V∞(x) instead.

1.2. Proof of Theorem A. Since the finite-dimensional R-matrices agree
with truncations of the infinite-dimensional R-matrix for the Verma module, the
above finite state sum can be viewed as a truncation of the infinite state sum
where K is colored by the Verma module V∞(x = qn) with highest weight λx =
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logq x− 1 = n− 1:∑
s

⟨D(K,Vn),{(Li,Vmi
)}; s⟩ =

∑
s

max s|K<n

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩

∣∣∣∣
x=qn

.

The weights for the crossings, cups and caps are summarized in Tables 1 and 2.

Lemma 1.1. In the infinite state sum where K is colored by the Verma module
V∞(x), any state containing a spin ≥ n is of O((1− x)n). That is,∑

s

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩ =

∑
s

max s|K<n

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩+O((1− x)n),

as formal power series in (1− x).

Proof of Lemma 1.1. Recall that the spins assigned to the external arcs of
K are fixed to be 0. Hence, if some arc of K is assigned a spin of n or higher, then
there must be at least n total jumps in the spins along K. Since

x
m
4 R(qm, x, q)i

′,j′

i,j = O((1− x)i−j′) and x−m
4 R−1(x, qm, q)i

′,j′

i,j = O((1− x)j−i′),

this means that the weight associated to such a state is of O((1− x)n). □

Thanks to this lemma, the part of the infinite state sum that is truncated out
to get the finite state sum, regarded as a formal power series in (1−x), vanishes in
the n → ∞ limit. That is, in the asymptotic limit where n → ∞ while enℏ = x is
fixed, it suffices to consider the (untruncated) infinite state sum where K is colored
by V∞(x):

1

[n]
J(K,n),(L,m⃗)(q)

∣∣∣∣
q=eℏ

ℏ→0
n→∞

nℏ=u fixed∼
∑
s

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩

∣∣∣∣
q=eℏ

.

Moreover, once we fix the power of (1−x), it bounds the total number of jumps in
the spins, and hence only finitely many states contribute. It immediately follows
that this infinite state sum gives rise to a power series∑

s

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩

∣∣∣∣
q=eℏ

∈ Q[x± 1
2 ][[1− x]][[ℏ]].

Now, it remains to show that this power series is of the desired form, in terms
of rational functions in x

1
2 , with denominators given by powers of the Alexander

polynomial ∆K(x).
For this purpose, we first express the state sum as sum over states on L and

those on K:

∑
s

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩

∣∣∣∣
q=eℏ

=
∑
s|L

∑
s|K

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩

∣∣∣∣
q=eℏ

.

Note, the first sum over s|L : AL → N is a finite sum, since there are only finitely
many possible admissible states on L. Thus, Theorem A will follow from the fol-
lowing two main lemmas:
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Lemma 1.2. For each fixed s|L, the state sum over K has an expansion of the
form ∑

s|K

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩

∣∣∣∣
q=eℏ

=
∑
d≥0

P
s|L
d (x)

∆K(x)2d+1
ℏd,

for some Laurent polynomials P
s|L
d (x) ∈ Q[x± 1

2 ].

Lemma 1.3. The leading polynomial P
s|L
0 (x) vanishes unless the spins on arcs

of L are constant along each strand, in which case P
s|L
0 (x) is the monomial∏

i

xlk(Li,K)(
mi−1

2 −s(Li)),

where s(Li) denotes the spin on any arc of Li. In particular,∑
s|L

P
s|L
0 (x) =

∏
i

χmi
(xlk(Li,K)).

We will prove the second lemma first, since it is easier.

Proof of Lemma 1.3. Observe that

x
m
4 R(x, qm, q)i

′,j′

i,j =

{
x

m−1−2j
4 +O(ℏ1) if i− j′ = 0

O(ℏ1) if i− j′ > 0
,

x−m
4 R−1(qm, x, q)i

′,j′

i,j =

{
x−m−1−2i

4 +O(ℏ1) if j − i′ = 0

O(ℏ1) if j − i′ > 0
,

q
m1m2

4 R(qm1 , qm2 , q)i
′,j′

i,j =

{
1 +O(ℏ1) if i− j′ = 0

O(ℏ1) if i− j′ > 0
,

q−
m1m2

4 R−1(qm1 , qm2 , q)i
′,j′

i,j =

{
1 +O(ℏ1) if j − i′ = 0

O(ℏ1) if j − i′ > 0
.

It follows that the only states that contribute to the ℏ0-term are those for which
the spins on arcs of L are constant, say s(Li) ∈ {0, 1, · · · ,mi − 1}, along each
component Li. If s|L is such a state on L, and c+(Li,K) and c−(Li,K) denote the
number of positive and negative crossings between Li and K, then the ℏ0-term of
the state sum over K is given by the product of two factors, the first of which is∏

i

(x
mi−1−2s(Li)

4 )c+(Li,K)−c−(Li,K) =
∏
i

xlk(Li,K)(
mi−1

2 −s(Li)),

which is the weight associated to the crossings involving any strand of L, and the
second factor is the state sum purely on K, whose ℏ0-term is given by the leading
term 1

∆K(x) of the standard MMR expansion. That is,∑
s|K

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩

∣∣∣∣
q=eℏ

=

∏
i x

lk(Li,K)(
mi−1

2 −s(Li))

∆K(x)
+O(ℏ1),

and therefore∑
s|L

∑
s|K

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩

∣∣∣∣
q=eℏ

=

∏
i χmi

(xlk(Li,K))

∆K(x)
+O(ℏ1).

□
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i j

i′ j′

V∞(x) V∞(x)

q
1
4x− 1

2R(α, β, γ)i
′,j′

i,j i j

i′ j′

V∞(x) V∞(x)

q−
1
4x

1
2R−1(α, β, γ)i

′,j′

i,j

i j

i′ j′

V∞(x) Vm

x
m−1

4 q−
m
4 R(α, β, γ)i

′,j′

i,j i j

i′ j′

V∞(x) Vm

x−m−1
4 q

m
4 R−1(α, β, γ)i

′,j′

i,j

i j

i′ j′

Vm V∞(x)

x
m−1

4 q−
m
4 R(α, β, γ)i

′,j′

i,j i j

i′ j′

Vm V∞(x)

x−m−1
4 q

m
4 R−1(α, β, γ)i

′,j′

i,j

R(α, β, γ)i
′,j′

i,j := δi+j,i′+j′

(
i

j′

)
αjβj′γi−j′ ,

R−1(α, β, γ)i
′,j′

i,j := R(α, β, γ)j
′,i′

j,i .

Table 3. Summary of parametrized R-matrices; R−1 is just a no-
tation and is not the inverse of R.

Now it remains to prove the first lemma (Lemma 1.2), which we do in the next
subsection.

1.3. Proof of Lemma 1.2. The main idea is to mimic Rozansky’s proof [21]
of the MMR conjecture. For this purpose, we will first consider the “free state
sum,” a simpler state sum where we replace all the R-matrices involving a strand
of K by the parametrized R-matrices, which are summarized in Table 3. We use
different formal parameters αc, βc, γc for each crossing c, so there would be a total
of 3N such parameters, if N is the number of crossings involving a strand of K.5

We will denote the set of all those parameters by symbols {α}, {β}, {γ}. To this
end, we define the free state sum to be∑

s|K

⟨D(K,V∞(x)),{(Li,Vmi
)}; {α}, {β}, {γ}; s⟩free,

where ⟨D(K,V∞(x)),{(Li,Vmi
)}; {α}, {β}, {γ}; s⟩free denotes the weight of the state s

in this free state sum, given by the product of R-matrices (for crossings between
strands of L), parametrized R-matrices (for crossings involving a strand of K), cups
and caps; this weight will be a monomial in the 3N parameters {α}, {β}, {γ}, with
coefficient a monomial in Z[x± 1

2 , q±
1
4 ].

The virtue of the free state sum is that it can be interpreted as a random
walk model, analogous to that of [16], which allows us to compute the state sum
explicitly, in terms of the transition matrix B of the random walk – we will get
back to this point later. At the same time, the usual R-matrices can be seen as a
“perturbation” of these parametrized R-matrices in the sense of following lemmas,
whose proofs are given in Appendix A.2:

5For crossings c involving both K and L, the parameters αc and γc will not play any role,

so we could have just used the remaining 3NKK +NKL parameters, where NKK (resp. NKL) is
the number of crossings between strands of K (resp. between K and L), but we are writing it in

a uniform way for simplicity of notation.
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Lemma 1.4. There exist differential operators Dd ∈ Q[α
1
2 , β

1
2 , γ±1, ∂α, ∂β , ∂γ ]

of degree deg∂ Dd ≤ 2d, with D0 = 1, such that

R(x1, x2, e
ℏ)i

′,j′

i,j = x
− 1

4
1 x

− 1
4

2

∑
d≥0

ℏdDd · R(α, β, γ)i
′,j′

i,j

∣∣∣∣ α=x
− 1

2
1

β=x
− 1

2
2

γ=x
− 1

4
1 x

1
4
2 (1−x−1

2 )

,

R−1(x1, x2, e
ℏ)i

′,j′

i,j = x
1
4
1 x

1
4
2

∑
d≥0

(−ℏ)dDd · R−1(α, β, γ)i
′,j′

i,j

∣∣∣∣ α=x
1
2
2

β=x
1
2
1

γ=x
− 1

4
1 x

1
4
2 (1−x1)

.

Lemma 1.5. Once i′, j ∈ {0, 1, · · · ,m − 1} are fixed, there exist differential
operators D′

d ∈ Q[β, ∂β ] of degree deg∂ D
′
d ≤ d such that

R(x, qm, eℏ)
i′,j′

i,j = x− 1
4 q−

m
4

∑
d≥0

ℏdD′
d · R(α, β, γ)

i′,j′

i,j

∣∣∣∣ α=x− 1
2

β=q−
m
2

γ=x− 1
4 q

m
4 (1−q−m)

.

Likewise, once i, j′ ∈ {0, 1, · · · ,m − 1} are fixed, there exist differential operators
D′′

d ∈ Q[β, ∂β ] of degree deg∂ D
′′
d ≤ d such that

R−1(qm, x, eℏ)
i′,j′

i,j = x
1
4 q

m
4

∑
d≥0

ℏdD′′
d · R−1(α, β, γ)

i′,j′

i,j

∣∣∣∣ α=x
1
2

β=q
m
2

γ=x
1
4 q−

m
4 (1−qm)

.

Whenever the under-strand of a crossing is a strand of K, specialization of
Lemma 1.4 at x2 = x and x1 = x (resp. x1 = qm) if the over-strand is a strand of K
(resp. strand of L colored by Vm) gives the desired expressions for the corresponding
R-matrices. When the under-strand is a strand of L (say, colored by Vm), however,
we can’t directly specialize Lemma 1.4 at x2 = qm, since the differential operator
Dd may contain negative powers of γ, which is of order O(ℏ1) in this specialization.
For this reason, when the under-strand is a strand of L, we use Lemma 1.5 instead,
making use of the fact that we are fixing the spins on L, to choose differential
operators (dependent on the spins on L) that do not involve any negative powers
of γ.

Combining the differential operators in Lemmas 1.4 and 1.5, we have:

Corollary 1.6. There exist differential operators Dtotal
d of degree deg∂ D

total
d ≤

2d in 3N parameters {α}, {β}, {γ}, involving only non-negative powers of γc when-
ever the under-strand of the crossing c is L, such that∑

s|K

⟨D(K,V∞(x)),{(Li,Vmi
)}; s⟩

∣∣∣∣
q=eℏ

=
∑
d≥0

ℏdDtotal
d ·

∑
s|K

⟨D(K,V∞(x)),{(Li,Vmi
)}; {α}, {β}, {γ}; s⟩free

∣∣∣∣
{α},{β},{γ}

,

where the parameters are specialized as in Lemmas 1.4 and 1.5.

Thanks to the bound on the degree of the differential operators Dtotal
d , Lemma

1.2 will follow from the following last lemma:
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i j

i′ j′

Figure 2. Highway-and-cars diagram

Lemma 1.7. The free state sum is a rational function in the parameters and
q±

1
4 and has the following form:∑

s|K

⟨D(K,V∞(x)),{(Li,Vmi
)}; {α}, {β}, {γ}; s⟩free =

Ps|L,free

det(I − B)1+δ
,

where B denotes the transition matrix of the associated random walk on the arcs of
K (see Remark 1.8), Ps|L,free is some polynomial in the parameters {α}, {β}, {γ}
and q±

1
4 whose γ-degree is at least δ, the total interaction between K and L. In

particular, after specialization of the parameters, it becomes∑
k≥δ

P
s|L,free
k (x)

∆K(x)k+1
ℏk

for some Laurent polynomials P
s|L,free
k (x) ∈ Q[x± 1

2 ].

Remark 1.8. By “the associated random walk on the arcs of K,” we mean the
Markov chain whose nodes are the internal arcs of K (minus the local maxima and
minima) and whose “transition probabilities” are given by the parameter αc, βc, or

γc at each crossing c, depending on the type of jump6, and q±
1
2 when going through

a local maximum or minimum.7 See Example 1.9 for an explicit example.

Proof of Lemma 1.7. Similarly to [16], the main idea is to make use of the
fact that the free state sum can be interpreted in terms of random walks of free
bosons. Once a state is fixed, we think of each arc a of K with spin s(a) as being
occupied by s(a) bosons.8 For each, say positive, crossing with the spins on the
four neighboring arcs i, j, i′, j′ as usual, exactly i − j′ out of the i bosons from
the bottom left arc must jump to the top left arc, but the state itself doesn’t
specify which bosons jump; we call the information specifying that the jumping
datum. Note, there are

(
i
j′

)
such choices, so we can drop the binomial factors in the

6αc for the under-strand, βc for the over-strand, and γc for the jump from over to under.
7q−

1
2 when going clockwise and q

1
2 when going anti-clockwise.

8We use the term “boson” just to indicate that the same arc can be occupied by multiple
bosons. Another model, which counts simple multi-cycle-paths with sign (see Section 2.2) will be
called a random walk of “fermions.”
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parametrized R-matrices and instead sum over states together with a decoration by
the jumping data.

A convenient way to visualize a jumping datum is to use what we will call the
“highway-and-cars diagram,” as shown in Figure 2, which is a decoration of the
highway diagram (as in [19]) by the trajectories of the cars (i.e. bosons) on the
highway. That is, each arc a with spin s(a) is represented by a highway with s(a)
lanes, each of which is occupied with a car, and the trajectories of the cars can
cross only when they are approaching an interchange to move from an over-strand
to an under-strand. Which cars stay on the over-strand and which cars go down to
an under-strand determine the jumping datum.

Once we have a highway-and-cars diagram, we have trajectories of the cars.
Some of them will be cycles (i.e. closed loops), while others are paths with distinct
endpoints; the sources (resp. sinks) of those paths must be where some spins jump
from L to K (resp. from K to L). The number of paths among those trajectories is
exactly δ, the total interaction between K and L (= total jump of spins from L to
K = total jump of spins from K to L). We call an unordered tuple of such cycles
and paths a multi-cycle-path, and call it primitive if all the cycles appearing in the
tuple are primitive, in the sense that it is not a power of any shorter cycle.

Any multi-cycle-path coming from a highway-and-cars diagram must be prim-
itive, since the trajectories of the cars can only cross when their routes diverge
from each other. On the other hand, given any primitive multi-cycle-path, we can
construct the corresponding highway-and-cars diagram: for each arc a, the set of
all occurrences9 of a in a given primitive multi-cycle-path is totally ordered, by
tracing back to the most recent crossing where they merged. It follows that there
is a one-to-one correspondence between

(1) the states on K decorated by jumping data and
(2) primitive multi-cycle-paths with the prescribed sources and sinks deter-

mined by the state on L which we have fixed in the background.

Note that, up to a common overall factor of order O(ℏ0), the weight is multi-
plicative with respect to superposition, so that the weight of a primitive multi-cycle-
path is the product of the weights of the individual primitive cycles and paths; this
is why we call the state sum defined by parametrized R-matrices “free.” We can
then factorize the primitive multi-cycle part out, which gives a factor of 1

det(I−B) .

The sum over paths gives a finite sum of products of δ terms like

(I + B + B2 + · · · )a,a′ = (I − B)−1
a,a′ =

adj(I − B)a,a′

det(I − B)
,

where adj denotes the adjugate, and a, a′ are arcs at the start and end points of
the path. It follows that the free state sum is a rational function with denominator

det(I − B)1+δ
, as desired. □

Example 1.9. Let us illustrate this through a concrete example. Consider the
tangle diagram of K ⊔ L depicted in the left-hand side of Figure 3, with a fixed
state s|L on L. The corresponding Markov chain, along with the sources and sinks,
is drawn on the right-hand side. Let B be the transition matrix of this Markov

9The same arc may be used multiple times in a given cycle or a path, so by “occurrence”, we
are counting all of them.
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0

0

a1

a2
a3

a4
a5

a6

a7
a8

a9
a10

a11

c1

c2

c3

c4 c5

c6c7

s1
s2

s3
s4

⇝

a1

a2

a3

a4

a5

a6

a7

a8

a9

a10

a11

s1 − s2 s2 − s3

s4 − s3s1 − s4

αc5

αc2

βc7

βc3

q−
1
2

q−
1
2

αc1

αc4

βc2

γc2

βc6

Figure 3. Random walk (Markov chain) example; a1, · · · , a11 la-
bel the internal arcs of K minus the local maxima and minima,
c1, · · · , c7 label the crossings, and s1, · · · , s4 denote the spins on
arcs of L.

chain; explicitly,

B =



0 αc5 0 0 0 0 0 0 0 0 0
0 0 αc2 0 0 0 0 0 0 0 0
0 0 0 βc7 0 0 0 0 0 0 0
0 0 0 0 βc3 0 0 0 0 0 0

0 0 0 0 0 q−
1
2 0 0 0 0 0

0 0 0 0 0 0 q−
1
2 0 0 0 0

0 0 0 0 0 0 0 αc1 0 0 0
0 0 0 0 0 0 0 0 αc4 0 0
0 0 γc2 0 0 0 0 0 0 βc2 0
0 0 0 0 0 0 0 0 0 0 βc6

0 0 0 0 0 0 0 0 0 0 0


.

The parameters eventually get specialized in the following way:

αc1 = αc2 = βc3 = x− 1
2 , γc2 = 1− x−1, αc4 = αc5 = βc6 = βc7 = q−

m
2 .

The free state sum is then the weighted count of primitive multi-cycle-paths with the
prescribed sources and sinks. Suppose the state on L is (s1, s2, s3, s4) = (2, 1, 0, 1)
for example. Then, there are 2 ways to connect the sources to sinks; either (a9 →
a10, a2 → a3) or (a9 → a3, a2 → a10). As a result, the total weighted count of
multi-cycle-paths in this example is

adj(I − B)a9,a10adj(I − B)a2,a3 + adj(I − B)a9,a3adj(I − B)a2,a10

det(I − B)3
.

2. From skeins to q-series

2.1. Brief review of inverted state sum. Here we briefly recall how the
BPS q-series are defined for complements of “nice” knots, using the inverted state
sum [19, 20]. An inversion datum on a diagram of K is an assignment of signs
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(+ or −) on each arc, in such a way that the −-sign (and hence also the +-sign)
appears an even number of times at each crossing. An inversion datum determines
an inverted state sum: it is defined in the same way as the infinite state sum using
R-matrices for Verma modules that we saw in the previous section, except we sum
over negative (instead of non-negative) integer spins on the arcs labeled − by the
inversion datum, using the fact that the R-matrices naturally extend to all integer
spin indices.10 We call an inversion datum nice if the inverted state sum converges
as a Laurent series in x− 1

2 with coefficients in Laurent polynomials in q
1
4 , i.e., if

only finitely many states contribute to each x-degree. Likewise, we call a knot
diagram nice if it admits a nice inversion datum, and call the knot itself nice if it
admits a nice knot diagram. Many knots are known to be nice; for instance, any
homogeneous braid closure is nice, and all fibered knots with at most 12 crossings
are known to be nice [19, 17].

Theorem 2.1 ([19]). For any nice inversion datum on a diagram of K, the
ℏ-expansion of the associated inverted state sum agrees with the x−1-expansion of
the MMR expansion. In particular, the inverted state sum is an invariant of nice
knots (i.e., independent of the choice of the nice diagram).

For any nice knot K, we call the resulting invariant the BPS q-series of S3 \K
and denote it by ẐS3\K(x, q).11

2.2. Proof of Theorem B. By assumption, there is a nice diagram of K as
a long knot. Consider a (1, 1)-tangle diagram of K ⊔ L where the diagram of the
long knot K is nice, while the diagram of L can be arbitrary; see, e.g., Figure 1. We
can consider the inverted state sum on this diagram, with the associated inversion
datum on K. The inverted state sum still converges absolutely in Z[q± 1

4 ]((x− 1
2 ));12

the insertion of L does not affect the convergence of the inverted state sum at all,
as there are only finitely many possible spins on L.

To conclude the proof, it suffices to show that the ℏ-expansion of this series
agrees with that of the MMR expansion, since the MMR expansion is isotopy-
invariant and factors through the skein relations on L. The proof of that is com-
pletely analogous to the one given in the proof of [19, Thm. 1], which was for the
case when L is the empty link:

(1) The differential operators Dtotal
d remain the same, before and after inver-

sion; see Corollary A.4. Therefore it suffices to show that the free state
sum (as in Lemma 1.7) matches, before and after inversion.

(2) Recall, from the proof of Lemma 1.7, that the free state sum is a finite
sum of rational functions of the form∏

1≤i≤δ adj(I − B)ai,a′
i

det(I − B)1+δ
,

where B is the transition matrix of the random walk, and ai, a
′
i are some

arcs. A key observation is that, just like how det(I − B) can be interpreted

10There is also an overall sign (−1)s in the inverted state sum that is determined by the
inversion datum; see [19].

11The BPS q-series for knot complements are also often denoted by FK(x, q).
12Here, we are using power series in x−1, following the convention of [19]. One can turn this

into a power series in x using Weyl symmetry ẐS3\K(x, q) = −ẐS3\K(x−1, q).
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in terms of the random walk of fermions, i.e., as the signed sum of weights
of simple multi-cycles

det(I − B) =
∑
C
(−1)|C|wt(C),

there is an analogous interpretation for the cofactors adj(I − B)a,a′ .

Lemma 2.2.

adj(I − B)a,a′ =
∑
(C,P )

(−1)|C|wt(C, P ),

where the sum is over all simple (a → a′)-multi-cycle-paths (C, P ).13

Proof. From the definition of a cofactor, we have

adj(I − B)a,a′ =
∑

σ∈SAK

σ(a′)=a

sgn(σ)
∏
b̸=a′

(I − B)b,σ(b).

The cycle decomposition of σ contains a unique cycle

a′ 7→ a 7→ σ(a) 7→ σ2(a) 7→ · · · 7→ a′

containing a and a′, which we view as a simple path P from a to a′. The
set of all the remaining non-trivial cycles forms a simple multi-cycle C
disjoint from P . Rewriting the sum in terms of simple (a → a′)-multi-
cycle-paths, we conclude∑

σ∈SAK

σ(a′)=a

sgn(σ)
∏
b̸=a′

(I − B)b,σ(b)

=
∑
(C,P )

(∏
C∈C

(−1)l(C)−1 · (−1)l(P )

)
·

(∏
C∈C

(−1)l(C) · (−1)l(P ) · wt(C, P )

)

=
∑
(C,P )

(−1)|C|wt(C, P ).

□

It was shown in [19] (see, especially [19, Fig. 8]) that there is a
bijection between the simple multi-cycles before and after inversion; the
bijection simply swaps the set of used arcs and unused arcs within the
set of inverted arcs. The same bijection can be extended to a bijection
between simple multi-cycle-paths before and after inversion. Moreover,
just as in the proof of [19, Thm. 1], it can be easily checked that the
bijection preserves the weights up to an overall monomial, which cancels
the overall monomial prefactor (see, e.g. the numerator of [19, eqn. 8]).
It follows that the free state sum matches before and after inversion.

□

13That is, P is a simple path from a to a′ and does not share any arcs with the simple
multicycle C.
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2.3. Boundary action. It is worth noting how the boundary action of the
skein algebra SkAlgSL2

q (T 2) on SkSL2
q (S3\K) affects the corresponding BPS q-series.

Let x̂
1
2 and ŷ be operators acting Z[q± 1

4 ]-linearly on Z[q± 1
4 ]((x

1
2 )) by

x̂
1
2 : xu 7→ xu+ 1

2 ,

ŷ : xu 7→ quxu.

By a local calculation, one can see that the meridian (colored by V2) acts by x̂
1
2 +

x̂− 1
2 , while the longitude (colored by V2) acts by ŷ + ŷ−1, since

V2 ⊗ V∞(x) ∼= V∞(qx)⊕ V∞(q−1x).

It follows that the boundary action of SkAlgSL2
q (T 2) on SkSL2

q (S3 \ K), under Ẑ,
factors through the embedding of Frohman-Gelca [5]

SkAlgSL2
q (T 2) ↪→ Z[q±

1
4 ]⟨x̂± 1

2 , ŷ±1⟩

of the skein algebra of T 2 into the quantum torus.

2.4. Examples.

Example 2.3 (Unknot). Let ẐS3\01,Wn
(x, q) denote the two-variable series

associated to the complement of the unknot, with an insertion of the Wilson line

defectWn along the meridian, colored by Vn. Let us use the symbol χm := x
m
2 −x−m

2

x
1
2 −x− 1

2

to simplify notation. Then,

ẐS3\01,Wn
(x, q)

x
1
2 − x− 1

2

= χn.

In general, for any knot K, if ẐS3\K,Wn
(x, q) denotes the two-variable series asso-

ciated to the complement of K, with an insertion of the Wilson line colored by Vn

along the meridian, then we have

ẐS3\K,Wn
(x, q) = χn · ẐS3\K(x, q).

Note that

χ2 · χn = χn−1 + χn+1

for any n ≥ 2, which is nothing but the character formula for the fusion of two
Wilson lines along the meridian.

Let Rχ denote the unital commutative Z[q± 1
4 ]-algebra spanned by {χn}n≥1, i.e.,

the ring of characters of sl2. Also, let the two-variable series module Vx,q(S
3 \K)

be the image of the skein module SkSL2
q (S3 \K) under Ẑ, normalized by x

1
2 −x− 1

2 :

Vx,q(S
3 \K) :=

1

x
1
2 − x− 1

2

Im
(
Ẑ : SkSL2

q (S3 \K) → Z[q±
1
4 ]((x

1
2 ))
)
.

Then, the above discussion implies that, Vx,q(S
3\K) is naturally a module over Rχ.

Clearly, the two-variable series module for the unknot complement is the rank-1 free
Rχ-module spanned by 1:

Vx,q(S
3 \ 01) = Rχ{1}.
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Wn

3r
1

Figure 4. The trefoil knot with Wilson line defect Wn

Example 2.4 (Trefoil knot). Let ẐS3\3r
1,Wn

(x, q) denote the two-variable series
associated to the complement of the right-handed trefoil knot, with an insertion of
the Wilson line defect Wn colored by Vn that goes around the braid σ3

1 ; see Figure
4. Then, we have

ẐS3\3r
1,W1

(x, q) = ẐS3\3r
1
(x, q)

= −qx
1
2 + q2x

5
2 + q3x

7
2 − q6x

11
2 − q8x

13
2 + q13x

17
2 + q16x

19
2 +O(x

21
2 ),

ẐS3\3r
1,W2

(x, q)

= −q
1
2x− 1

2 + q
3
2x

5
2 + q

5
2x

7
2 − q

11
2 x

11
2 − q

15
2 x

13
2 + q

25
2 x

17
2 + q

31
2 x

19
2 +O(x

21
2 )

= q
1
2 (x

1
2 − x− 1

2 ) + q−
1
2 ẐS3\3r

1
(x, q),

ẐS3\3r
1,W3

(x, q) = x
3
2 − x− 3

2 ,

ẐS3\3r
1,W4

(x, q)

= −q−
1
2x− 5

2 + q−
3
2x

1
2 − q

1
2x

7
2 + q

7
2x

11
2 + q

11
2 x

13
2 − q

21
2 x

17
2 − q

27
2 x

19
2 +O(x

21
2 )

= q−
1
2 (x

5
2 − x− 5

2 )− q−
5
2 ẐS3\3r

1
(x, q),

ẐS3\3r
1,W5

(x, q)

= −q−1x− 7
2 + q−3x− 1

2 − q−2x
5
2 + q2x

11
2 + q4x

13
2 − q9x

17
2 − q12x

19
2 +O(x

21
2 )

= −q−3(x
1
2 − x− 1

2 ) + q−1(x
7
2 − x− 7

2 )− q−4ẐS3\3r
1
(x, q),

and so on. That is,

ẐS3\3r
1,W1

(x, q)

x
1
2 − x− 1

2

=
ẐS3\3r

1
(x, q)

x
1
2 − x− 1

2

,

q
1
2
ẐS3\3r

1,W2
(x, q)

x
1
2 − x− 1

2

= qχ1 +
ẐS3\3r

1
(x, q)

x
1
2 − x− 1

2

,

q
ẐS3\3r

1,W3
(x, q)

x
1
2 − x− 1

2

= qχ3,
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Wn

41

Figure 5. The figure-eight knot with Wilson line defect Wn

−q
5
2
ẐS3\3r

1,W4
(x, q)

x
1
2 − x− 1

2

= −q2χ5 +
ẐS3\3r

1
(x, q)

x
1
2 − x− 1

2

,

−q4
ẐS3\3r

1,W5
(x, q)

x
1
2 − x− 1

2

= qχ1 − q3χ7 +
ẐS3\3r

1
(x, q)

x
1
2 − x− 1

2

,

−q
11
2
ẐS3\3r

1,W6
(x, q)

x
1
2 − x− 1

2

= qχ3 − q4χ9,

q8
ẐS3\3r

1,W7
(x, q)

x
1
2 − x− 1

2

= −q2χ5 + q6χ11 +
ẐS3\3r

1
(x, q)

x
1
2 − x− 1

2

,

q
21
2
ẐS3\3r

1,W8
(x, q)

x
1
2 − x− 1

2

= qχ1 − q3χ7 + q8χ13 +
ẐS3\3r

1
(x, q)

x
1
2 − x− 1

2

,

q
26
2
ẐS3\3r

1,W9
(x, q)

x
1
2 − x− 1

2

= qχ3 − q4χ9 + q10χ15.

Curiously, ẐS3\3r
1,W3n

(x, q) all seem to be Laurent polynomials.
The above computation seems to suggest that the two-variable series module

Vx,q(S
3 \3r

1), as an Rχ-module, is spanned by 1 and
ẐS3\3r

1
(x,q)

x
1
2 −x− 1

2
; in fact, free of rank

2, which is consistent with an old result of [2] on skein modules of complements of
twist knots:

Vx,q(S
3 \ 3r

1) = Rχ

{
1,

ẐS3\3r
1
(x, q)

x
1
2 − x− 1

2

}
.

Note, 2 is exactly the number of branches of the A-polynomial of 3r
1.

Example 2.5 (Figure-eight knot). From the result of [2] on skein modules of
complements of twist knots, Vx,q(S

3\41) must be a free Rχ-module of rank 3, which
we study below. Note, 3 is precisely the number of branches of the A-polynomial
of 41.
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Let ẐS3\41,Wn
(x, q) denote the two-variable series associated to the complement

of the figure-eight knot, with an insertion of the Wilson line on the “knot y” in [2]
colored by Vn; see Figure 5. Then,

ẐS3\41,W1
(x, q) = ẐS3\41

(x, q)

= x
1
2

+ 2x
3
2

+ (q−1 + 3 + q)x
5
2

+ (2q−2 + 2q−1 + 5 + 2q + 2q2)x
7
2

+ (q−4 + 3q−3 + 4q−2 + 5q−1 + 8 + 5q + 4q2 + 3q3 + q4)x
9
2

+O(x
11
2 ),

ẐS3\41,W2
(x, q)

= 2q
1
2x

1
2

+ q
1
2 (3 + q)x

3
2

+ q
1
2 (q−1 + 5 + 2q + 2q2)x

5
2

+ q
1
2 (2q−2 + 3q−1 + 8 + 5q + 4q2 + 3q3 + q4)x

7
2

+ q
1
2 (q−4 + 3q−3 + 6q−2 + 7q−1 + 14 + 10q + 10q2 + 7q3 + 6q4 + 2q5 + 2q6)x

9
2

+O(x
11
2 ),

ẐS3\41,W3
(x, q)

= q(2 + q)x
1
2

+ q(2 + 2q + 2q2)x
3
2

+ q(3 + 4q + 4q2 + 3q3 + q4)x
5
2

+ q(q−1 + 6 + 7q + 8q2 + 7q3 + 6q4 + 2q5 + 2q6)x
7
2

+ q(2q−2 + 5q−1 + 11 + 14q + 15q2 + 15q3 + 14q4 + 11q5 + 7q6 + 4q7 + 3q8 + q9)x
9
2

+O(x
11
2 ).

The two-variable series module Vx,q(S
3 \ 41) must be the free Rχ-module spanned

by these three two-variable series, divided by x
1
2 − x− 1

2 .
We observe the following relations among these two-variable series:14

χ3ẐS3\41
(x, q) = q−

1
2 ẐS3\41,W2

(x, q) + q
1
2 ẐS3\41,W2

(x, q−1),

− q−1ẐS3\41,W3
(x, q) + q−

1
2χ3ẐS3\41,W2

(x, q)

= ẐS3\41
(x, q) + (q−

1
2 ẐS3\41,W2

(x, q) + q
1
2 ẐS3\41,W2

(x, q−1)− 2).

14Recall that 41 is amphichiral, so the mirror of 41 is itself, while the defect W will map to

a different defect. The ẐS3\41,W2
(x, q−1) below is really the BPS q-series for the insertion of this

mirror defect.
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Therefore, a basis for Vx,q(S
3 \ 41), as a free Rχ-module of rank 3, can be taken to

be 1,
ẐS3\41

(x,q)

x
1
2 −x− 1

2
, and

ẐS3\41,W2
(x,q)

x
1
2 −x− 1

2
:

Vx,q(S
3 \ 41) = Rχ

{
1,

ẐS3\41
(x, q)

x
1
2 − x− 1

2

,
ẐS3\41,W2

(x, q)

x
1
2 − x− 1

2

}
.

It turns out that the two-variable series above have simple expressions in terms
of inverted Habiro series [19]:

ẐS3\41
(x, q)

x
1
2 − x− 1

2

= −
∑
n≥0

1∏
0≤j≤n(x+ x−1 − qj − q−j)

,

ẐS3\41,W2
(x, q)

x
1
2 − x− 1

2

= −
∑
n≥0

q
1
2 (1 + qn)∏

0≤j≤n(x+ x−1 − qj − q−j)
,

ẐS3\41,W3
(x, q)

x
1
2 − x− 1

2

= −
∑
n≥0

qn+1(1 + q + qn)∏
0≤j≤n(x+ x−1 − qj − q−j)

.

Hence, another way to describe Vx,q(S
3\41) is that it is spanned by three sequences

of inverted Habiro coefficients, given by {1}n≥0, {qn}n≥0, and {q2n}n≥0.

The appearance of 1 in the two-variable series modules in all three examples
discussed above naturally leads to the following question:

Question 2.6. Is 1 always in the two-variable series module Vx,q(S
3 \K)? In

other words, is there always an element W ∈ SkSL2
q (S3 \ K) of the skein module

such that the colored Jones polynomial 1
[n]J(K,n),W (q) is always 1?

3. Surgery

In this section, we show how to perform surgery to get an analogous map from
the skein module of a closed 3-manifold – which is a finite-dimensional Q(q

1
4 )-vector

space [13] – to some vector space of q-series.

3.1. Twisted spinc structures. Before getting into the proof, let us first de-
fine twisted spinc structures that appear in the statement of Theorem C. Recall that
isomorphism classes of principal SO(3)-bundles over a 3-manifold Y are classified
by their w2 ∈ H2(Y ;Z/2). For any α ∈ H1(Y ;Z/2), one way to construct a prin-
cipal SO(3)-bundle P over Y with w2(P ) = PD(α) is by twisting the SO(3)-frame
bundle Fr in a tubular neighborhood of a 1-cycle Cα ⊂ Y representing α, in such
a way that the clutching map along the meridians of Cα represents the generator
of π1(SO(3)) ∼= Z/2. Let us denote the resulting SO(3)-bundle by Fr(Cα).

Definition 3.1. A Cα-twisted spinc structure on Y is a lift of Fr(Cα) to a
principal Spinc(3)-bundle.

Clearly, when Cα = 0, this is nothing but an ordinary spinc structure. We
denote the set of Cα-twisted spinc structures on Y by Spinc(Y,Cα). Just like the
usual spinc structures, Spinc(Y,Cα) is an H2(Y ;Z) ∼= H1(Y ;Z)-torsor. If C ′

α ⊂ Y
is another 1-cycle representing the same class α ∈ H1(Y ;Z/2), then any 2-chain
D ⊂ Y with ∂D = Cα − C ′

α induces an isomorphism of H1(Y ;Z)-torsors
ΦD : Spinc(Y,Cα) ∼= Spinc(Y,C ′

α),



22 SUNGHYUK PARK

which is compatible with composition of 2-chains. If D1 and D2 are both 2-chains
from Cα to C ′

α, then [D1 −D2] ∈ H2(Y ;Z/2), and

ΦD1
− ΦD2

= β([D1 −D2]),

where β : H2(Y ;Z/2) → H1(Y ;Z) is the Bockstein. We will sometimes simply
write Spinc(Y, α) to mean Spinc(Y,Cα) for some choice of Cα, and call its ele-
ments α-twisted spinc structures. From the discussion above, without choosing Cα,
Spinc(Y, α) is canonically defined only up to gauge transformation (i.e., translation
by elements of order 2 in H1(Y ;Z)).

See Appendix C for the analogous story for an arbitrary semisimple gauge
group G.

Remark 3.2. There is a useful characterization of Spinc(Y, α) when Y is pre-
sented as a surgery on a framed link L = L1 ⊔ · · · ⊔ Ls ⊂ S3 with linking matrix
M . Recall from [11, Sec. 4.2] that

Spinc(Y ) ∼=
m+ 2Zs

2MZs
∼=

δ + 2Zs

2MZs
,

where m is the framing vector (mi = Mii), and δ is the degree vector (δi =∑
j ̸=i Mij). The first isomorphism can be seen by considering the 4-manifold

W with ∂W = Y given by the surgery trace: The restriction map Spinc(W ) →
Spinc(Y ) is surjective, while the map Spinc(W )

c1→ H2(W ;Z) ∼= Zs given by the
first Chern class is injective, with the image consisting exactly of vectors whose
mod-2 reduction match with w2(TW ); i.e., the characteristic vectors m + 2Zs ⊂
Zs ∼= H2(W ;Z). The second isomorphism is given by adding Mu = m + δ, where
u = (1, · · · , 1).

We can describe Spinc(Y, α) in a similar way. Given a 1-cycle Cα ⊂ S3 \L ⊂ Y
representing α ∈ H1(Y ;Z/2), we can choose a relative 2-cycle Dη ⊂ W by capping
Cα off using meridional disks, representing a class in η ∈ H2(W,Y ;Z/2) with ∂η =
α. Then, if Σi ∈ H2(W ;Z) is the capped core of the i-th 2-handle,

PD(η)(Σi) = Σi · η = lk(Cα, Li) mod 2.

Let Pη be the (isomorphism class of) SO(4)-bundle over W which is identified with
the usual frame bundle outside a tubular neighborhood of Dη but glued across Dη

in such a way that the clutching map along the meridians of Dη represents the
generator of π1(SO(4)) ∼= Z/2. Then,

w2(Pη) = w2(TW ) + PD(η).

Let Spinc(W, η) be the set of (isomorphism classes of) lifts of Pη to a Spinc(4)
bundle. Then, the restriction map Spinc(W, η) → Spinc(Y, α) is surjective, while

the first Chern class map Spinc(W, η)
c1→ H2(W ;Z) ∼= Zs is injective, with the image

consisting exactly of vectors whose mod-2 reduction match with w2(TW )+PD(η).
It follows that

Spinc(Y, α) ∼=
t(Cα) +m+ 2Zs

2MZs
∼=

t(Cα) + δ + 2Zs

2MZs
,

where t(Cα) is the vector with t(Cα)i := lk(Cα, Li) mod 2.
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3.2. Proof of Theorem C. We need to show that, if L′ ⊂ S3 \K is obtained
from L ⊂ S3 \ K by handle-sliding a component of L over K thought of as a
p-framed knot, then

L(p)
[
(x

1
2 − x− 1

2 )ẐS3\K,L(x, q)
]
= L(p)

[
(x

1
2 − x− 1

2 )ẐS3\K,L′(x, q)
]
.

Here, L(p) is the p-surgery Laplace transform, which is a Z[q± 1
4 ]-linear map defined

on each monomial in x by

L(p) : xu 7→ qdq−
1
pu

2

,

where d ∈ Q is determined by p and is independent of u; see Appendix B. It suffices
to consider the case when the defect L is colored by V2.

A choice of an α-twisted spinc structure s ∈ Spinc(S3
p(K), α) ∼= (α+Z)/pZ (with

α = 0 if p is odd, and α ∈ 1
2Z/Z if p is even) simply corresponds to restricting to

monomials xu corresponding to a fixed congruence class s = u (mod p), and hence
we suppress s from the notation in this discussion.

Firstly, note that we have the following identity:

Lemma 3.3. For any u ∈ 1
2Z and ϵ ∈ {±},

L(p)
[
(x

1
2 − x− 1

2 ) · (q ϵ
2 x̂

1
2 − q−

ϵ
2 x̂− 1

2 )ŷϵ xu
]

(3.1)

= L(p)
[
(x

1
2 − x− 1

2 ) · (q− ϵ
2 x̂

1
2 − q

ϵ
2 x̂− 1

2 )(q
1
4 x̂− ϵ

2 )pxu
]
.

Proof. Straightforward calculation. □

It follows that, using the fusion rules reviewed in Appendix D, we have

V∞(x)

V∞(x)

(D.1)
=

∑
ϵ∈{±}

−(q
ϵ
2x

1
2 − q−

ϵ
2x− 1

2 )

V∞(x)

V∞(x)

V∞(qϵx)

=
∑

ϵ∈{±}

−(q
ϵ
2x

1
2 − q−

ϵ
2x− 1

2 )ŷϵ

V∞(q−ϵx)

V∞(q−ϵx)

V∞(x)

(3.1)∼=p

∑
ϵ∈{±}

−(q−
ϵ
2x

1
2 − q

ϵ
2x− 1

2 )(q
1
4x− ϵ

2 )p

V∞(q−ϵx)

V∞(q−ϵx)

V∞(x)
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(D.2)
=

∑
ϵ∈{±}

−(q−
ϵ
2x

1
2 − q

ϵ
2x− 1

2 )

V∞(q−ϵx)

V∞(q−ϵx)

V∞(x)

p full twists

(D.1)
= V∞(x)

p full twists

,

where ∼=p means the two sides are equal once we apply the p-surgery formula. In
the last equality, we are first sliding the top trivalent junction along K – using
(D.3), see also Remark D.1 – until it is just below the bottom trivalent junction
and then using (D.1) to detach L′ from K. Therefore, our map is invariant under
handle slide. □

Remark 3.4. It should be possible to extend this argument to rational surgery
by analyzing the fusion rules for torus braids. Moreover, one can likely adapt this

proof to show well-definedness – i.e., invariance under handle slides – of Ẑ of closed
3-manifolds presented by surgery on a framed link, assuming convergence of the
q-series. We plan to investigate this in future work.

Remark 3.5. In case of integer homology spheres, our map Ẑ can be thought
of as the q-series analog of a recently constructed map [8] from the skein module
to the Habiro ring (i.e., functions defined near roots of unity). We expect that our
map provides an analytic continuation of their map in an appropriate sense.

3.3. Rχ-module structure vs surgery. We have previously seen in Section
2.4 that the two-variable series modules Vx,q(S

3 \ K) are naturally modules over
Rχ, with the module structure given by an insertion of a Wilson line along the
meridian. Here, we briefly discuss how the Rχ-module structure interacts with the
Laplace transform, focusing on the −1-surgery, as it will be used in the examples
below.

Recall from [20, Prop. 4.1.5] that the −1-surgery Laplace transform acts on
each inverted Habiro factors by(

1∏
1≤j≤n(x+ x−1 − qj − q−j)

)∣∣∣∣
xu 7→qu2

=
qn

2

(qn+1; q)n
,

where (· · · )|xu 7→qu2 in the left-hand side means to first expand (· · · ) into a power

series in x and then to replace each monomial xu by qu
2

. It turns out, there are
similar identities even when the inverted Habiro factor is multiplied by an element
of Rχ:

Lemma 3.6. There are polynomials Pχ
m(t) ∈ Z[q± 1

4 ][t] of degree m−1 such that(
χm∏

1≤j≤n(x+ x−1 − qj − q−j)

)∣∣∣∣
xu 7→qu2

=
qn

2

(qn+1; q)n
Pχ
m(q−n).
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In particular,(
χm∏

1≤j≤n(x+ x−1 − qj − q−j)

)∣∣∣∣
xu 7→qu2

∈ Z[q±
1
4 ]

{
qn

2−λn

(qn+1; q)n

∣∣∣∣ 0 ≤ λ ≤ m− 1

}
,

with the coefficients in Z[q± 1
4 ] independent from n.

Proof. For m = 1, this is [20, Prop. 4.1.5], and for m = 2, this is [3, Lem. 1].
For general m, it suffices to observe that there is a recurrence relation for Pχ

m(t).
That is, if we set Hn := 1∏

1≤j≤n(x+x−1−qj−q−j) , we have

(χm+2 + χm−2)Hn = (x+ x−1)χmHn = (qn + q−n)χmHn + χmHn−1,

and thus

Pχ
m+2(t) + Pχ

m−2(t) = (t+ t−1)Pχ
m(t) + (qt2 − 1)(1 + t−1)Pχ

m(qt).

Note, the right-hand side of the recurrence is a polynomial in t, since the terms of
O(t−1) cancel out. □

Explicitly, for the first few values of m,

Pχ
1 (t) = 1,

Pχ
2 (t) = q

12

4 (1 + t),

Pχ
3 (t) = q

22

4 ((1 + q−1)t+ t2),

Pχ
4 (t) = q

32

4 (−q−1 + q−2t+ (1 + q−1 + q−2)t2 + t3),

Pχ
5 (t) = q

42

4 (−q−2 − (q−1 + q−2)t+ (q−2 + q−3 + q−4)t2

+ (1 + q−1 + q−2 + q−3)t3 + t4).

Given a sequence of inverted Habiro coefficients {a−1−n(q)}n≥0, the new sequence
formed by {qλna−1−n(q)}n≥0 for some λ ∈ Z is sometimes called a descendant of
the original sequence. Hence, the observation above may be rephrased as: the
Rχ-action generates the descendant q-series.

3.4. Examples. For Y = S3
p(K) and a choice of α ∈ H1(Y ;Z/2) and an

α-twisted spinc structure s ∈ Spinc(Y, α), let the q-series module Vq(Y )s be the

image of the skein module SkSL2
q (Y )α under Ẑs. After tensoring with Q(q

1
4 ), this

is always a finite-dimensional Q(q
1
4 )-vector space. In the examples below, we will

consider integer homology spheres and omit s from the notation since there is a
unique choice.

Example 3.7 (−1-surgery on 3l
1). Let Y = S3

−1(3
l
1) = Σ(2, 3, 5), the Poincaré

homology sphere. It has 3 SL2(C)-flat connections (all of which are SU(2)-flat
connections), and in fact

dim
Q(q

1
4 )

SkSL2
q (Σ(2, 3, 5)) = 3,

see, e.g., [4]. The left-handed trefoil is the mirror of the right-handed one, so
its two-variable series module can be obtained from that of the right-handed one
(Example 2.4) by replacing q by q−1:

Vx,q(S
3 \ 3l

1) = Rχ

{
1,

ẐS3\3l
1
(x, q)

x
1
2 − x− 1

2

}
.
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Multiplying them by (x
1
2 − x− 1

2 )2 and applying the −1-surgery Laplace transform,
together with Lemma 3.6, we have

Vq(Σ(2, 3, 5)) = Z[q±
1
4 ]

2(1− q), χλ
0 (q

−1) :=
∑
n≥0

(−1)nq
n(3n−1)

2 +λn

(qn+1; q)n

∣∣∣∣ λ ≤ 0

 ,

where χλ
0 (q

−1) are the descendants of the mirror (q ↔ q−1) of the order 5 mock
theta function χ0(q). Let x̂ (resp., ŷ) be an operator acting on the descendants by
multiplication by qλ (resp., by shifting λ to λ+ 1), so that ŷx̂ = qx̂ŷ. Then, these
descendants satisfy the following degree 3 inhomogeneous q-difference equation

−q
(
(1 + ŷ)(1− q−1ŷ2) + qx̂ŷ3

)
χλ
0 (q

−1) = 2(1− q),

and the corresponding degree 4 homogeneous q-difference equation(
1− (1 + q−1)ŷ2 + qx̂ŷ3 + (q−1 − q2x̂)ŷ4

)
χλ
0 (q

−1) = 0

obtained by acting by (1 − ŷ) on both sides. Note that, when λ = −3, the above
equation reduces to the following degree 3 linear relation:

χ−3
0 (q−1)− (1 + q−1)χ−1

0 (q−1) + q−2χ0
0(q

−1) = 0.

It follows that

Vq(Σ(2, 3, 5)) = Z[q±
1
4 ]

{
χλ
0 (q

−1)

∣∣∣∣ λ ≤ 0

}
= Z[q±

1
4 ]
{
χλ0
0 (q−1), χλ0−1

0 (q−1), χλ0−2
0 (q−1)

}
for any λ0 ≤ 0, consistent with the fact that

dim
Q(q

1
4 )

Vq(Σ(2, 3, 5)) ≤ dim
Q(q

1
4 )

SkSL2
q (Σ(2, 3, 5)) = 3.

Example 3.8 (−1-surgery on 3r
1). Let Y = S3

−1(3
r
1) = Σ(2, 3, 7). It has 4

SL2(C)-flat connections (with 3 of them being SU(2)-flat connections and the re-
maining one being complex), and in fact

dim
Q(q

1
4 )

SkSL2
q (Σ(2, 3, 7)) = 4,

see, e.g., [4]. Applying the −1-surgery Laplace transform to Vx,q(S
3 \3r

1) (Example
2.4), we have

Vq(Σ(2, 3, 7)) = Z[q±
1
4 ]

2(1− q), Fλ
0 (q

−1) :=
∑
n≥0

(−1)nq
n(n+1)

2 +λn

(qn+1; q)n

∣∣∣∣ λ ≤ 0

 ,

where Fλ
0 (q

−1) are the descendants of the mirror (q ↔ q−1) of the order 7 mock
theta function F0(q). They satisfy the following degree 3 inhomogeneous q-difference
equation

−q((1 + ŷ)(1− q−1ŷ2) + qx̂ŷ)Fλ
0 (q

−1) = 2(1− q),

and it follows that

Vq(Σ(2, 3, 7)) = Z[q±
1
4 ]

{
Fλ

0 (q
−1)

∣∣∣∣ λ ∈ Z
}

= Z[q±
1
4 ]
{
Fλ0

0 (q−1),Fλ0+1
0 (q−1),Fλ0+2

0 (q−1),Fλ0+3
0 (q−1)

}
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for any λ0 ∈ Z, consistent with the fact that

dim
Q(q

1
4 )

Vq(Σ(2, 3, 7)) ≤ dim
Q(q

1
4 )

SkSL2
q (Σ(2, 3, 7)) = 4.

Example 3.9 (−1-surgery on 41). Let Y = S3
−1(41) = −Σ(2, 3, 7), which is the

orientation reversal of Σ(2, 3, 7) studied in Example 3.8. Applying the −1-surgery
Laplace transform to Vx,q(S

3 \ 41) from Example 2.5, we have

Vq(−Σ(2, 3, 7)) = Z[q±
1
4 ]

2(1− q), Fλ
0 (q) :=

∑
n≥0

qn
2−λn

(qn+1; q)n

∣∣∣∣ λ ≥ −2

 .

Thanks to the degree 3 inhomogeneous q-difference equation

(3.2)
(
(1 + ŷ)(1− qŷ2)− q−1x̂−1ŷ

)
Fλ

0 (q) = 2(1− q),

it follows that

Vq(−Σ(2, 3, 7)) = Z[q±
1
4 ]

{
Fλ

0 (q)

∣∣∣∣ λ ∈ Z
}

= Z[q±
1
4 ]
{
Fλ0

0 (q),Fλ0+1
0 (q),Fλ0+2

0 (q),Fλ0+3
0 (q)

}
for any λ0 ∈ Z. As expected, this is the mirror (q ↔ q−1) of Vq(Σ(2, 3, 7)).

Analogously to Question 2.6, we ask the following:

Question 3.10. Is 1 always in Vq(Y ) (after tensoring with Q(q
1
4 ))?

4. Modularity and duality

In this section, we will show that the q-series module Vq(±Σ(2, 3, 7)) discussed
in the previous section extends to a matrix-valued holomorphic quantum modular
form. The first step is the factorization of an appropriate state integral [7, 6, 23],
which we review below.

4.1. From q-series to state integrals and back. Recall that the non-
compact quantum dilogarithm Φb(x) is defined as follows.

Definition 4.1.

Φb(x) := exp

(∫ +∞

−∞

e−2ixw

4 sinh(wb) sinh(wb−1)

dw

w

)
=

(e2π(x+cb)b; e(b2))∞
(e2π(x−cb)b−1 ; e(−b−2))∞

,

where cb := i
2 (b + b−1), and the first expression is valid for | Im(x)| < | Im(cb)|,

while the second expression is valid for Im(b2) > 0.

We also set

τ := b2, q := e2πiτ , q̃ := e2πi(−
1
τ ).

We would like to find state integrals15 realizing the holomorphic quantum mod-
ularity of the q-series module

Vq(−Σ(2, 3, 7)) = C(q
1
4 )

F−λ
0 (q) =

∑
n≥0

qn
2+λn

(qn+1; q)n

∣∣∣∣ λ ∈ Z

 .

15Integrals involving products and ratios of Φb and a Gaussian term are often called “state
integrals”.
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The idea is to start from the q-hypergeometric series, and replace qkn
2

by e2πi(−kx2)

(k = 1 in our case), and 1
(q;q)ln

by Φb(l(x − cb) + cb) (l = 1, 2 in our case). This

gives the following “homogeneous” state integral:16

Sλ,µ(τ) :=

∫
R+iϵ

Φb(2x− cb)

Φb(x)
e2πi(−x2−i(λb+µb−1)x)dx,

where we have also inserted an extra factor e2πi(−i(λb+µb−1)x) dependent on a pair
of integers λ, µ ∈ Z. This state integral can be computed by pushing the contour
to i∞, collecting the residues at the poles of Φb(2x− cb) that are not canceled by
the poles of Φb(x).

17 The poles are at

xm
2 ,n2

:= i(
m

2
+

1

2
)b+ i(

n

2
+

1

2
)b−1,

withm,n ≥ 0, not both even, and they are all simple. A straightforward calculation
shows

Sλ,µ(τ) =
∑

m,n≥0
not both m,n even

Resx=xm
2

, n
2

(
Φb(2x− cb)

Φb(x)
e2πi(−x2−i(λb+µb−1)x)

)

=
∑

m,n≥0
not both m,n even

Resx=0

(
Φb(2x+ 2xm

2 ,n2
− cb)

Φb(x+ xm
2 ,n2

)

× e
−2πi(x+xm

2
, n
2
)2+2πbλ(x+xm

2
, n
2
)+2πb−1µ(x+xm

2
, n
2
)
)

=
∑

m,n≥0
not both m,n even

Resx=0

(
1

1− e4πb−1x

× (qm+1e4πbx; q)∞
((−1)nq

m
2 +1e2πbx; q)∞

((−1)mq̃−
n
2 e2πb

−1x; q̃)∞
(q̃−1e4πb−1x; q̃−1)n(q̃e4πb

−1x; q̃)∞

× e−2πix2+2π((m+1+λ)b+(n+1+µ)b−1)x)

)
× (−1)(n+1)λ+(m+1)µ+(m+1)(n+1)q(

m+1
2 )2+m+1

2 λq̃−(n+1
2 )2−n+1

2 µ

= − b

4π

∑
m,n≥0

not both m,n even

(−1)(n+1)λq(
m+1

2 )2+m+1
2 λ (qm+1; q)∞

((−1)nq
m
2 +1; q)∞

× (−1)(m+1)µq̃−(n+1
2 )2−n+1

2 µ ((−1)mq̃−
n
2 ; q̃)∞

(q̃−1; q̃−1)n(q̃; q̃)∞
.

Separating the sum into parts with (m,n) mod 2 = (0, 1), (1, 0), and (1, 1) and
simplifying the infinite q-Pochhammer symbols using modularity η(−τ−1) =

√
−iτ η(τ)

of the η-function η(τ) = q
1
24 (q; q)∞ and similar properties of the η-quotients

(q; q)∞
(q̃; q̃)∞

=
q−

1
24 η(τ)

q̃−
1
24 η(− 1

τ )
= e

πi
4 q−

1
24 q̃

1
24 τ−

1
2 ,

16We thank Campbell Wheeler for correspondences and for suggesting these state integrals.
17This is possible because the contour integral along a big semicircle vanishes in the large

radius limit; the absolute value of the integrand is O(e−k|x|2 ), where k is (22 − 12)− 2(1) = 1 > 0
for arg x < π

2
and 0 + 2(1) = 2 > 0 for arg x > π

2
.
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(q̃
1
2 ; q̃)∞

(−q; q)∞
=

q̃
1
48 η(− 1

2τ )/η(−
1
τ )

q−
1
24 η(2τ)/η(τ)

=
√
2q

1
24 q̃

1
48 ,

(−q̃
1
2 ; q̃)∞

(−q
1
2 ; q)∞

=
q̃

1
48

η(− 1
τ )2

η(− 1
2τ )η(− 2

τ )

q
1
48

η(τ)2

η( τ
2 )η(2τ)

= q−
1
48 q̃

1
48 ,

we conclude that

Sλ,µ(τ) = −τ
1
2

4π

(
(−1)

1
4

√
2τ−

1
2 q̃

1
16Bµ(q̃

−1) Aλ(q)

+ (−1)
1
4

√
2τ−

1
2 Aµ(q̃

−1) q−
1
16Bλ(q)

+ τ−
1
2 q̃

1
16Cµ(q̃

−1) q−
1
16Cλ(q)

)
,

where

Aλ(q) :=
∑
m≥0

q(m+ 1
2 )

2+(m+ 1
2 )λ

(−q; q)m
(q; q)2m

,

Bλ(q) :=
∑
m≥0

(−1)λq(m+1)2+(m+1)λ (q
1
2 ; q)m+1

(q; q)2m+1
,

Cλ(q) :=
∑
m≥0

q(m+1)2+(m+1)λ (−q
1
2 ; q)m+1

(q; q)2m+1
.

Note, we haven’t gotten the q-series we wanted yet, since they should come from the
poles of Φb(2x− cb) at xm

2 ,n2
when both m and n are even, except that those poles

are canceled by those of Φb(x). Hence, to get the desired q-series, we need to add
extra poles by inserting the factor 1

1−e2πb−1(x−cb)
; this gives the “inhomogeneous”

state integral:18

mSλ,µ(τ) :=

∫
R+iϵ

1

1− e2πb−1(x−cb)

Φb(2x− cb)

Φb(x)
e2πi(−x2−i(λb+µb−1)x)dx.

That is, we are adding new simple poles at xm,0, m ∈ Z. Following the same
procedure as before, we have

mSλ,µ(τ) = −τ
1
2

4π

(
(−1)

1
4

√
2τ−

1
2 q̃

1
16mBµ(q̃

−1) Aλ(q)

+ (−1)
1
4

√
2τ−

1
2 mAµ(q̃

−1) q−
1
16Bλ(q)

+ τ−
1
2 q̃

1
16mCµ(q̃

−1) q−
1
16Cλ(q)

+ (−1)µ+1q̃−
1
4−

µ
2 Zλ(q)

)
,

where

Zλ(q) :=
∑
m≥0

(−1)λq(m+ 1
2 )

2+(m+ 1
2 )λ

(q; q)m
(q; q)2m

,

mAλ(q) :=
∑
m≥0

q(m+ 1
2 )

2+(m+ 1
2 )λ

1

1 + qm
(−q; q)m
(q; q)2m

,

18In the notation, m for “modified.”



30 SUNGHYUK PARK

mBλ(q) :=
∑
m≥0

(−1)λq(m+1)2+(m+1)λ 1

1− q
1
2+m

(q
1
2 ; q)m+1

(q; q)2m+1
,

mCλ(q) :=
∑
m≥0

q(m+1)2+(m+1)λ 1

1 + q
1
2+m

(−q
1
2 ; q)m+1

(q; q)2m+1
.

Note, Zλ(q) is the desired q-series F−(λ+1)
0 (q), up to sign and an overall q-power:

(4.1) Zλ(q) = q
1
4 (−q

1
2 )λF−(λ+1)

0 (q).

Our discussion so far can be summarized in the following proposition:

Proposition 4.2 (Factorization of state integrals). Define

Qλ(q) :=


1 0 0 0
0 1 0 0

0 0 q−
1
16 0

0 0 0 q−
1
16




1 Zλ(q) Zλ+1(q) Zλ+2(q)
0 Aλ(q) Aλ+1(q) Aλ+2(q)
0 Bλ(q) Bλ+1(q) Bλ+2(q)
0 Cλ(q) Cλ+1(q) Cλ+2(q)

,

and

Q∨
λ(q) :=


1 0 0 0
0 1 0 0

0 0 q−
1
16 0

0 0 0 q−
1
16




−q
1
4 (−q

1
2 )λ 0 0 0

mAλ(q) Aλ(q) Aλ+1(q) Aλ+2(q)
mBλ(q) Bλ(q) Bλ+1(q) Bλ+2(q)
mCλ(q) Cλ(q) Cλ+1(q) Cλ+2(q)

.

Then, we have

Q∨
µ(q̃

−1)T ·


1 0 0 0

0 0 (−1)
1
4

√
2τ−

1
2 0

0 (−1)
1
4

√
2τ−

1
2 0 0

0 0 0 (−1)
1
4 τ−

1
2

 ·Qλ(q)

= −4πτ−
1
2


−q̃−

1
4 (−q̃−

1
2 )µ mSλ,µ(τ) mSλ+1,µ(τ) mSλ+2,µ(τ)

0 Sλ,µ(τ) Sλ+1,µ(τ) Sλ+2,µ(τ)
0 Sλ,µ+1(τ) Sλ+1,µ+1(τ) Sλ+2,µ+1(τ)
0 Sλ,µ+2(τ) Sλ+1,µ+2(τ) Sλ+2,µ+2(τ)

.

In particular, the above product extends holomorphically from C\R to the cut plane
CS = C \ R≤0.

Remark 4.3. While the matrices Qλ(q) and Q∨
λ(q) depend on λ ∈ Z, their col-

umn spaces are independent of the exact value of λ, since they satisfy the following
recurrence relations:

Qλ+1(q) = Qλ(q) ·


1 0 0 2(1− q)q

1
4 (−q

1
2 )λ+3

0 0 0 −q
5
2

0 1 0 q2

0 0 1 q
1
2 (1 + qλ+3)

,

Q∨
λ+1(q) = Q∨

λ(q) ·


−q

1
2 0 0 0

q
1
2 0 0 −q

5
2

0 1 0 q2

0 0 1 q
1
2 (1 + qλ+3)

.
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Note, the column span of the top row of Qλ(q) is exactly the q-series module Vq(Y )
we are interested in. Also, the last column of the q-difference equation for Qλ(q)
above is exactly the inhomogeneous q-difference equation (3.2) for Fλ

0 (q), once we
replace all Z’s by F ’s using (4.1).

4.2. Holomorphic quantum modularity.

Proposition 4.4 (Semilinear pairing). We have the following semilinear pair-
ing19

Q∨
−2−λ(q

−1)T ·


−1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 1

 ·Q−2+λ(q)

=


−q

1
4 (−q

1
2 )λ+1 2(qλ + q2λ) 0 2q1+λ

0 2(qλ + q2λ) 2q
1
2+λ 2q1+λ

0 2q−
1
2+λ 2qλ 2q

1
2+λ

0 2q−1+λ 2q−
1
2+λ 2(qλ + q2λ)

 =: Pλ(q).

Theorem 4.5. Fix any λ ∈ Z. Then, Q(q) = Qλ(q) is a matrix-valued holo-
morphic quantum modular form, with the automorphy factor (i.e., a matrix-valued
SL2(Z)-cocycle) γ 7→ jγ(τ) generated by

jS(τ) :=


1 0 0 0

0 τ−
1
2 0 0

0 0 τ−
1
2 0

0 0 0 τ−
1
2




−1 0 0 0

0 0 (−1)
1
4√

2
0

0 (−1)
1
4

√
2 0 0

0 0 0 (−1)
1
4

,

jT (τ) :=


−1 0 0 0
0 −1 0 0

0 0 0 (−1)
3
8

0 0 (−1)
3
8 0

.

In other words, the cocycle

Ωγ(τ) := Q(q|γ)−1 · jγ(τ) ·Q(q),

extends holomorphically from C \ R to the cut plane Cγ .

Proof. It suffices to check this for the generators S, T ∈ SL2(Z). For T , this

is obvious because ΩT (τ) = (−1)λ+
1
2 Id. For S, the semilinear pairing (Proposition

4.4) and the factorization of state integrals (Proposition 4.2) imply that the cocycle

ΩS(τ) = Qλ(q̃)
−1 · jS(τ) ·Qλ(q)

= Pλ+2(q̃)
−1 ·Q∨

−4−λ(q̃
−1)T ·


−1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 1

 · jS(τ) ·Qλ(q)

= Pλ+2(q̃)
−1 ·Q∨

−4−λ(q̃
−1)T ·

19Such a pairing is often called a “quadratic relation” in the literature.
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×


1 0 0 0

0 0 (−1)
1
4

√
2τ−

1
2 0

0 (−1)
1
4

√
2τ−

1
2 0 0

0 0 0 (−1)
1
4 τ−

1
2

 ·Qλ(q)

extends holomorphically to the cut plane. □

4.3. Speculations on Langlands duality. We conclude with some specu-
lative remarks on interpretation of the matrix of q-series we have observed above,
and on Langlands duality for skein modules.

Remark 4.6. The columns of Q(q) and Q∨(q) are labeled by basis vectors of

SkSL2
q (Y ), while their rows are presumably labeled by SL2(C)-flat connections20

on Y , with the top row corresponding to the trivial flat connection. Thus, it is
tempting to interpret the matrices Q(q) and Q∨(q) as the partition functions (up
to suitable normalization) of the Kapustin-Witten theory on Y × [0,∞) and on
Y × (−∞, 0], with the boundary condition at 0 given by the Nahm pole boundary
specified by an element of the skein module, and the boundary condition at ±∞
given by the choice of flat connection. Considering the Kapustin-Witten partition
function on Y ×[0, 1], with the two boundary conditions specified by elements of the
skein module, it should give a semilinear21 pairing ⟨, ⟩ on the skein module. This
might be the origin of the semilinear pairing in Proposition 4.4, though it is not
clear why it should take values in Laurent polynomials, rather than power series.

Question 4.7. For an arbitrary 3-manifold Y (say, an integer homology sphere),
is there a naturally defined semilinear pairing

⟨, ⟩ : SkSL2
q (Y )× SkSL2

q (Y ) → Z[q±
1
4 ]?

Remark 4.8. In a similar vein, the rows and columns of the automorphy factor
jγ(τ) are presumably labeled by flat connections, while the rows and columns of
the cocycle Ωγ(τ) are labeled by basis vectors of Sk(Y ). Recall from [14, Conj.
4.2] that, when G is simply-laced and simply connected (so that Z(G)∨ ∼= Z(G)),
the Langlands duality for skein modules can be phrased as a transcendental iso-
morphism

SkGq (Y )a,b
S∼= SkGq̃ (Y )b,a,

where SkGq (Y )a,b denotes the a-graded component of the b-twisted G-skein module,
with a ∈ H1(Y ;Z(G)∨) and b ∈ H1(Y ;Z(G)). Even when Y is an integer homology
sphere, so that we can ignore the grading and twisting, the Langlands duality
predicts a non-trivial transcendental isomorphism

SkGq (Y )
S∼= SkGq̃ (Y ).

20Or, more generally, some equivariant version of sheaf-theoretic SL2(C)-Floer homology [1].
21That is, ⟨f(q)L1, g(q)L2⟩ = f(q)g(q−1)⟨L1, L2⟩ for any f(q), g(q) ∈ Z[q±

1
4 ] and L1, L2 ∈

SkSL2
q (Y ).



SKEINS, q-SERIES, AND MODULARITY 33

The cocycle ΩS(τ) provides a natural candidate for such a map. That is, we
conjecture that it fits into the following a commutative square:

SkSL2
q (Y ) SkSL2

q̃ (Y )

Vq(Y ) Vq̃(Y )

S

Ẑ Ẑ

ΩS(τ)

.

For 3-manifolds Y with non-trivial H1(Y ;Z/2), we expect the relation to involve
an intricate interplay between grading, twisting, and twisted spinc structures. We
plan to study this in future work.

Appendix A. Review of perturbative expansion of R-matrices

A.1. Rozansky’s lemmas and their extension.

Lemma A.1 ([21, Lem. A.1]). For any n ≥ 0,

(A.1)

[
n
k

]
q

=

(
n

k

)∑
m≥0

Qm(n, k)ℏm

for some polynomial Qm(n, k) ∈ Q[n, k] of n-degree ≤ m and total degree ≤ 2m.

The first few of these polynomials are:

Q0(n, k) = 1,

Q1(n, k) =
1

2
k(n− k),

Q2(n, k) =
1

24
k(n− k) (3k(n− k) + n+ 1) ,

Q3(n, k) =
1

48
k2(k + 1)(n− k)2(n− k + 1).

Note, Qm(n, k) = Qm(n, n−k), which follows from the corresponding symmetry of
(quantum) binomial coefficients.

Lemma A.2 ([21, Lem. A.2, A.3]). Let

P (m,n) :=
∏

m+1≤l≤m+n

(1− α(ql − 1)).

Then, for any n ≥ 0,

P (m,n) =
∑
j≥0

(−α)jℏj
∏

0≤k≤j−1

(n− k) ·
∑
d≥0

ℏdTj,d(m,n),(A.2)

where Tj,d(m,n) is some polynomial in m and n of degree ≤ j + d.

The first few of these polynomials are:

T0,d(m,n) = δd,0,

T1,0(m,n) =
1

2
(2m+ n+ 1),

T1,1(m,n) =
1

12

(
6m2 + 6m(n+ 1) + 2n2 + 3n+ 1

)
,

T2,0(m,n) =
1

24

(
12m2 + 12m(n+ 1) + 3n2 + 5n+ 2

)
,
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T1,2(m,n) =
1

24

(
4m3 + 6m2(n+ 1) +m

(
4n2 + 6n+ 2

)
+ n(n+ 1)2

)
,

T2,1(m,n) =
1

12

(
6m3 + 9m2(n+ 1) +m

(
5n2 + 8n+ 3

)
+ n(n+ 1)2

)
,

T3,0(m,n) =
1

48

(
8m3 + 12m2(n+ 1) + 2m

(
3n2 + 5n+ 2

)
+ n(n+ 1)2

)
.

When it comes to the inverted state sums discussed in Section 2, we will actually
need these lemmas for all n ∈ Z, not just n ≥ 0. This follows from the fact that a
polynomial in n vanishing for all n ≥ 0 is identically zero; we include the argument
for completeness:

Lemma A.3. Lemmas A.1 and A.2 hold for all integers n ∈ Z, with the same
polynomials Qm(n, k) and Tj,d(m,n).

Proof. In both cases, we will show that the perturbative series defined by the
right-hand sides of (A.1) and (A.2) satisfies the relevant recurrence relations for all
n, hence both (A.1) and (A.2) hold for all n ∈ Z.

Lemma A.1 implies that, for any n ≥ 0,[
n+ 1
k

]
q

− 1− qn+1

1− qn−k+1

[
n
k

]
q

=
1

n− k + 1

(
n

k

)∑
m≥0

ℏm
(
(n+ 1)Qm(n+ 1, k)−Qm(n, k)

∑
a≥0

(n+1)a+1

(a+1)! ℏa∑
b≥0

(n−k+1)b

(b+1)! ℏb

)

=
1

n− k + 1

(
n

k

) ∑
m′≥0

ℏm
′
Q′

m′(n, k),

where Q′
m′(n, k) are the polynomials obtained by expanding the second line of the

equation into power series in ℏ. Since each Q′
m′(n, k) vanishes for all n ≥ 0, it must

vanish identically. Thus, (A.1) holds for all n ∈ Z.
Lemma A.2 implies that, for any n ≥ 0,

P (m,n+ 1)− P (m,n)(1− α(qm+n+1 − 1))

=
∑
j≥0

(−α)jℏj
∏

0≤k≤j−1

(n+ 1− k) ·
∑
d≥0

ℏdTj,d(m,n+ 1)

−
∑
j≥0

(−α)jℏj
∏

0≤k≤j−1

(n− k) ·
∑
d≥0

ℏdTj,d(m,n)

1− α
∑
l≥0

(m+ n+ 1)l

l!
ℏl


=
∑
j≥0

(−α)jℏj
∏

0≤k≤j−2

(n− k) ·
∑
d≥0

ℏd
(
(n+ 1)Tj,d(m,n+ 1)

− (n− j + 1)Tj,d(m,n)−
∑

0≤d′≤d

(m+ n+ 1)d−d′+1

(d− d′ + 1)!
Tj−1,d′(m,n)

)
,

so the polynomial in the big parenthesis in the last line vanishes for n ≥ 0, hence
it vanishes identically. It follows that (A.2) holds for all n ∈ Z. □

Corollary A.4. The differential operators Dd and D′
d constructed below re-

main the same, even when some spins on K are inverted.
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A.2. Proof of Lemmas 1.4 and 1.5. We will only consider R (i.e., positive
crossing), as the analogous statements for R−1 follow immediately from those of R
from the identity

R−1(x1, x2, e
ℏ)i

′,j′

i,j = R(x−1
2 , x−1

1 , e−ℏ)j
′,i′

j,i .

Proof of Lemma 1.4. The proof is essentially identical to that of [21, Cor.
3.1]; the only difference is that we are using different colors, V∞(x1) and V∞(x2),
for the two strands.22 That is, we expand the R-matrix using Lemmas A.1 and A.2,
and replace every j, j′, and i− j′ by α∂α, β∂β , and γ∂γ , respectively, as follows:

x
1
4
1 x

1
4
2 R(x1, x2, q)

i′,j′

i,j

= δi+j,i′+j′x
− i−j′

4 − j
2

1 x
i−j′

4 − j′
2

2 q(j+
1
2 )(j

′+ 1
2 )

[
i
j′

]
q

∏
j+1≤l≤i′

(1− qlx−1
2 )

= δi+j,i′+j′x
− i−j′

4 − j
2

1 x
i−j′

4 − j′
2

2

∑
a≥0

(j + 1
2 )

a(j′ + 1
2 )

a

a!
ℏa ·

(
i

j′

)∑
b≥0

Qb(i, i− j′)ℏb

× (1− x−1
2 )i−j′

∑
n≥0

(
− x−1

2

1− x−1
2

)n

ℏn
∏

0≤k≤n−1

(i− j′ − k)
∑
m≥0

ℏmTn,m(j, i− j′)

=
∑
d≥0

ℏd

 ∑
a,b,n,m≥0

a+b+n+m=d

(
−α

1
2 β

3
2 γ−1

)n (α∂α + 1
2 )

a(β∂β + 1
2 )

a

a!
Qb(γ∂γ + β∂β , γ∂γ)

×
∏

0≤k≤n−1

(γ∂γ − k) Tn,m(α∂α, γ∂γ)

R(α, β, γ)i
′,j′

i,j

∣∣∣∣ α=x
− 1

2
1

β=x
− 1

2
2

γ=x
− 1

4
1 x

1
4
2 (1−x−1

2 )

.

In other words,

x
1
4
1 x

1
4
2 R(x1, x2, q)

i′,j′

i,j =
∑
d≥0

ℏdDdR(α, β, γ)
i′,j′

i,j

∣∣∣∣ α=x
− 1

2
1

β=x
− 1

2
2

γ=x
− 1

4
1 x

1
4
2 (1−x−1

2 )

,

where Dd ∈ Q[α
1
2 , β

1
2 , γ±1, ∂α, ∂β , ∂γ ] is a sequence of differential operators defined

as above. Moreover, the order of Dd (i.e., the ∂-degree of Dd) is bounded above by

deg∂ Dd ≤ 2a+ degQb + n+ deg Tn,m ≤ 2a+ 2b+ n+ (n+m) ≤ 2d,

as claimed. □

Proof of Lemma 1.5. The proof is almost identical; the point is that, once
we fix i′, j ∈ {0, 1, · · · ,m− 1}, we can find differential operators purely in terms of
β and ∂β :

x
1
4
1 x

1
4
2 R(x, qm, q)

i′,j′

i,j

22What is nice about this, as opposed to the case when the two strands are colored the same,
is that the differential operator is determined essentially uniquely, because α and β are specialized

to different values.



36 SUNGHYUK PARK

= δi+j,i′+j′x
− i−j′

4 − j

2 (qm)
i−j′

4 − j′
2 q(j+

1
2 )(j

′+ 1
2 )

[
i
j′

]
q

∏
j+1≤l≤i′

(1− qlq−m)

= δi+j,i′+j′x
− i−j′

4 − j

2 (qm)
i−j′

4 − j′
2

∑
a≥0

(j + 1
2 )

a(j′ + 1
2 )

a

a!
ℏa

×
(
i

j′

)∑
b≥0

Qb(j
′ + (i′ − j), i′ − j)ℏb ·

∏
j+1≤l≤i′

1− qlq−m

1− q−m
· (1− q−m)i

′−j

=
∑
d≥0

ℏd

 ∑
a,b≥0
a+b=d

(j + 1
2 )

a(β∂β + 1
2 )

a

a!
Qb(β∂β + i′ − j, i′ − j)

×
∏

j+1≤l≤i′

1− qlq−m

1− q−m

R(α, β, γ)
i′,j′

i,j

∣∣∣∣ α=x− 1
2

β=q−
m
2

γ=x− 1
4 q

m
4 (1−q−m)

Further expanding
∏

j+1≤l≤i′
1−qlq−m

1−q−m into a power series in ℏ, we obtain the desired

differential operators D′
d ∈ Q[β, ∂β ] of order ≤ a+ b = d. □

Appendix B. Review of gluing formulas and overall q-power

Let K ⊂ Y1 and L ⊂ Y2 be knots in integer homology spheres. Let YK,L denote
the 3-manifold obtained by gluing the boundaries of Y1 \K and Y2 \ L via(

µ2

λ2

)
=

(
−s −t
p r

)(
µ1

λ1

)
,(

µ1

λ1

)
=

(
−r −t
p s

)(
µ2

λ2

)
,

where sr − tp = 1, and µ1, λ1 are the meridian and the longitude (in the Seifert
framing) of K, and similarly for µ2, λ2 and L. Then, YK,L has H1(YK,L;Z) ∼= Z/pZ,
and there are p different choice of spinc-structures.

In this setup, the conjectural gluing formula for the BPS q-series is given by:

ẐYK,L,b(q)

= qd
∮

dx

2πix

dz

2πiz
ẐY1\K(x, q)ẐY2\L(z, q)

∑
m,n∈ 1

2+Z
rm+n∈b+pZ

x−mz−nq−
1
p (m n )( r 1

1 s )(
m
n )

= qd
∑

m,n∈ 1
2+Z

rm+n∈b+pZ

fm
K (q)fn

L(q)q
− 1

p (m n )( r 1
1 s )(

m
n ),

possibly up to an overall sign, where fm
K (q) and fn

L(q) are defined by

ẐY1\K(x, q) =
∑

m∈ 1
2+Z

fm
K (q)xm, ẐY2\L(z, q) =

∑
n∈ 1

2+Z

fn
L(q)z

n,
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b ∈ (1+r
2 + Z)/pZ ∼= Spinc(YK,L), and

d =
t

4r
+ 3sign(r)

(
s(p, r) +

sign(p)

4

)
− p

4r
,

where s(p, r) denotes the Dedekind sum.23 See [10] for an interpretation of this
formula in the TQFT language. In this formula, m and n denote the choice of
spinc-structures (or equivalently, Euler structures) on Y1 \K and Y2 \ L, and the
congruence condition rm + n ∈ b + pZ ensures that the two spinc structures glue
together to the fixed spinc structure of YK,L. Note, the congruence condition can
be equivalently written as(

r 1
1 s

)(
m
n

)
≡
(
b
b′

)
mod pZ,

where b′ = sb ∈ ( 1+s
2 + Z)/pZ and b = rb′ ∈ ( 1+r

2 + Z)/pZ; b and b′ are just two
different ways of describing the same spinc-structure. From this, it is clear that all
the powers of q lie in the same coset of Z.

It is worth noting that this formula is really symmetric under exchanging K
and L. The extra overall factor qd remains the same under the symmetry r ↔ s as
well; this is a consequence of the reciprocity formula for Dedekind sums.

Finally, when L is the unknot in S3 so that ẐS3\L(z, q) = z
1
2 −z−

1
2 , this formula

reduces to the conjectural p
r -surgery formula of Gukov-Manolescu [11].

Appendix C. Generalized spinc structures and their twists

In Section 3.1, we defined twisted spinc structures. There should be an analo-
gous story for general semisimple gauge group G, where we have a H2(Y ;Q)-torsor
of “generalized spinc structures” [18], which can be twisted by α ∈ H1(Y ;Z(G)∨) ∼=
H1(Y ;X/Q), where X is the character lattice (Q ⊆ X ⊆ P ). Here, we propose an
idea for what kind of geometric object they should be.

Let φ : SU(2) → LGsc be the principal embedding24, which is unique up to
conjugation. The image of −1 is

φ(−1) = [ρ] ∈ Z(LGsc) ∼= (P∨/Q∨)∨ ∼= P/Q,

where ρ ∈ P is the Weyl vector. The principal embedding descends to φ̄ : SO(3) →
LGad, so we can use it to construct the principal LGad-bundle

Ptan := Fr ×φ̄
LGad

associated to the frame bundle Fr on Y .
Let TQ := h∗/Q be the compact real torus with period lattice Q, so that

π1(TQ) ∼= Q (i.e., the maximal torus of LGsc). Recall that

π1(
LGad) ∼= (P∨/Q∨)∨ ∼= P/Q ⊂ TQ.

Define
LĜad := (LGsc × TQ)/π1(

LGad),

23Our d is a slightly corrected version of that from the conjectural p
r
-surgery formula of [11].

Note, our d is invariant under
(−s −t

p r

)
7→

(
s t

−p −r

)
, as it should be, while the one given in [11]

isn’t.
24Note, in the context of Kapustin-Witten theory, such principal embedding is used to define

the Nahm pole boundary condition.
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where the quotient is by the diagonal action. Pulling back the central extension

1 → TQ → LĜad → LGad → 1

along φ̄, we get a central extension

1 → TQ → φ̄∗(LĜad) → SO(3) → 1,

which can be described explicitly by

SpinG(3) := φ̄∗(LĜad) = (Spin(3)× TQ)/⟨(−1, [ρ])⟩.

Since the action of the Weyl group W preserves P/Q (and in particular [ρ]), W

acts as an automorphism on both LĜad and SpinG(3). When G = SU(2), SpinG(3)
is nothing but Spinc(3), with the Weyl group Z/2 acting by the standard spinc

conjugation.
We can then define a spinG structure on Y to be a lift of the principal LGad-

bundle Ptan to a LĜad-bundle:

BLĜad

Y BSO(3) BLGad

P̃tan

Fr

Ptan

Bφ̄

.

Writing SpinG(Y ) for the set of spinG structures on Y , it is an H2(Y ;Q)-torsor
equipped with an action of W .

Recall that principal LGad-bundles on Y are classified (up to isomorphism) by
H2(Y ;π1(

LGad)) ∼= H2(Y ;P/Q). Given a 1-cycle Cα representing α ∈ H1(Y ;Z(G)∨) ∼=
H1(Y ;X/Q), we can use it to twist Ptan; as before, we modify Ptan in a tubular
neighborhood of Cα using the clutching map which, along the meridian of a 1-cell
of Cα colored by x ∈ X/Q, evaluates to x ∈ X/Q ⊆ P/Q ∼= π1(

LGad). Let us
call the resulting LGad-bundle Ptan(Cα); its isomorphism class is represented by
PD(α) ∈ H2(Y ;P/Q). To this end, we can define a Cα-twisted spinG structure to

be a lift of Ptan(Cα) to a LĜad-bundle. As before, if Cα and C ′
α are two 1-cycles

representing the same class α ∈ H1(Y ;X/Q), any 2-chain D with coefficients in
X/Q such that ∂D = Cα − C ′

α induces an isomorphism

ΦD : SpinG(Y,Cα) ∼= SpinG(Y,C ′
α),

which is compatible with composition of the 2-chains. If D1 and D2 are both
2-chains from Cα to C ′

α, then

ΦD1
− ΦD2

= β([D1 −D2]),

where β : H2(Y ;X/Q) → H1(Y ;Q) is the Bockstein.

Appendix D. Trivalent vertices for Vermas

Here we summarize the trivalent vertices (i.e. fusion rules, a.k.a. q-3j symbols)
for Verma modules that will be used in Section 3. For any integer k, let

(xy)k := q−1−2kxy.
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a

b c

V∞((xy)k)

V∞(x) V∞(y) c

a b

V∞((xy)k)

V∞(x) V∞(y)

Figure 6. Y (
x,y

(xy)k)
b,c
a and

Y

((xy)kx,y )ca,b

c

a b

V∞((xy)k)

V∞(x) V∞(y)

=

a

c
b

V∞(x)

V∞((xy)k) V∞(y)

= −

b

a
c

V∞(y)

V∞(x) V∞((xy)k)

Figure 7.

Y

-junction by turning the Y -junction. An extra −-
sign is introduced when a strand of a junction is turned across the
negative x-axis (the green dashed line).

Then, we have the following direct sum decomposition of tensor product of highest
weight Verma modules:

V∞(x)⊗ V∞(y) ∼=
⊕
k≥0

V∞((xy)k).

The inclusion of each direct summand V∞((xy)k) and the projection to it define
maps

ιk : V∞((xy)k) → V∞(x)⊗ V∞(y) and pk : V∞(x)⊗ V∞(y) → V∞((xy)k)

satisfying
∑

k≥0 ιk ◦ pk = Id. We would like to draw these maps diagrammatically

as trivalent junctions (see Figure 6), and for that reason, it turns out to be more
natural to use slightly rescaled maps

Y (
x,y

(xy)k) : V∞((xy)k) → V∞(x)⊗ V∞(y) and

Y

((xy)kx,y ) : V∞(x)⊗ V∞(y) → V∞((xy)k),

so that they satisfy

Y

((xy)kx,y )ca,b := q
b
2+

1
4 y−

1
4Y ((xy)k,y

−1

x
)c,−1−b
a = −q−

a
2−

1
4x

1
4Y (x

−1,(xy)k
y )−1−a,c

b ,

which can be interpreted graphically as in Figure 7. Without the rescaling, there
would be some extra factors; see, e.g., [22, Fig. 22]. Explicitly, the Y -junction
weight is given by

Y (
x,y

(xy)k)
b,c
a = δb+c,a+k

∑
mb,mc∈Z,
mb+mc=k

(−1)mcq⋆qx⋆xy⋆y

[
a

c−mc

]
q

[
k
mc

]
q

× (q−bx; q)b−mb
(q−cy; q)c−mc

(q−a(xy)k; q)b+c+1
,
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V∞(x) V∞(y)

=
∑
k≥0

−((xy)
1
2

k − (xy)
− 1

2

k ) V∞((xy)k)

V∞(x) V∞(y)

V∞(x) V∞(y)

Figure 8. Fusion of two strands

where

⋆q =

(
− (a+ k)(2k + 1)

2
+

c(2mb + 1) +mb(mb + 1)

4
− b(2mc + 1) +mc(mc + 1)

4

)
− (b−mb)(c−mc)

2
− mbmc

2

− (−b−mb − 1)(b−mb)

4
− (−c−mc − 1)(c−mc)

4
+

(−a+ k)(b+ c+ 1)

4

=
(c+mb)(c+mb + 1)− (k + c+ 1)(b+ c)− bc

2
− a

4
− k(2k + 1)

4
,

⋆x =

(
−a− b+ 2mb

4

)
− b−mb

2
+

b+ c+ 1

2

=
−a+ b+ 2c

4
+

1

2
,

⋆y =

(
a− c+ 2mc

4

)
− c−mc

2
+

b+ c+ 1

2

=
a+ 2b− c

4
+mc +

1

2
.

The sum above is a finite sum, since the range of summation can be restricted to
0 ≤ mb ≤ b when b ≥ 0 and to 0 ≤ mc ≤ c when c ≥ 0.

Below, we summarize the main properties of these trivalent vertices.

(1) Rescaled version of
∑

k≥0 ιk ◦ pk = Id:

(D.1)
∑

0≤k≤w

−((xy)
1
2

k − (xy)
− 1

2

k )

Y

((xy)kx,y )w−k
a,w−aY (

x,y
(xy)k)

a′,w−a′

w−k = δa,a′ .

For its graphical interpretation, see Figure 8.
(2) 3-fold rotation symmetry:

Y (
x,y

(xy)k)
−1−b,c
−1−a = −q

b−a
2 x

1
4 (xy)

− 1
4

k Y (y,(xy)
−1
k

x−1
)c,ab ,

Y (
x,y

(xy)k)
b,−1−c
−1−a = −q

a−c
2 y−

1
4 (xy)

1
4

k Y ((xy)
−1
k ,x

y−1 )a,bc .

See Figure 9 for the graphical interpretation of the first identity; it’s sim-
ilar for the second identity.

(3) The trivalent junctions solve the eigenvalue equation for the R-matrices:

(D.2)
∑
b,c≥0

R(x, y)b
′,c′

b,c Y (
x,y

(xy)k)
b,c
a = (−1)kq

k(k+1)
2 + 1

4 (xy)−
1+2k

4 Y (
y,x

(xy)k)
b′,c′

a .
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a

b c

V∞((xy)−1
k )

V∞(x−1) V∞(y)

= −

b

c
a

V∞(x−1)

V∞(y) V∞((xy)−1
k )

Figure 9. 3-fold rotation symmetry of Y

V∞((xy)k)

V∞(x) V∞(y) = (−1)kq
k(k+1)

2 + 1
4 (xy)−

1+2k
4

V∞((xy)k)

V∞(y) V∞(x)

Figure 10. Eigenvalue equation for the R-matrices

See Figure 10.
(4) Sliding a trivalent junction over (or under) another strand:∑

m≥0

(
x− 1+2k

4 R(q−1−2kyz, x)c,ma,b

)
Y (

y,z
(yz)k)

d,e
m(D.3)

=
∑

m,n,l≥0

Y (
y,z

(yz)k)
m,n
a R(z, x)l,en,bR(y, x)c,dm,l.

See Figure 11.25

Remark D.1. One can invert some indices from the sliding relation (D.3). For
instance,∑

m≥0

R(x, y)−1−c,m
−1−a,b Y (q

N ,q−N+1+2kx
x

)d,em

=
∑

m,n,l≥0

Y (q
N ,q−N+1+2kx

x
)m,−1−n
−1−a

(
y

−N+1+2k
4 R(q−N+1+2kx, y)−1−l,e

−1−n,b

)
×
(
y

N
4 R(qN , y)−1−c,d

m,−1−l

)
,

25Recall from Table 1 that, for the crossings among Verma modules V∞(x1) and V∞(x2)

where x1, x2 are generic (so that x2 ̸∈ qZx1), we omit the exponential prefactor e
log x1 log x2

4 log q from
the R-matrix. More generally, we do the same for crossings among V∞(qn1x1) and V∞(qn2x2),
so the R-matrix associated to their crossing is

q
n1n2

4 x
n2
4

1 x
n1
4

2 R(qn1x1, q
n2x2, q),

and hence the extra factor x− 1+2k
4 in (D.3). For crossings among V∞(qn1x) and V∞(qn2x) with

x generic, we omit the exponential prefactor e
(log x)2−log q

4 log q , so the R-matrix associated to their

crossing is

q
n1n2+1

4 x
n1+n2

4 R(qn1x, qn2x, q).
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V∞((yz)k)

V∞(x) V∞(y) V∞(z)

=

V∞((yz)k)

V∞(x) V∞(y) V∞(z)

Figure 11. Sliding a trivalent junction over another strand

V∞(y)V∞(x−1)

V∞(y−1) V∞(q−N+1+2kx)
VN

=

V∞(y)V∞(x−1)

V∞(y−1) V∞(q−N+1+2kx)
VN

Figure 12. Sliding a junction across an inverted crossing

which can be graphically interpreted as Figure 12. Likewise, a trivalent junction
can slide over (or under) any inverted crossing.
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