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ABSTRACT. We study BPS ¢-series associated to 3-manifolds decorated by a
line defect along an embedded link. We prove that these g-series depend only
on the class of the link in the skein module, thereby defining a homomorphism
from the skein module to the space of g-series. The image of this homomor-
phism is conjectured to be holomorphically quantum modular, which suggests
a new approach to Langlands duality for skein modules through g-series.
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A notable recent advance in quantum topology is the emergence of new con-
nections between 3-manifolds and (quantum) modular forms. The BPS g¢-series
(a.k.a. Z-invariants or homological blocks), introduced by Gukov-Pei-Putrov-Vafa
[12] and further developed by Gukov-Manolescu [11], play a defining role in this
development, motivated by the program of categorifying quantum 3-manifold in-

variants.

Quantum modularity, in its holomorphic form [9], is a generalization of mod-
ularity exhibited by certain holomorphic functions on the upper and lower half-
planes. Roughly speaking, we say that a matrix of holomorphic functions on the
upper and lower half-planes is a matrix-valued holomorphic quantum modular form,
if its failure to be modular under v = (2Y) € SLy(Z) (i.e., the associated cocycle)
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can be holomorphically extended from C \ R to the cut plane C, := C\ 1R<_4
if ¢ # 0. Guided by existing examples [3] and structural properties of the BPS
g-series, one expects that for a fixed 3-manifold, the collection of BPS g-series ob-
tained by inserting all possible line defects should, after choosing an appropriate
basis of defects, extend into such a matrix-valued holomorphic quantum modular
form.

Langlands duality for skein modules [14], on the other hand, predicts a corre-
spondence between skein modules associated to a reductive group G and those for
its Langlands dual group “G. At the most basic level, it conjectures that, for any
closed 3-manifold Y, its G- and “G-skein modules have the same dimension. At a
deeper level, one expects a C-linear isomorphism

SKS(V) = Sk (V)

between the two skein modules that varies holomorphically in 7 € C \ R, where

2miT 2ms

qg=ce and “qg = e~ Zé, with ng € {1,2,3} the lacing number of G. As
discussed in [14], the skein modules are expected to describe the state spaces of
Kapustin-Witten 4d TQFT [15], and, in that context, the Langlands duality for
skein modules arises from the S-duality on the Kapustin-Witten theory applied to
state spaces.

Motivated by these ideas, the purpose of this article is twofold:

(1) To extend the BPS g¢-series to skein modules, by allowing insertion of
arbitrary line defects.

(2) To connect the Langlands duality for skein modules to quantum modu-
larity of the BPS g-series.

By doing so, we hope to shed light on the study of Langlands duality for skein
modules, beyond the numerical comparison of dimensions.

Summary of main results. Let K C S be a Seifert-framed knot and L C
S$3\ K be a framed link in the complement of K. We color K by V,,, the n-
dimensional irreducible representation of U,(slz), and each component L; of L by
Vi, for some fixed m; > 1. Let J(x n),(z,m)(q) denote the (unnormalized) colored
Jones polynomial of the framed, colored link K LI L. Then we have the following
analog of the Melvin-Morton-Rozansky (MMR) expansion for K in the presence of
the line defect L C S3\ K:

THEOREM A. In the large-color asymptotic where h — 0, n — oo while u := nh
i$ fized,

h_—)»O ( )
1 nhT:lu %Oazed H Xm lk Li.K d
(&), (L) (Q) ~ 2 Z 2d N (edri
[’I’L] q=el AK d>1 A *
where x := €%, xm(2) := Z%_Z:? , Ak (z) denotes the Alexander polynomial of K,

and Py(z) € Qz*2] are some polynomials determined by K and L."

IThe right-hand side should be understood as a power series in Q[[u]][[A]] or in z®*Q[zE1][[1—
z]][[A]], where o € %Z/Z is 0 (resp., %) if Ik(L, K) is even (resp., odd).
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REMARK 0.1. Concretely, the “large-color asymptotic” above means the fol-
lowing. Consider the fi-expansion of the colored Jones polynomials

! = Zad(n) he.

—J(Km),(L.m) ()
] ") g=c"  4>0

Then, part of the claim is that, for each d, the coefficient aq(n) is actually a poly-
nomial in n of degree < d (at least for large enough n),

aa(n) = Y aq;m’, aa; €Q,
0<j<d

so that we can rewrite the above h-series into a double series in A and u := nh

> aagnh =3 | D awyzu’ |

0<j<d d’>0 \j=0
The rest of the claim is that the coefficient of h? given by the u-series
>y ul € Q[lul]

Jj=0
is actually the power series expansion of

ITi X, (<50 5))

Ag(z)

when d’ = 0, and more generally for any d’, some rational function in x (uniquely
determined by its u-expansion) whose denominator is a power of the Alexander

polynomial. When L is the empty link, this is nothing but the standard MMR
expansion [21].

r=el

Since the colored Jones polynomials Jik ), (z.m)(q) depend only on the class of
the colored link (L, ) in the skein module SksL2 (83 \ K), the same is true for the
MMR expansion on the right-hand side of Theorem A. Hence, as a corollary, we
obtain a linear map

MMR : Sk3™2 (5% \ K) S Qat, —— (1A
g=ch Ag ()

When K is braid-homogeneous (i.e., can be presented as a closure of a homogeneous
braid), or more generally “nice” in the sense of [20], we show that the MMR
expansion can be resummed into a power series in ¢ and = with integer coefficients
in a canonical way:

THEOREM B. Let K be a nice knot. For any colored link (L,m) C S\ K,
the BPS q-series Zgs\k (L) (%, q) is an isotopy invariant of the link L in S3\ K.
Moreover, it factors through the skein module to give a Z[qi%]-linear map

5 1 1
Z : SK (8P \ K) — Z[g*3]((x2)).

REMARK 0.2 (Grading). The map Z in Theorem B respects the natural grad-
ing on the skein module. Recall that the G-skein module Sk?(Y) is graded by
Hi(Y;Z(G)V), so SK;™* (8% \ K) is graded by Hy(S®\ K;Z/2) = Z/2; the 0-(resp.,
1-)graded part is called “even” (resp., “odd”). The map A maps the even part to
22 Z[q*7)((x)) and the odd part to Z[¢=3]((x)). More generally, for any connected
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and simply connected complex semisimple Lie group G of rank r, there should be
a map?
~ 1 1 i
29 :SkS(S*\ K) — ZlgF =~ (2], ,a)),
which maps the 3 € H;(S®\ K; Z(G)V) 2 Z(G)Y = P/Q-graded part of the skein
module to
[T =2 zlg 5] (@, 20).

1<i<lr

Furthermore, we show that the linear map Z constructed in Theorem B is
compatible with the Laplace transform surgery formula:

R THEOREM C. Let p € Z be a surgery slope for which the Laplace transform on
Zss\k (2, q) converges.> Then, for any choice of grading o € Hl(S;’(K);Z/2)4 and
an a-twisted spin® structure s € Spin®(S3(K), ) (see Section 3.1), the map Z in
Theorem B, composed with the Laplace transform, factors through SkgL2 (S;’ (K))a
to give a ZlqF1]-linear map

Zs: S (S3(K))a — ¢** Zlg* ] [[q]),
where Ay € Q.

Since the skein modules of closed 3-manifolds are finite-dimensional over Q(qi)
[13], after tensoring with Q(¢%), the image of the map defined in Theorem C is a
finite-dimensional vector space of g-series. We conjecture that this image can be
extended to a matrix-valued holomorphic quantum modular form. We have verified
this in the following example:

THEOREM D. ForY = £%(2,3,7), the image of the map defined in Theorem
C extends to a matriz-valued holomorphic quantum modular form.

The matrix-valued cocycle appearing in this holomorphic quantum modularity
provides a natural candidate for the Langlands duality map for skein modules [14];
see Section 4.3.

Organization of the paper. This paper is organized as follows. In Section 1,
we show Theorem A on the MMR expansion with a line defect. Building upon that,
in Section 2, we prove Theorem B, constructing a linear map 7 from skein modules
of complements of nice knots to (x,¢q)-series. Then, in Section 3, we show that
our map 7 is compatible with the Laplace transform surgery formula (Theorem
C). Finally, in Section 4, we show Theorem D and present some conjectures and
speculations on quantum modularity and Langlands duality of skein modules.

QHere, N is the exponent of P/Q where @Q and P are the root and weight lattices, p is
the Weyl vector, w; is the i-th fundamental weight, and (,) is the invariant bilinear form on by
normalized so that («, @) = 2 for short roots a.

3This assumption means precisely the following: Consider the power series expansion
Zss\K(m,q) =m0 fK,n(q)z%Jr”. The coefficients fx ,(q) € Z[g,q~ '] will have the minimal
g-degree that grows quadratically:

mindeg, fx n(q) = cxn?® + O(n),

for some unique cx € Q. Then, the Laplace transform converges if —% > —ck.

4This is a non-trivial choice only when p is even, in which case « € Z/2.
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Notation. Here we collect the notation and convention we use throughout the
paper.
e [n], without any subscript, denotes the “balanced” version of “quantum
n” defined by
% —q-
[n] = "t—=
q2 —4q
We will also sometimes use “unbalanced” versions of quantum integers
and quantum binomials, and they will be written with a subscript:

[n], = 1-¢" [n} _ [nlgln=1]g---In -k +1] € 7).

Nl=| 3

€ Z[g*2).

1—gq’ k [k]q[k_l]q"'[l]q

e For each n > 1, V,, denotes the n-dimensional irreducible representation
of U,(slz). Explicitly, it is spanned by basis vectors {v; }o<i<n—1, on which
E,F, K*! act by

E’Ui = [i]vi_l, FUL‘ = [’/l —-1- i]vi+1, K:tl’Ui = qin_lQ_2i V;.

e Vo (x) denotes the Verma module with highest weight A, := log, = — 1.
Explicitly, it is spanned by basis vectors {v; };>0, on which E, F, K*! act
by

E’U,L' = [i]l}i_l, Fl}i = [)\x - 7:]’()1'_;'_1, Kilvi = qi Am;2i V;.

o Jk (q) denotes the usual framing-dependent, unnormalized colored Jones

polynomial where increasing a framing of an n-colored component by 1
n2—

gives an extra factor of ¢ 2 * In particular, when everything is Seifert-

framed, the 2-colored (i.e. ordinary) Jones polynomial satisfies the usual

skein relations:

1

0k, (@) — ¢ Vk_(a) = (a* — ¢ ) Jk_(q),
Jo(q) = [2].

In our convention, the Hopf link H (in either orientation) with color (m,n)
has the colored Jones polynomial

JH,mn(q) = [mn].

While this colored Jones polynomial is insensitive to overall change of
orientation, in general, it depends on the orientation of individual com-
ponents.
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Aldi, Allison Moore, and Nicola Tarasca — for their hospitality, and for the oppor-
tunity to prepare these notes.
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laboration on Global Categorical Symmetries.
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FIGURE 1. K UL as a colored (1,1)-tangle

1. Melvin-Morton-Rozansky with skeins

1.1. Brief review of the finite state sum model. In this subsection, we
briefly review how the colored Jones polynomials ﬁj( K.n),(L,m)(q) can be realized
as a finite state sum, mainly to set up some notation and terminology.

Pick a base point on K and place it at the point at infinity in 52 to draw the
link K UL as a (1,1)-tangle diagram D; see Figure 1 for an example. The image
of this colored tangle under the Reshetikhin-Turaev functor is

1
WJ(K,nL(L,m)(fI) 1y,

Hence, ﬁJ(K,n),(L,m)(Q) is equal to the standard state sum on D, with the state
on the external arcs fixed, say, to the highest weight vector vy € V,,. To describe
this explicitly, let us set up some notations and terminologies:

e An arcis an edge of the tangle diagram, viewed as a planar graph. An arc
is called external if it corresponds to one of the open ends of the tangle,
and internal if it is not. Let A denote the set of all internal arcs. We will
also write A = Ap, U Ak, where A, denotes the set of arcs of L, and Ay
the set of internal arcs of K.

o A state s is a map s : A — N. For each arc a € A, we call s(a) € N
the spin on a. A state s is called admissible if, whenever a € A is an
arc colored by Vi, the corresponding spin is 0 < s(a) < k — 1, so that
it determines a vector vy,) € Vi. Let S denote the set of all admissible
states.

e For each admissible state s € S, let <D(K,Vn),{(Li,Vmi)}§5> denote the
weight of the state s, given by the product of the corresponding finite-
dimensional R-matrices, cups and caps; these are summarized in the
fourth row of Table 1 and the last column of Table 2.
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7! K J . 7 ;(j/ o
7K7 ¢t R(z,,q); 7 7X, ¢ iR (&, 2,q); ]
Voo (2) Voo () Voo (z) Voo ()
i J' o AT ;
Ky v R, q",q)}} \ v H R a,q", 9
Voo(z) Vi @) Vm
! NES :
e F R(q™,x,q). 7 =T RN 2,q); ]
Vim Voc(ao) Vi Veo(z)
i’ 7’ 7’ Ve 7'
; /\ i TR ) ; /\ PR e e NN )
Ving Ving Vi, Vimg
R($179327Q)§ ]J = 6Z+j i’ +]'I;%7%7%I;_j, 7%7iq(j+%)(j/+%) U/J (qurle_l; Q)i—j’v
q
R\ (w1, 22,9)) 7 = R(az " 27" 715"

TABLE 1. R-matrices; note that the exponential prefactor

log 21 log w9

e loza  is omitted from R(z1, 2, q).

i ¥ 11 i m—1_ i
rig 3172 20 q 3 2
Voo (@) Vim
] 1 1 ; —1_
AT qu717% At q%7%
Voo (2) Vim
N
Voo () Vi
) 101 ] —1 i
(AN r-igits L~ g Tt
Voo (@) Vim

TABLE 2. Cups and caps

In summary, the colored Jones polynomial can be computed as the state sum:

1
g e (4) = > ADE V) ALV} 5)-
S
This is a finite sum, since each component of the link K LIL is colored by some finite-
dimensional representation. In the next subsection, we will consider an extension
of this state sum model, where K is colored by a Verma module V,,(z) instead.

1.2. Proof of Theorem A. Since the finite-dimensional R-matrices agree
with truncations of the infinite-dimensional R-matrix for the Verma module, the
above finite state sum can be viewed as a truncation of the infinite state sum
where K is colored by the Verma module Vo (z = ¢™) with highest weight A, =
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log,z —1=n-1

Y Dyt v 1) = D DKV o) AL Vi )} )

s s x:q'll
max s| g <n

The weights for the crossings, cups and caps are summarized in Tables 1 and 2.

LEMMA 1.1. In the infinite state sum where K is colored by the Verma module
Voo(), any state containing a spin > n is of O((1 — x)™). That is,

Y D@tV = D (D Ve @) A (B V13 8) + O((1 = )",

s s
max s|g <n

as formal power series in (1 — x).

PrROOF OF LEMMA 1.1. Recall that the spins assigned to the external arcs of
K are fixed to be 0. Hence, if some arc of K is assigned a spin of n or higher, then
there must be at least n total jumps in the spins along K. Since

e R(¢",w,0) ) = O((1=2)7) and 2 TR @,q",0) ) = 01—y ),
this means that the weight associated to such a state is of O((1 — x)"). O

Thanks to this lemma, the part of the infinite state sum that is truncated out
to get the finite state sum, regarded as a formal power series in (1 — x), vanishes in
the n — oo limit. That is, in the asymptotic limit where n — oo while e™ = z is
fixed, it suffices to consider the (untruncated) infinite state sum where K is colored
by Voo (2):

E:O
) IS D Vi () (L Vi )15 )

1
mJ(K,n),(L,ﬁz)(Q)

q=e q=eh

Moreover, once we fix the power of (1 — ), it bounds the total number of jumps in
the spins, and hence only finitely many states contribute. It immediately follows
that this infinite state sum gives rise to a power series

DD Voo v yi8)| € QleHE[1 = ][]

S

q=e

Now, it remains to show that this power series is of the desired form, in terms
of rational functions in z2, with denominators given by powers of the Alexander
polynomial A ().

For this purpose, we first express the state sum as sum over states on L and
those on K:

D ADK Ve @) ALV )35 5) =Y | DoADE V@) (L )13 8)

s g=el g=el

slL sk

Note, the first sum over s|; : A, — N is a finite sum, since there are only finitely
many possible admissible states on L. Thus, Theorem A will follow from the fol-
lowing two main lemmas:
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LEMMA 1.2. For each fized s|r,, the state sum over K has an expansion of the
form
-y Pl (@)
A ()20

d>0

hd

> DKV (0)) (L Vi )} )

h
S‘K

g=e
for some Laurent polynomials P;lL (z) € Q[mi%],

LEMMA 1.3. The leading polynomial PS‘L(x) vanishes unless the spins on arcs
of L are constant along each strand, in which case PS‘L(w) is the monomial

| R o —s (L))

where s(L;) denotes the spin on any arc of L;. In particular,

2P (@) = ] s (@),

S‘L

We will prove the second lemma first, since it is easier.

PrROOF OF LEMMA 1.3. Observe that

m—1-—2j
N o - 1 +O0M) ifi—-j' =0
vt R(x,q™,q); ] = {O(hl) ifi—j >0’
VR [ s o l(/1) BT B
z”+R '(q ,x,q)i,f _{O(hl) if j—i >0’
. si J1+ORY) ifi—j =0
14 2R mi Mo LAY A—
q (™4™, q); {O(hl) ifi—j' >0’

mimo

s [1+0mY) iftj—i'=0
¢ T RTNd™,q™ ) { FOou

O(h") ifj—i' >0

It follows that the only states that contribute to the A°-term are those for which
the spins on arcs of L are constant, say s(L;) € {0,1,---,m; — 1}, along each
component L;. If s|;, is such a state on L, and ¢4 (L;, K) and ¢_(L;, K) denote the
number of positive and negative crossings between L; and K, then the A%-term of
the state sum over K is given by the product of two factors, the first of which is

m;—1—=2s(L;) . . . m;—1 .
H($74 )c+(L“K)—c,(L“K) _ 1_13311((L1,I<)(—2 —s(L:))
i i
which is the weight associated to the crossings involving any strand of L, and the

second factor is the state sum purely on K, whose h%term is given by the leading
term ﬁ(x) of the standard MMR, expansion. That is,

k(LK) (Pt —s(Ly))
D ADK Ve () ALV )} ) _ Le ¥ +0(n'),
s|k ' q=eh AK(m)
and therefore
[T, X, (2"<(E05) 1
D ) A (L, Vo )1 S === + O(h).
D) DK Ve () (L Vi, )13 5) . A7) (h")

S‘L S‘K
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i\ qiz 2 R(a, B,7). 7 7N\ g iz R (o, 8,7); ]
Voo () Voo (z) Voo (z) Voo ()
i! Vj’ B - i’ \;\J’ 3 .
i N " g TR, B,7); ) i N e T g TR, 8,7);
Voo(@) Vi Voo(@) Vi
i’ y\/ 7' » . i V J’ . L
i /NG T ER@ B N e T g R (e B
Vi Veo(2) Vin  Vool(x)

Y 7 Y Y]
R(aaﬁa’Y);,}] = 6i+j,i'+j' (],) a]BJ ’YL J )

R (e, 8,7)1; =Rl 8,17

TABLE 3. Summary of parametrized R-matrices; R™! is just a no-
tation and is not the inverse of R.

Now it remains to prove the first lemma (Lemma 1.2), which we do in the next
subsection.

1.3. Proof of Lemma 1.2. The main idea is to mimic Rozansky’s proof [21]
of the MMR conjecture. For this purpose, we will first consider the “free state
sum,” a simpler state sum where we replace all the R-matrices involving a strand
of K by the parametrized R-matrices, which are summarized in Table 3. We use
different formal parameters a., 8¢, 7. for each crossing ¢, so there would be a total
of 3N such parameters, if N is the number of crossings involving a strand of K.’
We will denote the set of all those parameters by symbols {a}, {8}, {y}. To this
end, we define the free state sum to be

> Dk v (@) LV} Lo {8} {75 5) <,

S‘K

where (D(k, v, (2)).{(Li.Vin,)}; 103 {8}, {7};5)° denotes the weight of the state s
in this free state sum, given by the product of R-matrices (for crossings between
strands of L), parametrized R-matrices (for crossings involving a strand of K), cups
and caps; this weight will be a monomial in the 3N parameters {a}, {8}, {7}, with
coefficient a monomial in Z[z¥2, ¢*3].

The virtue of the free state sum is that it can be interpreted as a random
walk model, analogous to that of [16], which allows us to compute the state sum
explicitly, in terms of the transition matrix B of the random walk — we will get
back to this point later. At the same time, the usual R-matrices can be seen as a
“perturbation” of these parametrized R-matrices in the sense of following lemmas,
whose proofs are given in Appendix A.2:

5For crossings ¢ involving both K and L, the parameters o, and . will not play any role,
so we could have just used the remaining 3Nk g + Nk parameters, where Nx x (resp. Nk ) is
the number of crossings between strands of K (resp. between K and L), but we are writing it in
a uniform way for simplicity of notation.
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LEMMA 1.4. There exist differential operators Dg € Q[a%,ﬂ%,’yil,aa,ag,&y}
of degree degyDgq < 2d, with Do = 1, such that

R(xl,zg,eh)lf =z, x2 Zh D4 - R(ae, 5, )

1 ,
Ot:flfl 2
d>0 L1
B=z, 2
_1 1 .
y=z; ‘x5 (1-z3 ")
-1 hyi' g io7 d -1 i
R (21, 29,€"); 7 = xfw; E (=h)"Da - R™ (e, B,7); 5 w3
d>0 i
B=a?
11
’y:ml4 24(1 Zl)

LEMMA 1.5. Once i',j € {0,1,---,m — 1} are fized, there exist differential
operators D!, € Q[B, 0g] of degree degy D)} < d such that

myi'gt 1 d i,
Rz, q™,e");;] =x"3q" Zh D - )” R
d>0 B=q~ %
W:f%q%(lfq_m)
Likewise, once 1, i/ € {0,1,--- ,m — 1} are fized, there exist differential operators
DY € Q[B,0p] of degree dega D!} < d such that
-1/, m hy* i dny —
R g™ e,y =atg® YMDL R B |,
d=0 B=q%
sz%q T (1—q™)

Whenever the under-strand of a crossing is a strand of K, specialization of
Lemma 1.4 at 9 = x and z7 = z (resp. x1 = ¢") if the over-strand is a strand of K
(resp. strand of L colored by V,,,) gives the desired expressions for the corresponding
R-matrices. When the under-strand is a strand of L (say, colored by V,,,), however,
we can’t directly specialize Lemma 1.4 at zo = ¢™, since the differential operator
D4 may contain negative powers of v, which is of order O(R') in this specialization.
For this reason, when the under-strand is a strand of L, we use Lemma 1.5 instead,
making use of the fact that we are fixing the spins on L, to choose differential
operators (dependent on the spins on L) that do not involve any negative powers
of ~.

Combining the differential operators in Lemmas 1.4 and 1.5, we have:

COROLLARY 1.6. There exist differential operators D! of degree degy DYt <
2d in 3N parameters {a}, {8}, {7}, involving only non-negative powers of . when-
ever the under-strand of the crossing c is L, such that

D ADK Ve @) (L )} 5)

h

SIK q=e
=D HIDF Y (D v (), (L Vi y {03 {8Y, {7)58) ™ :
= e {a )48} 17}

where the parameters are specialized as in Lemmas 1.4 and 1.5.

Thanks to the bound on the degree of the differential operators D{*2!, Lemma
1.2 will follow from the following last lemma:
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FiGURE 2. Highway-and-cars diagram

LEMMA 1.7. The free state sum is a rational function in the parameters and
and has the following form:

S D V() f(iVinpyi {03 {BY, {7} 5) e =

S‘K

g*s

PS\L,free
det(1 — B)'™°’

where B denotes the transition matriz of the associated random walk on the arcs of
K (see Remark 1.8), Pslesfee is some polynomial in the parameters {a},{B}, {7}
and qii whose ~y-degree is at least §, the total interaction between K and L. In
particular, after specialization of the parameters, it becomes
3 ,f o
Ps\L 766(:C) hk

k
]
k>5 Ax(z)

for some Laurent polynomials P,:lL’free(z) c (@[g:i%},

REMARK 1.8. By “the associated random walk on the arcs of K,” we mean the
Markov chain whose nodes are the internal arcs of K (minus the local maxima and
minima) and whose “transition probabilities” are given by the parameter a., 3., or
7. at each crossing ¢, depending on the type of jump®, and qi% when going through
a local maximum or minimum.” See Example 1.9 for an explicit example.

PrROOF OF LEMMA 1.7. Similarly to [16], the main idea is to make use of the
fact that the free state sum can be interpreted in terms of random walks of free
bosons. Once a state is fixed, we think of each arc a of K with spin s(a) as being
occupied by s(a) bosons.® For each, say positive, crossing with the spins on the
four neighboring arcs i, 7,4, 7’ as usual, exactly ¢ — 5/ out of the 7 bosons from
the bottom left arc must jump to the top left arc, but the state itself doesn’t
specify which bosons jump; we call the information specifying that the jumping
datum. Note, there are (jz,) such choices, so we can drop the binomial factors in the

6. for the under-strand, B for the over-strand, and ~. for the jump from over to under.

7q7% when going clockwise and q% when going anti-clockwise.

8We use the term “boson” just to indicate that the same arc can be occupied by multiple
bosons. Another model, which counts simple multi-cycle-paths with sign (see Section 2.2) will be
called a random walk of “fermions.”
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parametrized R-matrices and instead sum over states together with a decoration by
the jumping data.

A convenient way to visualize a jumping datum is to use what we will call the
“highway-and-cars diagram,” as shown in Figure 2, which is a decoration of the
highway diagram (as in [19]) by the trajectories of the cars (i.e. bosons) on the
highway. That is, each arc a with spin s(a) is represented by a highway with s(a)
lanes, each of which is occupied with a car, and the trajectories of the cars can
cross only when they are approaching an interchange to move from an over-strand
to an under-strand. Which cars stay on the over-strand and which cars go down to
an under-strand determine the jumping datum.

Once we have a highway-and-cars diagram, we have trajectories of the cars.
Some of them will be cycles (i.e. closed loops), while others are paths with distinct
endpoints; the sources (resp. sinks) of those paths must be where some spins jump
from L to K (resp. from K to L). The number of paths among those trajectories is
exactly ¢, the total interaction between K and L (= total jump of spins from L to
K = total jump of spins from K to L). We call an unordered tuple of such cycles
and paths a multi-cycle-path, and call it primitive if all the cycles appearing in the
tuple are primitive, in the sense that it is not a power of any shorter cycle.

Any multi-cycle-path coming from a highway-and-cars diagram must be prim-
itive, since the trajectories of the cars can only cross when their routes diverge
from each other. On the other hand, given any primitive multi-cycle-path, we can
construct the corresponding highway-and-cars diagram: for each arc a, the set of
all occurrences’ of a in a given primitive multi-cycle-path is totally ordered, by
tracing back to the most recent crossing where they merged. It follows that there
is a one-to-one correspondence between

(1) the states on K decorated by jumping data and
(2) primitive multi-cycle-paths with the prescribed sources and sinks deter-
mined by the state on L which we have fixed in the background.

Note that, up to a common overall factor of order O(h°), the weight is multi-
plicative with respect to superposition, so that the weight of a primitive multi-cycle-
path is the product of the weights of the individual primitive cycles and paths; this
is why we call the state sum defined by parametrized R-matrices “free.” We can
then factorize the primitive multi-cycle part out, which gives a factor of m.
The sum over paths gives a finite sum of products of § terms like

1 _ adjI = Ba
I+B+B*+- )yw=01-B) ! =— _—at
U+B+B 4 Jow = (1= B = =3
where adj denotes the adjugate, and a,a’ are arcs at the start and end points of
the path. It follows that the free state sum is a rational function with denominator
det (I — B)Hé, as desired. O

EXAMPLE 1.9. Let us illustrate this through a concrete example. Consider the
tangle diagram of K LI L depicted in the left-hand side of Figure 3, with a fixed
state s|, on L. The corresponding Markov chain, along with the sources and sinks,
is drawn on the right-hand side. Let B be the transition matrix of this Markov

9The same arc may be used multiple times in a given cycle or a path, so by “occurrence”, we
are counting all of them.
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S1 — 84
Bl
S1 — S92
FIGURE 3. Random walk (Markov chain) example; aq, - - , a1 la-
bel the internal arcs of K minus the local maxima and minima,
c1, -+ ,cr label the crossings, and sy, ---,s4 denote the spins on
arcs of L.
chain; explicitly,
0 a, O 0 0 0 0 0 0 0 0
0 0 a, O 0 0 0 0 0 0 0
0 0 0 B, 0 0 0 0 0 0 0
0 0 0 0 B O 0 0O 0 0 0
o 0 0 0 0 ¢g* 0 0 0 0 0
B=lo o 0o 0 0O O ¢z 0 0 0 0
0 0 0 0 0 0 0 a, O 0 0
0 0 0 0 0 0 0 0 a, O 0
0 0 v, O 0 0 0 0 0 B, O
0 0 0 0 0 0 0 0 0 0 Beg
0 0 0 0 0 0 0 0 0 0 0

The parameters eventually get specialized in the following way:

— -1 —
aclzamzﬁcg:m 2, 'Ycz:]-_x ) ac4:ac5:5062507:q

m
2

The free state sum is then the weighted count of primitive multi-cycle-paths with the
prescribed sources and sinks. Suppose the state on L is (s1, $2, $3,54) = (2,1,0,1)
for example. Then, there are 2 ways to connect the sources to sinks; either (ag —
a1p, az — ag) or (ag — as, az — a1p). As a result, the total weighted count of
multi-cycle-paths in this example is

adJ(I — B)ag,aloadj(j — B)amas + adJ(I — B)a97a3adj(f — B)a27a10
det(I — B)®

2. From skeins to ¢-series

2.1. Brief review of inverted state sum. Here we briefly recall how the
BPS g-series are defined for complements of “nice” knots, using the inverted state
sum [19, 20]. An inversion datum on a diagram of K is an assignment of signs
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(+ or —) on each arc, in such a way that the —-sign (and hence also the +-sign)
appears an even number of times at each crossing. An inversion datum determines
an inverted state sum: it is defined in the same way as the infinite state sum using
R-matrices for Verma modules that we saw in the previous section, except we sum
over negative (instead of non-negative) integer spins on the arcs labeled — by the
inversion datum, using the fact that the R-matrices naturally extend to all integer
spin indices.'® We call an inversion datum nice if the inverted state sum converges
as a Laurent series in z~2 with coefficients in Laurent polynomials in qi, ie., if
only finitely many states contribute to each z-degree. Likewise, we call a knot
diagram nice if it admits a nice inversion datum, and call the knot itself nice if it
admits a nice knot diagram. Many knots are known to be nice; for instance, any
homogeneous braid closure is nice, and all fibered knots with at most 12 crossings
are known to be nice [19, 17].

THEOREM 2.1 ([19]). For any nice inversion datum on a diagram of K, the
h-expansion of the associated inverted state sum agrees with the x~'-expansion of
the MMR expansion. In particular, the inverted state sum is an invariant of mice
knots (i.e., independent of the choice of the nice diagram).

For any nice knot K, we call the resulting invariant the BPS g-series of S3\ K
and denote it by Zgs\ g (z, q).1t

2.2. Proof of Theorem B. By assumption, there is a nice diagram of K as
a long knot. Consider a (1,1)-tangle diagram of K U L where the diagram of the
long knot K is nice, while the diagram of L can be arbitrary; see, e.g., Figure 1. We
can consider the inverted state sum on this diagram, with the associated inversion
datum on K. The inverted state sum still converges absolutely in Z[¢¥7]((z~2));'2
the insertion of L does not affect the convergence of the inverted state sum at all,
as there are only finitely many possible spins on L.

To conclude the proof, it suffices to show that the h-expansion of this series
agrees with that of the MMR expansion, since the MMR expansion is isotopy-
invariant and factors through the skein relations on L. The proof of that is com-
pletely analogous to the one given in the proof of [19, Thm. 1], which was for the
case when L is the empty link:

(1) The differential operators D'l remain the same, before and after inver-
sion; see Corollary A.4. Therefore it suffices to show that the free state
sum (as in Lemma 1.7) matches, before and after inversion.

(2) Recall, from the proof of Lemma 1.7, that the free state sum is a finite
sum of rational functions of the form

H1gig5 adj(l — B)ai,ag
det(I — B)'™°

where B is the transition matrix of the random walk, and a;, a) are some
arcs. A key observation is that, just like how det(I — BB) can be interpreted

)

10T here is also an overall sign (—1)° in the inverted state sum that is determined by the
inversion datum; see [19].

HThe BPS g-series for knot complements are also often denoted by Fi(z,q).

12Here, we are using power series in !, following the convention of [19]. One can turn this
into a power series in x using Weyl symmetry 233\1((957 q) = 7233\}((:):_1, q).
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in terms of the random walk of fermions, i.e., as the signed sum of weights
of simple multi-cycles

det(I - B) = > (~1)Ilwt(C),
C

there is an analogous interpretation for the cofactors adj(I — B)g,q-

LEMMA 2.2.
adj(I = B)aw = »_ (-1)¢lwt(C, P),
(C¢,P)
where the sum is over all simple (a — a')-multi-cycle-paths (C, P).*?

PROOF. From the definition of a cofactor, we have

adj(l — B)a,ar = Z sgn(o) H (I = B)b,o(b)-

O'ES_AK b#a’
o(a’)=a

The cycle decomposition of ¢ contains a unique cycle
a v aws o(a) = o(a) - —=ad

containing a and o', which we view as a simple path P from a to a’. The
set of all the remaining non-trivial cycles forms a simple multi-cycle C
disjoint from P. Rewriting the sum in terms of simple (a — a’)-multi-
cycle-paths, we conclude

> sen(o) [T = Bhuow

0ESAL b#£a’

o(a’)=a

= Z (H (—=1){O)-t. (_1)1(1’)) . <H (—=1)HO) . (—1)UP) -wt(C,P))
(c,P) \CceC cec

= > (-D)lwt(c, P).
(C.P)

O

It was shown in [19] (see, especially [19, Fig. 8]) that there is a
bijection between the simple multi-cycles before and after inversion; the
bijection simply swaps the set of used arcs and unused arcs within the
set of inverted arcs. The same bijection can be extended to a bijection
between simple multi-cycle-paths before and after inversion. Moreover,
just as in the proof of [19, Thm. 1], it can be easily checked that the
bijection preserves the weights up to an overall monomial, which cancels
the overall monomial prefactor (see, e.g. the numerator of [19, eqn. 8§]).
It follows that the free state sum matches before and after inversion.

O

13T hat is, P is a simple path from a to a’ and does not share any arcs with the simple
multicycle C.
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2.3. Boundary action. It is worth noting how the boundary action of the

skein algebra SkAlgsL2 (T?) on SkgL"’ (83\ K) affects the corresponding BPS g-series.
Let 2 and §) be operators acting Z[q*7]-linearly on Z[g*%]((z2)) by
3 uty

T2 x>

g:at e gta.
By a local calculation, one can see that the meridian (colored by V3) acts by &7+
&7, while the longitude (colored by V3) acts by § + 7~
Va @ Vo () =2 Vo (q2) @ Vo (¢ ).

It follows that the boundary action of SkAlgSL2 (T?) on Sk§L2(53 \ K), under Z,
factors through the embedding of Frohman-Gelca [5]

, since

SkAlg}™ (1?) — Z[¢*7)(3%7%, j*)

of the skein algebra of T? into the quantum torus.

2.4. Examples.

EXAMPLE 2.3 (Unknot). Let 253\01714/" (x,q) denote the two-variable series
associated to the complement of the unknot, with an insertion of the Wilson line

m _m
T2 —x

defect W,, along the meridian, colored by V,,. Let us use the symbol x,, := &5

T2 —x

SN

to simplify notation. Then,

Zgs\0,,w, (,q)

1 = Xn-
xr2 — T

=

In general, for any knot K, if Z 53\ K,w, (¢, q) denotes the two-variable series asso-
ciated to the complement of K, with an insertion of the Wilson line colored by V;,
along the meridian, then we have

Zga\k,w, (%,q) = Xn - Zs3\k (2,q).
Note that
X2 Xn = Xn—-1 + Xn+1

for any n > 2, which is nothing but the character formula for the fusion of two
Wilson lines along the meridian.

Let R, denote the unital commutative Z[qi%]—algebra spanned by {x» }n>1, i.€.,
the ring of characters of sly. Also, let the two-variable series module V, 4(S*\ K)
be the image of the skein module SkgL2 (83\ K) under Z, normalized by 2 —z~2:

xr2 —x 2

Vig(5°\ K) i= ———Im(Z: S5 (5%\ K) = Zlg*}]((a4) ).

Then, the above discussion implies that, V;, ,(S%\ K) is naturally a module over R,.
Clearly, the two-variable series module for the unknot complement is the rank-1 free
R,-module spanned by 1:

Vag (871 01) = Ry {1}.
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FIGURE 4. The trefoil knot with Wilson line defect W/,

EXAMPLE 2.4 (Trefoil knot). Let 253\3I,Wn (z,q) denote the two-variable series
associated to the complement of the right-handed trefoil knot, with an insertion of
the Wilson line defect W, colored by V,, that goes around the braid o3; see Figure
4. Then, we have

Zsa\gr.w, (T,q) = Zss\3:(7, q)
= —qz? +¢?2f + ot — ¢®2% — Pa? + ¢ T + % F +0(2 ),

Zg3\3r,.w, (T, q)

1 _1 3 5 5 11 11 15 13 25 17 31 19 21
= —q2x 2+q21'2 -’-qzxz’—qzxz’ —qz2x?2 -|-q2;[;2 +q21~2 -’-O(xz)
1.1 _1 _1
=q2(22 —x 2)+q 2ZS3\371‘(177Q),
ZSB\3 (xa ) %7
ZS3\3’W4($C) )
) -3 1 17 7 11 i1 13 21 17 27 19 21
= q2x 2-|-q 212 — q2x2+q2x2 +q2x2—q2xz—q2xz —’—O(m?)
1,5 5 _5z
=q 2(z? —27 %) —q 2 Zgs\a7(2,9),

2s3\3;,w5 ('ra Q)
=—q e g% E - g% e +gta — P2 — g% + 0@z )
= =@t~ ) g @t — a7 ) — g Zenay(2,0),
and so on. That is,

233\3;,W1 (,9) _ 2S3\3;($aQ)

1 1 - 1 1
xr2 —ITr 2 xr2 — I 2
1 Zsnayw, (T,9) Zga\3r(,q)
q* 1 1 *QX1+ 1 —1 >
xrz2 —I 2 xr2 —x 2

Zs%\37 ws(7,q)
—T 1  — 4xXx3,

r2 —x 2
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ooy
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W

A

2
(

4,

FI1GURE 5. The figure-eight knot with Wilson line defect W,

253 3T(x7q)
= —gPxs + T

xr2 —x 2

. 2\33\37'($,q)
=qx1—¢xr + ﬁ

s Zs\37.w, (7,4)

—-q

(NI

1
r2 —T

7(]4 ZS3\3{',W5 Z, q)

1 1 1 _1
xr2 —Tr 2 xrz —x
1 Z53\37, W, (z,9) 4
—q=2 1 — 1 =4qx3 —q X9,
xr2z —x 2

s Zsa\3rw, (2, q)

LT = s + O+ —
xrz2 — X

xr2 —x 2

)

253\3; (z,9)
1
2

(NI

2L £53\37, Ws r,q)

Zg3\3y z,q)
x% — T %

=qx1 — ¢x7 + Cxas + —
xr2 — X

q

)

[N

26 253 37 W, (»T 11)
g% S5O T v — atxo + X5

1
xrz2 —x 2
Curiously, Z §3\87, W3, (7, ¢) all seem to be Laurent polynomials.
The above computation seems to suggest that the two-variable series module
253\37'(937‘1) .
——1——; in fact, free of rank

T2 —x 2
2, which is consistent with an old result of [2] on skein modules of complements of
twist knots:

Vg (S?\ 37), as an R,-module, is spanned by 1 and

1

xrz —x 2
Note, 2 is exactly the number of branches of the A-polynomial of 37.

2 3\g37 (T,
Veq(5%\ 30) ZRX{LW}.

ExaMPLE 2.5 (Figure-eight knot). From the result of [2] on skein modules of
complements of twist knots, V; ,(5S%\4;) must be a free R,-module of rank 3, which

we study below. Note, 3 is precisely the number of branches of the A-polynomial
of 41.
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Let Z 53\4,,w, (,q) denote the two-variable series associated to the complement
of the figure-eight knot, with an insertion of the Wilson line on the “knot y” in [2]
colored by V,,; see Figure 5. Then,

Zsaayw, (2,9) = Zga\a, (2, q)
—
+ 223
+(g7 + 3+ q)at
+ (20724207 +5 4 2¢ + 2¢%)a
+ (g7 +3¢7% + 472 + 5¢71 + 8+ 5g + 4¢% + 3¢° + ¢*)a?
+0(?),
253\41,% (z,q)
= 2¢2x?
> (3+q)a*
%(q +5+ 2q + 2¢%)?
g% (2072 + 3¢ + 8+ 5¢ + 4¢% + 3¢° + ¢*)a?

I\J\H

t\J\»—A

G 3¢+ 6072+ 7¢ " + 144 10q + 10¢% + 7¢® + 6¢* + 2¢° + 2¢%)2?
+ O(x ),

Zs3\41,w3 (z,q)

= q(2+ q)a?

+ q(2 4 2q + 2¢%)2?
+q(344q +4¢* +3¢% + q4)m%

-
1\7‘,_‘

(g™t + 6+ 7q+8¢% + 7¢° + 6q* + 2¢° + 2¢%)x %

+q(2¢72 +5¢7 1 + 11 + 14q + 15¢ + 15¢° + 14¢"* + 11¢° + 7¢° + 4¢" + 3¢® + qg)x%
11

+O0(z2).

The two-variable series module V;, ,(S%\ 41) must be the free R,-module spanned
by these three two-variable series, divided by r: — g7
We observe the following relations among these two-variable series:'4

> _1z 1= _
X3Zs\a, (%,0) = 472 Zgna,,w, (%, 0) + 42 Zgo\ay w, (2,7 1),

15 _ 1 =
— ¢ " Zgay,ws (7, 0) + 4 2 X325\ 4y, w2 (7, Q)
> _15 15 _
= Zgo\a, (,q9) + (472 Zss\a, w, (%,9) + 42 Zgs\a, (2,07 ) — 2).

lRecall that 41 is amphichiral, so the mirror of 4, is itself, while the defect W will map to

a different defect. The 253\41,‘,[,2 (z,q~ 1) below is really the BPS g-series for the insertion of this
mirror defect.
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Therefore, a basis for V, ,(5%\ 41), as a free Ry-module of rank 3, can be taken to
be 1, Zpailtd g It 0,

2 —x 2 2 —x 2

Z Q) Z ’
Vm,q(SS \ 41) = RX{L 55\41 (:1: 1q)7 S3\41,Ws T Q) }
X

1
2 —xr 2 xrz2 —x

N

It turns out that the two-variable series above have simple expressions in terms
of inverted Habiro series [19]:

253\41 (Z‘, ) _ 1
3 —a7% S ogjenle +a™t =/ —q77)
Zsna,ws(T,4) g%(1+q")
x% 71’_% n>0 HOSan(I+‘r71 7qj 7q7j),
Zsnaws(1,0) "t qg+q")
x3 — 173 S0 [locjcnl@ 27t —¢/ —q77)

Hence, another way to describe V, ,(S%\4,) is that it is spanned by three sequences
of inverted Habiro coefficients, given by {1},>0, {¢"}n>0, and {¢*"},>0.

The appearance of 1 in the two-variable series modules in all three examples
discussed above naturally leads to the following question:

QUESTION 2.6. Is 1 always in the two-variable series module V, ,(S®\ K)? In
other words, is there always an element W € SkgL2 (S \ K) of the skein module
such that the colored Jones polynomial ﬁJ( &), w (q) is always 17

3. Surgery

In this section, we show how to perform surgery to get an analogous map from
the skein module of a closed 3-manifold — which is a finite-dimensional Q(q% )-vector
space [13] — to some vector space of g-series.

3.1. Twisted spin® structures. Before getting into the proof, let us first de-
fine twisted spin® structures that appear in the statement of Theorem C. Recall that
isomorphism classes of principal SO(3)-bundles over a 3-manifold Y are classified
by their we € H(Y;Z/2). For any o € H,(Y;Z/2), one way to construct a prin-
cipal SO(3)-bundle P over Y with wy(P) = PD(«) is by twisting the SO(3)-frame
bundle F'r in a tubular neighborhood of a 1-cycle C, C Y representing «, in such
a way that the clutching map along the meridians of C,, represents the generator
of m(SO(3)) 2 Z/2. Let us denote the resulting SO(3)-bundle by Fr(C,).

DEFINITION 3.1. A C,-twisted spin® structure on Y is a lift of Fr(Cy,) to a
principal Spin®(3)-bundle.

Clearly, when C, = 0, this is nothing but an ordinary spin® structure. We
denote the set of C\-twisted spin® structures on Y by Spin®(Y, C,). Just like the
usual spin® structures, Spin®(Y,C,) is an H*(Y;Z) = H,(Y;Z)-torsor. If C!, C Y
is another 1-cycle representing the same class a € H;(Y;Z/2), then any 2-chain
D CY with 0D = C, — C/, induces an isomorphism of H;(Y’; Z)-torsors

®p : Spin“(Y, C,) = Spin®(Y, CY),
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which is compatible with composition of 2-chains. If Dy and Dy are both 2-chains
from C, to C/, then [D; — Dy] € Hy(Y;Z/2), and

®p, — ®p, = B([D1 — Ds)),

where 8 : Ho(Y;Z/2) — H1(Y;Z) is the Bockstein. We will sometimes simply
write Spin®(Y,a) to mean Spin®(Y,C,) for some choice of C,, and call its ele-
ments a-twisted spin structures. From the discussion above, without choosing C,,,
Spin®(Y, «) is canonically defined only up to gauge transformation (i.e., translation
by elements of order 2 in Hy(Y;Z)).

See Appendix C for the analogous story for an arbitrary semisimple gauge
group G.

REMARK 3.2. There is a useful characterization of Spin®(Y, «) when Y is pre-
sented as a surgery on a framed link L = Ly U--- U L, C S with linking matrix
M. Recall from [11, Sec. 4.2] that

m+27° _, 0+ 2Z°
2MZs — 2MZs’

Spin“(Y)

Il

where m is the framing vector (m; = M), and 0 is the degree vector (§; =
Zj £i M;;). The first isomorphism can be seen by considering the 4-manifold
W with OW =Y given by the surgery trace: The restriction map Spin®(W) —
Spin“(Y') is surjective, while the map Spin®(W) & H?(W;Z) = Z° given by the
first Chern class is injective, with the image consisting exactly of vectors whose
mod-2 reduction match with wy(TW); i.e., the characteristic vectors m + 2Z° C
7° = H?(W;Z). The second isomorphism is given by adding Mu = m + §, where
u=(1,--,1).

We can describe Spin®(Y, @) in a similar way. Given a 1-cycle C,, C S\ L C Y
representing a € H;(Y';Z/2), we can choose a relative 2-cycle D,, C W by capping
C,, off using meridional disks, representing a class in n € Ho(W,Y;Z/2) with dn =
a. Then, if ¥; € Hy(W;Z) is the capped core of the i-th 2-handle,

PD(n)(%;) = % -7 = 1k(Cy, L;) mod 2.

Let P, be the (isomorphism class of) SO(4)-bundle over W which is identified with
the usual frame bundle outside a tubular neighborhood of D,, but glued across D,,
in such a way that the clutching map along the meridians of D, represents the
generator of 1, (SO(4)) =2 Z/2. Then,

wa(Py) = wz(TW) + PD(n).
Let Spin“(W,n) be the set of (isomorphism classes of) lifts of P, to a Spin®(4)
bundle. Then, the restriction map Spin®(W,7n) — Spin°(Y, «) is surjective, while
the first Chern class map Spin®(W, n) & H?(W;Z) = Z# is injective, with the image

consisting exactly of vectors whose mod-2 reduction match with wq(TW) +PD(n).
It follows that

Cy) +m + 2Z° ~ t(Cq) + 6+ 277
2M7s - 2M7s ’

where t(C,,) is the vector with t(Cy,); := 1k(Cy, L;) mod 2.

Spin®(Y, a) = 4
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3.2. Proof of Theorem C. We need to show that, if L’ C S3\ K is obtained
from L C 83\ K by handle-sliding a component of L over K thought of as a
p-framed knot, then

£ [(:r% — x_%)Z\SS\K7L(£ﬁ, q)] =£® [(m% — x_%)283\K,L’ (z, q)}

Here, £®) is the p-surgery Laplace transform, which is a Z[qi%]—linear map defined
on each monomial in x by

LW g s glgr
where d € Q is determined by p and is independent of u; see Appendix B. It suffices
to consider the case when the defect L is colored by Va.

A choice of an a-twisted spin® structure s € Spin®(Sy(K), a) = (a+Z)/pZ (with
a=0if pis odd, and «a € %Z/Z if p is even) simply corresponds to restricting to
monomials x* corresponding to a fixed congruence class s = u (mod p), and hence
we suppress § from the notation in this discussion.

Firstly, note that we have the following identity:

LEMMA 3.3. For any u € 37 and € € {+},

(3.1) £® [(sc% - x_%) . (qéfc% — q_gaﬁ_%)gf :v“}
= ﬁ(p) [(m% 7;57%) (qu‘fj% — q%jfé)(q%jfg)pxu}
PROOF. Straightforward calculation. O

It follows that, using the fusion rules reviewed in Appendix D, we have

Voo () Voo ()

ec{£} —
Voo (g~ €2)
= Y —(ghx? —qEaT ) Voo (2)
ec{£} S
Voo (g™ €2)
Voo(q™ )
(3.1) e 1 e 1., 1 _e
=p —(¢7 222 —q2a72) (g™ 2)” Voo ()
ee{£} E—
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Voo (™€)
I p full twists
O S rtad - g\ g Valo)
ec{t} 4‘
Vool(q™ T)

W p full twists
(D.1) \j Vo (2) ,

where =2, means the two sides are equal once we apply the p-surgery formula. In
the last equality, we are first sliding the top trivalent junction along K — using
(D.3), see also Remark D.1 — until it is just below the bottom trivalent junction
and then using (D.1) to detach L’ from K. Therefore, our map is invariant under
handle slide. O

REMARK 3.4. It should be possible to extend this argument to rational surgery
by analyzing the fusion rules for torus braids. Moreover, one can likely adapt this
proof to show well-definedness — i.e., invariance under handle slides — of Z of closed
3-manifolds presented by surgery on a framed link, assuming convergence of the
g-series. We plan to investigate this in future work.

REMARK 3.5. In case of integer homology spheres, our map 7 can be thought
of as the g-series analog of a recently constructed map [8] from the skein module
to the Habiro ring (i.e., functions defined near roots of unity). We expect that our
map provides an analytic continuation of their map in an appropriate sense.

3.3. R,-module structure vs surgery. We have previously seen in Section
2.4 that the two-variable series modules V;, ,(S% \ K) are naturally modules over
R, , with the module structure given by an insertion of a Wilson line along the
meridian. Here, we briefly discuss how the R,-module structure interacts with the
Laplace transform, focusing on the —1-surgery, as it will be used in the examples
below.

Recall from [20, Prop. 4.1.5] that the —1-surgery Laplace transform acts on
each inverted Habiro factors by

TL2

_q
v (@)

1
H1§jgn($ +al =gl —q7)

where (- - .2 in the left-hand side means to first expand (---) into a power

’ )|x“'—>q
2
series in x and then to replace each monomial z* by ¢* . It turns out, there are
similar identities even when the inverted Habiro factor is multiplied by an element
of Ry:
LEMMA 3.6. There are polynomials PX(t) € Z[qF1][t] of degree m—1 such that
2
n

q _
= ————PX(¢™").
g @ @)

Xm
<H1§jgn($ +at—¢l — qj)>
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In particular,

2_xn
Xm 11 q"
(ngjﬁn(x +aml—gf - qJ)) ot qu? lg™] { (@5 q)n

with the coefficients in Z[qi%] independent from n.

Proor. For m = 1, this is [20, Prop. 4.1.5], and for m = 2, this is [3, Lem. 1].
For general m, it suffices to observe that there is a recurrence relation for PX(t).
That is, if we set H,

OS)\gm—l},

we have

1
- H1<]<n(1’+m l—q/—q=7)’
(Xm+2 + Xm—Q)Hn = (37 +ax )XmHn = (qn + qin)XmHn + XmHn—1,
and thus
PXo(t) + P _o(t) = (t+ 1t )PX () + (gt® = 1)(1+ ¢~ 1) PX(qt).

Note, the right-hand side of the recurrence is a polynomial in ¢, since the terms of
O(t™1) cancel out. O

Explicitly, for the first few values of m,

Pi(t) =1,
12
PYX(t) = ¢ 7 (1+1),
2
PX(t) =qT((1+q Yt +1?),
2
PX()=qT(—¢ ' +q 2+ (1 +q  +q 22+,
2
PXt)=qT(—¢ 2= (¢ +q Dt + (¢ 2 +q 2 +¢ N2

+(1+q "+ g+ + 1Y),
Given a sequence of inverted Habiro coefficients {a_1-,,(¢) }n>0, the new sequence
formed by {¢*a_1_n(q)}n>0 for some \ € Z is sometimes called a descendant of

the original sequence. Hence, the observation above may be rephrased as: the
R,-action generates the descendant g-series.

3.4. Examples. For Y = S3(K) and a choice of o € Hy(Y;Z/2) and an
a-twisted spin® structure s € Spin®(Y, «), let the g-series module V,(Y)s be the
image of the skein module Sk;L2 (Y)q under Z,. After tensoring with Q(q7), this
. . . . 1 .
is always a finite-dimensional Q(q7)-vector space. In the examples below, we will
consider integer homology spheres and omit s from the notation since there is a
unique choice.

EXAMPLE 3.7 (—1-surgery on 3!). Let Y = S%,(3}) = (2,3, 5), the Poincaré
homology sphere. It has 3 SLo(C)-flat connections (all of which are SU(2)-flat
connections), and in fact

dimg o Sk3"2(3(2,3,5)) = 3,

see, e.g., [4]. The left-handed trefoil is the mirror of the right-handed one, so
its two-variable series module can be obtained from that of the right-handed one
(Example 2.4) by replacing ¢ by ¢~
Z g3\t (2, Q)
Viq(S%\ 81) = Rx{l, ml\ll}

2 — 2
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Multiplying them by (z2 — z~2)2 and applying the —1-surgery Laplace transform,
together with Lemma 3.6, we have
(_1)nq7"(3271) +An

(@ q)n ASO

Vo(2(2,3,5) = Z[gFH] L 2(1 = q), xd(g™") =D
n>0

where x3(¢~!) are the descendants of the mirror (¢ +» ¢~ !) of the order 5 mock
theta function xo(q). Let & (resp., §) be an operator acting on the descendants by
multiplication by ¢* (resp., by shifting A to A + 1), so that 2 = ¢#7. Then, these
descendants satisfy the following degree 3 inhomogeneous ¢-difference equation

—q((1+9)(1—¢7'9°) +a29°) xo (¢ ") = 2(1 —q),
and the corresponding degree 4 homogeneous g¢-difference equation
(1= +¢)8 + a2’ + (a7 = *2)5*) x3(¢7") =0
obtained by acting by (1 — §) on both sides. Note that, when A = —3, the above
equation reduces to the following degree 3 linear relation:

Xo @) =0 +q Hxo (e +a*xo(gh) =0.
It follows that

viee.9) =zt { e | A <o)
{

Xo(,— Ao—1(, — Xo—2(, —
X0 (671 xp" @) X" (g 1)}
for any A9 < 0, consistent with the fact that

im_ <dim_ 1 SkS =3.
dimg 1) Vy(£(2,3,5)) <dim 4 Sk;™*(5(2,3,5)) =3

EXAMPLE 3.8 (—1-surgery on 37). Let Y = S ,(37) = %(2,3,7). It has 4
SLo(C)-flat connections (with 3 of them being SU(2)-flat connections and the re-
maining one being complex), and in fact

SLo _
SIS (2(2,3,7)) = 4,

= Zlg*7]

dlm@(q%)
see, e.g., [4]. Applying the —1-surgery Laplace transform to V, ,(S%\ 37) (Example
2.4), we have

(_1)nqn(n2+1)+/\n
n+1. A S 0 ’
("5 @)n

Vq(2(27377)) = Z[qi%] 2(1—q), fé(q_l) = Z

n>0

where F3 (¢7!) are the descendants of the mirror (¢ <+ ¢~1) of the order 7 mock
theta function Fy(q). They satisfy the following degree 3 inhomogeneous g-difference
equation

—q((L+9)(1— ¢ '9%) + a2 Fo(a™ ") =2(1 - q),
and it follows that

Vy(S(2,3,7)) = Zlg*] {mql) ‘ Ae z}

= Zl ) { R (), R @) B B )
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for any Ao € Z, consistent with the fact that

. < d SL _
dlmQ(q%) Ve(2(2,3,7)) < dlmQ(qi) Sk, ?(3(2,3,7)) = 4.

EXAMPLE 3.9 (—1-surgery on 4;). Let Y = S3,(4;) = —X(2,3,7), which is the
orientation reversal of 3(2,3,7) studied in Example 3.8. Applying the —1-surgery

Laplace transform to V, 4(S% \ 41) from Example 2.5, we have

n2—An
VQ(_E(27377)) = Z[qi%] 2(1 - Q)7 ]:(?\(q) = Z qT A Z -2
o (@ q)n
Thanks to the degree 3 inhomogeneous g-difference equation
(32) (L +9)(1—ad®) - ¢ ' '9) Fe) = 2(1 — 9),

it follows that
Vy(=5(2,3,7)) = ZigtH) {f&@ ] re Z}

= 2l {7 (@), R (@), T 2 0) B (@)}
for any Ao € Z. As expected, this is the mirror (¢ <> ¢7') of V,(2(2,3,7)).
Analogously to Question 2.6, we ask the following;:
QUESTION 3.10. Is 1 always in V,(Y") (after tensoring with Q(qi))?

4. Modularity and duality

In this section, we will show that the g-series module V,(£X(2,3,7)) discussed
in the previous section extends to a matrix-valued holomorphic quantum modular
form. The first step is the factorization of an appropriate state integral [7, 6, 23],
which we review below.

4.1. From ¢-series to state integrals and back. Recall that the non-
compact quantum dilogarithm ®p(x) is defined as follows.

DEFINITION 4.1.

+oo e—2izw dw 627r(x+cb)b;e b2 o
Dy (x) ::exp</ )z( ( (67)

o 4sinh(wb)sinh(wb=1) w e2m(@—c)b~1 o(—bh=2)) .’

where ¢, := £(b+ b™!), and the first expression is valid for |Im(z)| < |Im(c)],
while the second expression is valid for Im(b?) > 0.

We also set
7= b2 qi= e2miT = ezm'(fg)
We would like to find state integrals'® realizing the holomorphic quantum mod-
ularity of the g-series module

n2+)\n
1 _ q
Vo (=2(2,3,7)) = C(q*) { Fo(q) = Z = \NEZ
n>0 v

15Integrals involving products and ratios of ®,, and a Gaussian term are often called “state
integrals”.
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The idea is to start from the e hypergeometric series, and replace ¢ by e2mi(—ka*)
(k =1 in our case), and T q) by ®,(l(x — ¢p) + ) (I = 1,2 in our case). This
gives the following “homogeneous” state integral:'6

Dy (20 — ) ) _
S/\,H(T) — / b( L cb)627m(—:r2—z()\b+,ub l)x)dl‘,
R+ie q)b(w)

where we have also inserted an extra factor e i(Ab+pb~")z) dependent on a pair
of integers A\, u € Z. This state integral can be computed by pushing the contour
to 400, collecting the residues at the poles of ®,(2z — ¢,) that are not canceled by
the poles of ®,(x).1” The poles are at

27 (—

.om 1 .n
with m,n > 0, not both even, and they are all simple. A straightforward calculation

shows

DPp(22 — Cb) omi(—w2_s b1
Sxulr) = E Resw:x%,% <(<I> @ ) e2mi(—a" —i(Ab+pb )fc))
m,n>0 b
not both m,n even

P,(2x + 2xm n — ¢
= Z Resx:o ( b((b 22 b)
0 (2 + o)

not both m,n even

1
Yp !
b,

—27i(x+xm

% e y 1%)2+2wb>\(z+x%7%)+27rb71u(x+z%,%)>
1
- 2;0 Res,—o (1 i
m,n>
not both m,n even
~ 1 ~
(qm+1 47rb3:; q)oo (( 1) q 627rb :c; Q)oo

(( 1) q';+1627rbw;q)oo ((}‘71647rb 1y i 1)n(qe47rb q)oo

% e—27ria:2+27r((m+1+)\)b+(n+1+u)bl)m))

x (—1)(HDAF(mAD et (A1) (n1) o (52)* 2572 5= (355) 7 = 5

— _b Z (71)(n+1)>\q(m2+1)2+’";1>\ (@™ )
4m m,n>0 ((,an 2 +1; q)oo

not both m,n even

% (_1)(m+1)uq~—("T+l)2—"T+ly (( ) q ii 2
(@ a (@ q
Separating the sum into parts with (m,n) mod 2 = (0, 1), (1,0), and (1,1) and
simplifying the infinite g-Pochhammer symbols using modularity n(—7—1) = v/—i7 n(7)
of the n-function n(7) = g (¢; 9) o and similar properties of the n-quotients

_ 1
(qaq)oo = q 12477(T) = e%q_iqi’]’_ s

(@ Do g 2n(—1)

(NI

16We thank Campbell Wheeler for correspondences and for suggesting these state integrals.

T his is possible because the contour integral along a big semicircle vanishes in the large
radius limit; the absolute value of the integrand is O(e‘kmz), where kis (22 -12)-2(1) =1>0
for argz < 5 and 0+ 2(1) =2 > 0 for argz > 3.
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1

(@00 G5n(=352)/n(=1) 3t
(~% @)oo q2an(27)/n(7) 2 ’

1 qﬁn(l_i%)zz
(202 @0 _ T 0CEMCD | L
(_q%' q - * 7]("’)2 =q q )
)0 % 7z

we conclude that

San(T) = — 1 ((—Di 27 g B,(37") Ax(0)

where

m>0 q54)2m

1
m 24+ (m (QE;Q)WH-l
Bi(q) == § :(_1)Aq( A H(mA AL DmAl
m>0 (Q§ Q)2m+1

m 240 (m _q%aq m
Cx(q) == Z q( +1)%+( +1)>\(( . ) +1
m>0 q; Q)2m+1

Note, we haven’t gotten the g-series we wanted yet, since they should come from the

poles of ®,(2x — ¢p) at xm n when both m and n are even, except that those poles

are canceled by those of ®,(x). Hence, to get the desired g-series, we need to add

extra poles by inserting the factor m; this gives the “inhomogeneous”
. .

state integral:'®

1 Dy (22 — Cb) 9mi(—a?— -1
S .= mi(—z*—i(Ab+ub )x)d )
m >\7M(T) /]R—i_i€ 1— e277b71($*0b) (I)b(l') € XL
That is, we are adding new simple poles at x,,0, m € Z. Following the same
procedure as before, we have

mSy (1) = e ((—1)31 2772 GomB,(G") Ax(q)

where

m+3)24(m+1 q;9)m
Z3(0) = Y (-1l e (6)

= (¢ @)2m
1 1 I (—¢9)n
Ax(q) = (me+3)*+(m+3)A L nam
(@) mz;()q L+q™ (¢q)2m

1811 the notation, m for “modified.”
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2 1 (¢%:1Q)mr1
mBy, q) — -1 )\q(7n+1) +(m+1)A ,
( mzzzo( ) 1—qzt™ (¢;Q)2mt1
2 1 (=% Q)mi1
mC)\ q) = q(m+1) +(m+1)A )
@ =2 14+qgzt™ (¢ q)2m+1

m>0
Note, Z)(q) is the desired g-series .7-'07()‘“)(q)7 up to sign and an overall g-power:
1 1 —(A+1
(4.1) Z:(a) = ¢t (=2 Fy T (g).
Our discussion so far can be summarized in the following proposition:

ProOPOSITION 4.2 (Factorization of state integrals). Define

110 0 0 1| Zx(q) Zaa(q)  Zaga(q)
o= 9 0 0 Ax(g) Axt1(a) Axta(g)
010 ¢7 0 0| Ba(g) Ba+ila) Bat2(q) |
0/0 0 g1 0| Cx(g) Crx+1(g) Cxt2(q)
and
1[0 0 0 —qi(—¢2)*| 0 0 0
QY (q) := 011 01 0 mAx(q) | Ax(g)  Axta(a) Axsa(9)
A 010 g7 0 mBx(q) | Bx(a) Bxi1(g) Baya(q)
0j0 0 ¢ mCi(q) | Ox(a) Crt+1(q) Criz2(q)
Then, we have
1 0 0 0
vyt .| 0 0 (-Div2r: 0 ,
Qp(q ) 0 (_1)%\/57_—% 0 0 Q)\(q)
0 0 0 (—1)ir~s
G (=G )" | mSau(r) mSxpru(r) mSriau(7)
R 0 1) Swrn(m) Srgop(m)
0 Sxau1(T) Sat1put1(7) Sxi2,pt1(7)
0 Sxut2(T) Sxt1u42(7) Sz, ut2(7)

In particular, the above product extends holomorphically from C\R to the cut plane
Cs =C\ Rg.

REMARK 4.3. While the matrices Q(¢q) and QY (¢) depend on X € Z, their col-
umn spaces are independent of the exact value of A, since they satisfy the following
recurrence relations:

1[0 0 2(1—gq)gi(—g2)**
B 1 ofo o —q3
Qx+1(q) = Qx(q) ol1 o 7 ;
0/0 1 ¢2 (14 ¢*3)
—q2 |0 0 0
s o o0 —g3
0 |0 1 q2(1+4¢*3)
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Note, the column span of the top row of Qx(q) is exactly the g-series module V,(Y")
we are interested in. Also, the last column of the g-difference equation for @Qy(q)
above is exactly the inhomogeneous g-difference equation (3.2) for F2'(q), once we
replace all Z’s by F’s using (4.1).

4.2. Holomorphic quantum modularity.

PROPOSITION 4.4 (Semilinear pairing). We have the following semilinear pair-
19

mng
0
% —I\T 0
QLo \(g) 1 “Q—211(q)
0
—0t ()M |20 +¢*) 0 21+
B 0 204 + ¢) 2457 21T P
= 0 9~ 3+ 2> 92¢3 = aq)-
0 2g~ 1+ QQ—%H 2(¢* + ¢*)

THEOREM 4.5. Fiz any A € Z. Then, Q(q) = Qx(q) is a matriz-valued holo-
morphic quantum modular form, with the automorphy factor (i.e., a matriz-valued
SLa(Z)-cocycle) v — j(T) generated by

10 0 0 -1 0 00
: ofr=2 o0 o0 G
]S(T) = ’ _1 0 01 V2 0 )
0 0 772 O1 0 | (-1)3v2 0 0
0| 0O 0 772 0 0 0 (_1)%
-1 ‘ 0 0 0
) o 0 |-1 0 0
]T(T) T 0 0 0 (71)%

In other words, the cocycle

Qy(7) = Q(Q|'y)_1 Jy (1) - Q(q),
extends holomorphically from C\ R to the cut plane C,.

ProoF. It suffices to check this for the generators S, T € SLy(Z). For T', this
is obvious because Q7 (1) = (—1)**21d. For S, the semilinear pairing (Proposition
4.4) and the factorization of state integrals (Proposition 4.2) imply that the cocycle

Qs(7) = Q@) " - js(7) - Qx(9)

= Pra@ QU@ | 3s(1)- Qa0)
0

= Pria(q) " Q\—/4—/\(‘71)T'

19Such a pairing is often called a “quadratic relation” in the literature.
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1 0 0 0
0 0 (—1)5v2r~2 0
| o| (—1ivart 0 0 1Q9)
0 0 0 (~1)ir—2
extends holomorphically to the cut plane. ([

4.3. Speculations on Langlands duality. We conclude with some specu-
lative remarks on interpretation of the matrix of g-series we have observed above,
and on Langlands duality for skein modules.

REMARK 4.6. The columns of Q(q) and QV(q) are labeled by basis vectors of
SkgLZ (Y), while their rows are presumably labeled by SLy(C)-flat connections
on Y, with the top row corresponding to the trivial flat connection. Thus, it is
tempting to interpret the matrices Q(g) and Q" (q) as the partition functions (up
to suitable normalization) of the Kapustin-Witten theory on Y x [0,00) and on
Y X (—00,0], with the boundary condition at 0 given by the Nahm pole boundary
specified by an element of the skein module, and the boundary condition at 4oco
given by the choice of flat connection. Considering the Kapustin-Witten partition
function on Y x [0, 1], with the two boundary conditions specified by elements of the
skein module, it should give a semilinear®! pairing (,) on the skein module. This
might be the origin of the semilinear pairing in Proposition 4.4, though it is not
clear why it should take values in Laurent polynomials, rather than power series.

QUESTION 4.7. For an arbitrary 3-manifold Y (say, an integer homology sphere),
is there a naturally defined semilinear pairing

() Sk (v) x SISE2 (V) — Z[g ]2

REMARK 4.8. In a similar vein, the rows and columns of the automorphy factor
Jo(7) are presumably labeled by flat connections, while the rows and columns of
the cocycle Q. (1) are labeled by basis vectors of Sk(Y). Recall from [14, Conj.
4.2] that, when G is simply-laced and simply connected (so that Z(G)Y = Z(G)),
the Langlands duality for skein modules can be phrased as a transcendental iso-
morphism

s
Sk (Y)ap = SKS (V)b,a
where Squ (Y)q,» denotes the a-graded component of the b-twisted G-skein module,
witha € H1(Y;Z(G)Y) and b € H1(Y; Z(G)). Even when Y is an integer homology
sphere, so that we can ignore the grading and twisting, the Langlands duality
predicts a non-trivial transcendental isomorphism

S
Sk{ (V) 2 Sk& (V).

200y, more generally, some equivariant version of sheaf-theoretic SLa(C)-Floer homology [1].

21That is, (f(q)L1,9(q)L2) = f(a)g(q—1){L1, Lz) for any f(q),g(q) € ZlgT 7] and L1, Lz €
SKSR2(Y).
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The cocycle Qg(7) provides a natural candidate for such a map. That is, we
conjecture that it fits into the following a commutative square:

SLo S SLo
SKSL2 (v) —2 SKSle(v)

|2 |2
V(v) —=, vy(v)

For 3-manifolds Y with non-trivial Hy(Y;7Z/2), we expect the relation to involve
an intricate interplay between grading, twisting, and twisted spin® structures. We
plan to study this in future work.
Appendix A. Review of perturbative expansion of R-matrices
A.1. Rozansky’s lemmas and their extension.
LEMMA A1 ([21, Lem. A.1]). For any n >0,
n n m
(A1) |:k] = (k‘) Z Qm(n, k)h
q m>0
for some polynomial Q. (n, k) € Q[n, k] of n-degree < m and total degree < 2m.
The first few of these polynomials are:
QO (n7 k) = ]-7
1
Q1(n, k) = ik(n — k),

Q2(n, k) = 2i4k(n —k)Bk(n —k)+n+1),

Qs(n, k) = %lﬁ(k: +1)(n—k)?(n—k+1).

Note, Q@ (n, k) = Qu(n,n— k), which follows from the corresponding symmetry of
(quantum) binomial coefficients.

LEMMA A.2 ([21, Lem. A.2, A.3]). Let
Pmn):= J[ @-ald-1)).

m+1<Il<m+n
Then, for any n > 0,
(A.2) P(m,n) =Y (—a)/W/ [[ (m—k) > h'Tja(m,n),
Jj=0 0<k<j—1 d>0
where T; 4(m,n) is some polynomial in m and n of degree < j +d.
The first few of these polynomials are:

To,a(m,n) = 4.0,

1
Ty o(m,n) = 5(2m +n+1),

1

Tia(m,n) = — (6m® +6m(n+1) +2n* +3n + 1),

TQ,O(m7 n) =

RS

(12m? + 12m(n + 1) + 3n* + 5n + 2)
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1
Ti2(m,n) = 2 (4m® + 6m*(n + 1) + m (4n® + 6n + 2) + n(n + 1)?),
1
Ty 1(m,n) = - (6m® +9m*(n + 1) + m (5n° + 8n + 3) + n(n + 1)),
1
T3 0(m,n) = yr (8m® +12m*(n+ 1) + 2m (3n® + 5n + 2) + n(n + 1)%).

When it comes to the inverted state sums discussed in Section 2, we will actually
need these lemmas for all n € Z, not just n > 0. This follows from the fact that a
polynomial in n vanishing for all n > 0 is identically zero; we include the argument
for completeness:

LEMMA A.3. Lemmas A.1 and A.2 hold for all integers n € Z, with the same
polynomials Qp,(n, k) and T; 4(m,n).

PROOF. In both cases, we will show that the perturbative series defined by the
right-hand sides of (A.1) and (A.2) satisfies the relevant recurrence relations for all
n, hence both (A.1) and (A.2) hold for all n € Z.

Lemma A.1 implies that, for any n > 0,

" el
_ qgn—k
k q 1 q ok q

1 (D S ((n +1)Qm(n+ 1,k) — Qm(n, k)

n+1)et?t a
E:azo£jgi%7*h )

_ n—k+1)°
n—k+1 0 50 ( (b+1)') Kb
- QL (n, k),
n_,m( ) S B Qe
m’>0

where Q! . (n, k) are the polynomials obtained by expanding the second line of the
equation into power series in fi. Since each @/, (n, k) vanishes for all n > 0, it must
vanish identically. Thus, (A.1) holds for all n € Z.

Lemma A.2 implies that, for any n > 0,

P(m,n+1) — P(m,n)(1 — a(g™ " — 1))

=N (o) J[ +1-k) - mTa(m,n+1)

7>0 0<k<j—1 d>0
(m+n+1
Y Capn I k) E e Tamn [1-a 3 Ry
>0 0<k<j—1 d>0 1>0
= Z o) b H (n—k)- Z hd<(n + )T a(m,n+1)
>0 0<k<j—2 d>0

(m+n+1)-d+1
2 gy Talmm)

so the polynomial in the big parenthesis in the last line vanishes for n > 0, hence
it vanishes identically. It follows that (A.2) holds for all n € Z. O

—(n=j+1)Tja(m,n) -
0<d’'<d

COROLLARY A.4. The differential operators Dy and D, constructed below re-
main the same, even when some spins on K are inverted.
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A.2. Proof of Lemmas 1.4 and 1.5. We will only consider R (i.e., positive
crossing), as the analogous statements for R~! follow immediately from those of R
from the identity

./ YAy
7 = Raz" oy e M

v
RNz, 29,€"): i

i,j
PROOF OF LEMMA 1.4. The proof is essentially identical to that of [21, Cor.
3.1]; the only difference is that we are using different colors, Voo (z1) and Vo (z2),
for the two strands.?? That is, we expand the R-matrix using Lemmas A.1 and A.2,
and replace every j, j', and ¢ — j' by ada, B0s, and 0., respectively, as follows:

'

11
c3zd R(xy, 2, q), i

i—g’

_ R R R RV RN I B
= Gingaagty © Capt 2qUTRUTR) {,} T a-dah

9 j+1<1<i’
_i—=g'_j ;,7 j -|— (] —+ )
= Oijir 45/ 01 ‘x =y ZQb ii—j')
a>0 b>0
n
(1_3j Z( 1_1: ) hn H Z_]_ Zthm]a )
n>0 2 0<k<n—1 m>0

n(ado + 3)“(BO5 + 3)°

a!

I
(]
<
(]
—~
:
Q\b—i
5"
~—

Qb('}/a'y + ﬁaﬁv 'Yav)
d>0 a,b,n,m>0
a+b+n+m=d

Y

< [ (0 = k) Tum(ade,70,) | Rlev, 8,7); 7

1
a=z, 2
0<k<n—1 _1
5:I2 2
11 .
y=z; fzy (1-zy )
In other words,
11 ] d
xixg R(x1,22,q); 7 = g hD4R(« ) it ,
D(:Il
d>0 _1
B=wz, 2
1 1

-1
'y:a:l tzd(l—zy )

where Dy € Q[a% , 3%, 7*L, 04, 05,0, is a sequence of differential operators defined
as above. Moreover, the order of Dy (i.e., the 9-degree of Dy) is bounded above by

deggDg < 2a+degQp+n+degThm <2a+2b+n+ (n+m) < 2d,
as claimed. 0

PrOOF OF LEMMA 1.5. The proof is almost identical; the point is that, once

we fix g",l‘ € {0,1,--- ,m — 1}, we can find differential operators purely in terms of
B and 85:

2 J
xl x5 R(J: q™" q)
22\What is nice about this, as opposed to the case when the two strands are colored the same,

is that the differential operator is determined essentially uniquely, because o and 3 are specialized
to different values.
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_i—jl 3 i—3' i a1yt 1y |2 B
= iyt +g'% Tt M I a-da™
9 j+1<I<d!

_i=g 2 —i" 4’ 2
=0itj i+ 12 2 E
a>0

()ZQb3+Z—J) o I — =
JH1<I<d 1-q

b>0

I,
k.

Lya(pp 1\a
2)"(6% + 5) Qu(Bs +i' — j,i' —j)

a G+
:Zh Z : al =

d>0 a,b>0
a+b=d
1—g'qm 7.5
L4999 i’yj
X H —qgm R(a’ /6’7)7;;1 a:m*é
JH1<I<i p=0 %
y=z"4q4 (1—q¢~™)

Il —m
into a power series in A, we obtain the desired

Further expanding [, </ ﬂ(lﬁ
differential operators D, € Q[8, 93] of order < a+b=4d O

Appendix B. Review of gluing formulas and overall ¢g-power

Let K C Y7 and L C Y5 be knots in integer homology spheres. Let Yx 1 denote
the 3-manifold obtained by gluing the boundaries of Y7 \ K and Y3 \ L via

pe\ _ (—s —t\ (i1
A2 p T M)
1\ [—r =t (e
M) \p s A2 )7
where sr —tp = 1, and pj,A; are the meridian and the longitude (in the Seifert
;L) = L/ pL,

framing) of K, and similarly for po, A2 and L. Then, Y 1, has H1(Yk 1; Z)

and there are p different choice of spin®-structures
In this setup, the conjectural gluing formula for the BPS ¢-series is given by

Zye 1 b(q)
_ dj{ dr dz Ay\K(x q)Zy\L(Z 2 Z x_mz_nq—%<mn>({§)(’,?)
2mix 2mwiz 2 -
m,nEE-‘rZ
rm+necb+pZ

)

TN @@

m,ne % +7Z
rm4neb+pZ

possibly up to an overall sign, where f7?(q) and f7'(¢q) are defined by

=4q

ZYI\K z,q) Z fR (@)™, ZYz\L z,q) Z fr(g)z",
ney; 147

mesz A
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be (H* +Z)/pZ = Spin®(Yi, 1), and

t : sign(p)\ _ p
d= ™ + 3sign(r) <s(p7 r)+ 1 > o
where s(p,r) denotes the Dedekind sum.?® See [10] for an interpretation of this
formula in the TQFT language. In this formula, m and n denote the choice of
spin‘-structures (or equivalently, Euler structures) on Y7 \ K and Y5 \ L, and the
congruence condition rm + n € b+ pZ ensures that the two spin® structures glue
together to the fixed spin® structure of Yy 1. Note, the congruence condition can

be equivalently written as

() ()= () ot

where b’ = sb € (42 4+ Z)/pZ and b = rb/ € (4~ + Z)/pZ; b and V' are just two
different ways of describing the same spin®-structure. From this, it is clear that all
the powers of ¢ lie in the same coset of Z.

It is worth noting that this formula is really symmetric under exchanging K
and L. The extra overall factor ¢? remains the same under the symmetry r <+ s as
well; this is a consequence of the reciprocity formula for Dedekind sums.

Finally, when L is the unknot in S so that 2,5‘3\L (z,9) = 22 —2~ 3%, this formula
reduces to the conjectural 2-surgery formula of Gukov-Manolescu [11].

Appendix C. Generalized spin® structures and their twists

In Section 3.1, we defined twisted spin® structures. There should be an analo-
gous story for general semisimple gauge group G, where we have a H2(Y; Q)-torsor
of “generalized spin® structures” [18], which can be twisted by o € H{(Y; Z(G)V) =
H,(Y;X/Q), where X is the character lattice (Q C X C P). Here, we propose an
idea for what kind of geometric object they should be.

Let ¢ : SU(2) — LGy be the principal embedding®*, which is unique up to
conjugation. The image of —1 is

p(=1) = [o] € Z("Gse) = (PY/QY)" = P/Q,
where p € P is the Weyl vector. The principal embedding descends to ¢ : SO(3) —
LG4, so we can use it to construct the principal ¥Gaq-bundle

L
Pian := Fr X Gad

associated to the frame bundle F'r on Y.
Let T := b*/Q be the compact real torus with period lattice @, so that
m1(Tg) = Q (i.e., the maximal torus of ZGy.). Recall that

m("Gaa) = (PY/QY)Y = P/Q C Tg.
Define
LGad = (LGSC X TQ)/T‘—I(LGad)a

230ur d is a slightly corrected version of that from the conjectural g—surgery formula of [11].
Note, our d is invariant under (7’ PN (2 ), as it should be, while the one given in [11]
isn’t.

24Note, in the context of Kapustin-Witten theory, such principal embedding is used to define
the Nahm pole boundary condition.
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where the quotient is by the diagonal action. Pulling back the central extension
1T — "Gag = "Gag — 1
along @, we get a central extension
1= Ty — ¢ (FGag) = SO(3) — 1,
which can be described explicitly by

Spin®(3) := ¢ (“Gaa) = (Spin(3) x To)/{(~1, [n)))-
Since the action of the Weyl group W preserves P/Q (and in particular [p]), W
acts as an automorphism on both “G,q and Spin®(3). When G = SU(2), Spin® (3)
is nothing but Spin(3), with the Weyl group Z/2 acting by the standard spin®
conjugation.
We can then define a spin® structure on Y to be a lift of the principal *Gaq-
bundle P;,, to a L(A?ad—bundle:

Ly BLéad

ﬁtan ,,—”’/ l

- L
Y 4>Fr BSO(?)) 4B¢> B Gad

Prean

Writing Spin®(Y) for the set of spin® structures on Y, it is an H2(Y;Q)-torsor
equipped with an action of W.

Recall that principal “G,q-bundles on Y are classified (up to isomorphism) by
H2(Y;m(FGaq)) 2 H2(Y; P/Q). Given a 1-cycle C,, representing o € Hy(Y; Z(G)Y) =
H,(Y;X/Q), we can use it to twist Pi,,; as before, we modify Pi,, in a tubular
neighborhood of C, using the clutching map which, along the meridian of a 1-cell
of C, colored by = € X/Q, evaluates to z € X/Q C P/Q = m(YGaq). Let us
call the resulting “Gaq-bundle Pian(C,); its isomorphism class is represented by
PD(a) € H%(Y; P/Q). To this end, we can define a C,-twisted spin® structure to
be a lift of P,n(Cy) to a Léad—bundle. As before, if C, and C?, are two 1-cycles
representing the same class o € H1(Y;X/Q), any 2-chain D with coefficients in
X/Q such that 9D = C,, — C?, induces an isomorphism

®p : Spin® (Y, Cy) = Spin®(Y, C"),

which is compatible with composition of the 2-chains. If D; and D, are both
2-chains from C, to C,, then

¢p, —®p, = ﬁ([Dl - DQ])v
where §: Hy(Y; X/Q) — H1(Y; Q) is the Bockstein.

Appendix D. Trivalent vertices for Vermas
Here we summarize the trivalent vertices (i.e. fusion rules, a.k.a. ¢-3j symbols)
for Verma modules that will be used in Section 3. For any integer k, let

(zy)r = ¢ ' Hay.
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Vgo(f) Voo () ¢
Voo ((zy) 1)
Voo ((2y)1) . )
a Veo (33) Voo(y)

FIGURE 6. Y ((;5,)%¢ and A(@y)x)e,

a7

S

FIGURE 7. A-junction by turning the Y-junction. An extra —-
sign is introduced when a strand of a junction is turned across the
negative z-axis (the green dashed line).

Then, we have the following direct sum decomposition of tensor product of highest
weight Verma modules:

Voo (@) @ Voo (y) = @ Voo ((zy)r)-
k>0
The inclusion of each direct summand Voo ((zy);) and the projection to it define
maps

LE * Voo((xy)k) — Voo(x) & Voc(y) and pg : Voo(x) ® Voo(y) — Voo((xy)k)

satisfying >, <otk 0 pr = Id. We would like to draw these maps diagrammatically
as trivalent junctions (see Figure 6), and for that reason, it turns out to be more
natural to use slightly rescaled maps

Y ((@yy) Voo (29)k) = Vio(@) ® Vio(y) and
A(GH) Voo (@) @ Voo (y) = Vo ((z)1),
so that they satisfy

/(((l‘y)k)c p = q%-‘r%y_iy((ity)‘)%,yil)g_l_b = —q_%_%xiy(xilvz(lxy)k>;1_a’c

T,y /a, )

which can be interpreted graphically as in Figure 7. Without the rescaling, there

would be some extra factors; see, e.g., [22, Fig. 22]. Explicitly, the Y-junction

weight is given by

Y \b, . Y a k
Y((Zmygk)ac = (5b+c,a+k Z (_1)m q*“x* y*y |:C _ mC:| |:mc:|

my,mc€ZL, q q

my+me.=k

X Q)b—mb (qicy; q)c—mc
(@™ 2Y) k5 Qptes1

(¢°

X
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Voo () Voo ()

FIGURE 8. Fusion of two strands

where
L ( (a+k)2k+1) n c(@my +1) +mp(my +1)  b(2me + 1) + me(me + 1))
- 4 4
(b—mp)(c—mc)  mpme
a 2 2
(=b—mp—1)(b—mp) (—c—me—1)(c—m.) (—a+k)(b+c+1)
- - +
4 4 4
(et mp)(c+my+1) —(k+c+1)(b+c)—bc a Kk(2k+1)
- 2 4 4
. _(_ab+2mb)_bmb+b+c+1
T 4 2 2
_—a+b+2c 1
T T
. _(a—c+2mc>_c—mc+b+c+1
v 4 2 2
a+2b—c
:f—ch—Fi

The sum above is a finite sum, since the range of summation can be restricted to
0<mp <bwhen d>0and to0<m,<cwhenc>0.
Below, we summarize the main properties of these trivalent vertices.

(1) Rescaled version of >, -, 0 py = Id:
1 a’ _a/
(Dl) Z —((l‘y)g (Iy) ) ((I?g);k)gjwk aY((ry) ) it = 511,(1’-
0<k<w

For its graphical interpretation, see Figure 8.
(2) 3-fold rotation symmetry:

V(@) TAT0e = g Tk (ay), Y (0,

zY)k a

Y((TJJ )111*71*5 =—q = y 4(1’y) Y((x:l;) 1 )g)b'

zY)k a

See Figure 9 for the graphical interpretation of the first identity; it’s sim-
ilar for the second identity.
(3) The trivalent junctions solve the eigenvalue equation for the R-matrices:

(D2) Z R 1' y b(- ( zy)k)bc = (_1)kq

b,c>0

k(k+1) 1 142k
TJ’_,

ay) T Y(aga©-
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F1GURE 10. Eigenvalue equation for the R-matrices

See Figure 10.
(4) Sliding a trivalent junction over (or under) another strand:

_ 142k —1— c,m 2 \d,e
(D.3) > (2 R Py ) )Y (0505

m>0
, L ,d
= Z Y((gzik)gL,nR(z? x)n,ebR(yv x)fn,l'
m,n, >0

See Figure 11.%°

REMARK D.1. One can invert some indices from the sliding relation (D.3). For
instance,

S Rle ) Sy (e
m>0

_ Z Y(qN,q7N+1+2kz)m,flfn(yMR(q—NJrlJﬂkx’y)flfl,e)

= —1—a —1-n,b
m,n,l>0
N N —1—c,d
X <y4 R(q ay)m,_1_l )

25Recall from Table 1 that, for the crossings among Verma modules Voo (21) and Voo (22)
log 1 log g
where z1, 2 are generic (so that zo ¢ qZ:pl), we omit the exponential prefactor e 4logq from
the R-matrix. More generally, we do the same for crossings among Voo (¢"121) and Voo (¢"2z2),
so the R-matrix associated to their crossing is

mny T2 Sl
n n
¢ 7 =z R(¢" w1, T2,9),

142k
and hence the extra factor 7~ 4 in (D.3). For crossings among Voo (¢"1z) and Vo (¢™2x) with

(logx)?—logq
r generic, we omit the exponential prefactor e 4logq , so the R-matrix associated to their
crossing is
ning+l nj+ng
— 4

q x4 R(¢™Mz,q"%z,q).
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Voo (7) Vioo(y) Veo(2)

Voo(7) Vooly) Voo(2)
Voo ((y2)1)

Voo ((y2)1)

Ficure 11. Sliding a trivalent junction over another strand

- Vi _ _ v _
Vaoly™) N V(g NF1H2ky) Violy™) N V(g N2k

N N
X X

Voo(xil) Voo(y) Vo (5571) Voo(y)

FiGure 12. Sliding a junction across an inverted crossing

which can be graphically interpreted as Figure 12. Likewise, a trivalent junction
can slide over (or under) any inverted crossing.
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